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Proficiency in algebra is critical to academic, economic, and life success. Competency in algebra 
requires developing conceptual knowledge and procedural flexibility. However, existing 
assessments rarely assess these two types of knowledge. We examined the psychometric 
properties of a new, comprehensive Algebra I assessment with conceptual knowledge, 
procedural knowledge, and procedural flexibility subtests. Seventy-six Algebra I students 
completed the 30-item assessment at the end of the school year. Average accuracy was 49% 
correct. Internal consistency was very good (α = .85). Accuracy was significantly correlated with 
course grades, r = .51, as well as state test scores, ρ = .57. Valid and reliable measures of algebra 
knowledge are critical for evaluating interventions and developing theories of algebra learning. 
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Developing a More Comprehensive Measure of Formal Algebra Knowledge 
 

Objectives 
Proficiency in algebra is critical to academic, economic, and life success (Adelman, 

2006; NMAP, 2008). Unfortunately, national and international assessments have drawn attention 
to pervasive student difficulties in algebra (Schmidt et al., 1999). Because of the importance of 
proficiency with algebra, algebra learning has been an area of scholarship for many years. 
However, very few comprehensive measures of formal algebra knowledge exist for researchers 
to test the effectiveness of interventions. Further, the reliability and validity of measures is often 
not examined.  

The validity of inferences that can be drawn from studies without information about the 
reliability and validity of key outcomes is limited because it is unknown whether these outcomes 
measure what they claim to (Hill & Shih, 2009). Thus, the development of valid and reliable 
measures of formal algebra knowledge is critical for evaluating the impact of interventions and 
developing theories of algebra learning. The goal of the study was to construct and examine the 
psychometric properties of a new, comprehensive Algebra I assessment. Given the lack of 
existing assessments, this important work is among the first to provide evidence for a reliable 
and valid measure, a process heavily emphasized by the AERA/APA/NCME (1999) testing 
standards. 

 
Theoretical Framework 

Competency in algebra requires developing both conceptual (i.e., knowledge of abstract 
concepts and general principles) and procedural knowledge (i.e., knowledge of mathematical 
strategies). Recent theories of algebra learning have focused on developing conceptual 
knowledge, building on early work by Kieran (1992). Conceptual knowledge is of critical 
importance; understanding of key concepts such as equivalence and variable is essential to 
success in algebra (Knuth, Stephens, McNeil, & Alibali, 2006).  

Complementing knowledge of key concepts, success in algebra requires flexibility in the 
use of symbolic strategies. However, existing theories of algebra learning place less emphasis on 
symbolic strategy use. Working with symbolic strategies is essential in algebra learning. In 
particular, students need to develop procedural flexibility - knowing multiple strategies for 
solving a problem and selecting the most appropriate strategy for a given problem – as well as 
understand the conceptual rationale behind commonly used strategies. Learners who develop 
procedural flexibility are more likely to use or adapt existing strategies when faced with 
unfamiliar problems and to have greater conceptual knowledge (Blöte, Van der Burg, & Klein, 
2001; Hiebert et al., 1996). Furthermore, procedural flexibility is a salient characteristic of 
experts in mathematics (Dowker, 1992; Star & Newton, 2009). Procedural flexibility is distinct 
from, but related to, conceptual and procedural knowledge of algebra (Schneider, Rittle-Johnson, 
& Star, 2011). For example, in a study on middle-school students’ knowledge of solving linear 
equations, the latent variables for each knowledge type were correlated .63-.66, and model 
comparisons confirmed that the data was better represented using three distinct knowledge types 
rather than a single knowledge type. Further, conceptual and procedural knowledge of equation 
solving at the beginning of the unit contributed independently to developing procedural 
flexibility for equation solving by the end of the unit. 

Evidence and theory suggests procedural flexibility and conceptual and procedural 
knowledge are all important for algebra learning. However, current measures of algebra 
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knowledge rarely focus on conceptual knowledge or procedural flexibility. One researcher-based 
effort in developing a conceptual knowledge assessment for concept of variable did not achieve 
acceptable reliability (Genareo et al., 2016). Another did demonstrate some evidence of internal 
consistency for both conceptual knowledge and procedural flexibility, but focused on only a 
subset of Algebra I topics (Star et al., 2015). We developed a new, more comprehensive Algebra 
I assessment designed to assess procedural flexibility, conceptual knowledge and procedural 
knowledge. Our assessment broadly covers core Algebra 1 content, including linear equations, 
systems of equations, polynomials and factoring, and quadratic equations. In this paper, we 
describe the measure and report on the psychometric properties of the measure. 
 

Method and Data Sources 
Students from 4 Algebra I classrooms at a suburban public school in Massachusetts 

participated (N = 76 students; M age = 14 yrs; 50% female; 16% ethnic minorities, 26% were in 
Grade 8, considered by the district to be in the advanced math class, and 74% were in Grade 9, 
considered to be in the regular math class). No students had diagnosed learning disabilities, and 
all students were fluent in English. Their teachers had spent some time supporting procedural 
flexibility and conceptual knowledge through the comparison of multiple strategies. Teachers 
administered the assessment during a single class period at the end of their year-long Algebra 1 
course. 

Assessment. The assessment included 27 multiple-choice items and 3 short constructed-
response items on core algebra topics (i.e., linear equations, systems of linear equations, 
polynomials and factoring, and quadratic equations). Items were modified from existing 
assessments and sampled to be representative of the most commonly assessed topics. All items 
were scored as correct or incorrect. The 3 short constructed response items were all procedural 
knowledge items and requested a numeric answer, which were scored as correct if the student 
provided the correct answer. 

The assessment included three item types. Conceptual knowledge items (n = 10) targeted 
core concepts such as equivalence, linearity, variable, and solutions to systems of equations and 
quadratic equations. Procedural knowledge items (n = 10) required students to solve and graph 
linear equations, solve systems of equations, factor polynomials, and solve quadratic equations. 
Procedural flexibility items (n = 10) primarily focused on identifying the most efficient strategy 
(e.g., “On a timed test, which would be the BEST way to solve the problem below?”). Two of 
the items focused on knowledge of multiple strategies (e.g., “Which of the following would be 
mathematically okay way(s) to start solving the problem?”). See Figure 1 for sample items of 
teach type. 

Criterion measures. To establish evidence of validity, we gathered criterion measures to 
examine how student scores on our algebra assessment were related to their scores on other 
mathematics assessments. Two criterion measures were gathered from school records: math 
course grade for the first semester of Algebra I and students’ performance category on the state 
test (i.e., needs improvement, proficient, or advanced on the MCAS) in the previous year. 

 
Results 

Overall assessment. On average, students solved 49% (SD = 20%) of problems correctly. 
The easiest items focused on connecting linear graphs to symbolic equations and properties of 
solutions to systems of equations. The hardest items required knowledge of solving quadratic 
equations and simplifying radicals in fraction form. Examples of easy and hard items from each 
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item type along with performance data are shown in Figure 1. Students’ scores on the procedural 
flexibility items (M = 42% correct) were similar to scores on the procedural knowledge items (M 
= 46% correct). Scores on the conceptual knowledge items (M = 60% correct) were higher than 
scores on both the procedural flexibility and procedural knowledge items, t (75) = 6.4 and 5.0, 
respectively, p’s < .001. 

The overall assessment is both reliable and valid (see Table 1). Internal consistency was 
very good (Cronbach’s Alpha = .85). Criterion validity was examined by correlating accuracy on 
the assessment with students’ course grades, state test scores, and course level (Advanced or 
Regular). Accuracy was significantly correlated with course grades, r (74) = .51, p < .001, as 
well as state test scores from the previous school year, Spearman’s rho (71) = .57, p < .001. 
Students who had scored in the ‘needs improvement’ range (n = 2) on the state test solved on 
average 43% correct on the assessment, those in the ‘proficient’ range (n = 29) scored 36% 
correct, and those in the ‘advanced’ range (n = 42) scored 60% correct. Students in the advanced 
level of the course outperformed those in the regular level of the course (M = 76% vs. 40% 
correct, t (74) = 11.4, p < .001). 

Although evidence for the reliability and validity of the overall assessment was strong, 
evidence for the reliability of individual item type sub-scores was weaker. For the procedural 
flexibility and conceptual knowledge sub-scores, internal consistency was acceptable (α = .66); 
for procedural knowledge sub-scores, it was good (α = .79). Students with higher procedural 
flexibility sub-scores also had higher conceptual and procedural knowledge sub-scores, r’s (74) 
= .51 and .47, p’s < .001, and conceptual and procedural knowledge sub-scores were correlated, r 
(74) = .59, providing some evidence for the validity of the individual item type sub-scores. The 
weaker internal consistency of the item type sub-scores reduces the strength of potential 
correlations with the item type sub-scores. See Table 1 for additional validity information.  

 
Scholarly Significance 

Proficiency in algebra is critical to the academic, economic, and life success of U.S. 
students (e.g., Adelman 2006). Students’ scores on our comprehensive Algebra I assessment 
were modest after a year of algebra instruction, and conceptual knowledge scores were higher 
than procedural flexibility and procedural knowledge scores. The assessment was designed to tap 
strong knowledge of core Algebra I content, and results suggest that the students had not 
mastered much of the core content. The current sample was drawn from regular and advanced 
sections of Algebra I at a suburban public school in Massachusetts, almost all of whom had 
scored as proficient or advanced on the state test the year before. Given the difficulties low-
performing students typically have with formal algebra, we would expect scores to be even lower 
with a more representative sample. 

Our new, more comprehensive Algebra I assessment demonstrated strong reliability and 
good validity, similar to what was found in Star et al. (2015) on a less comprehensive measure. 
The validity of inferences that can be drawn from studies without information about the 
reliability and validity of key outcomes is limited because it is unknown whether these outcomes 
measure what they claim to (Hill & Shih, 2009). Thus, our more comprehensive measure of 
Algebra 1 content is critical for evaluating the impact of interventions and developing theories of 
algebra learning. Interventions to promote stronger formal algebra knowledge, including 
conceptual knowledge and procedural flexibility, are urgently needed.	

Decomposing our assessment into sub-scores for procedural flexibility, conceptual 
knowledge and procedural knowledge is promising, but requires additional work.  Given time 
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constraints on the number of items that can be administered, it is difficult to administer a 
sufficient number of items of each type for the multiple topics covered in Algebra I.  The 
reliability (internal consistency) of the sub-scores is acceptable for making group comparisons 
(e.g., comparing an experimental and control condition), but is problematic for examining 
individual differences (Thorndike & Thorndike-Christ, 2010). Others have had difficulty creating 
reliable measures of conceptual knowledge of Algebra (Genareo et al., 2016). We will revise 
assessment items in an effort to improve the reliability of the sub-scores. Developing a measure 
that yields reliable sub-scores will allow us to evaluate potential bi-directional relations between 
procedural and conceptual knowledge (Rittle-Johnson, Schneider, & Star, 2015). 
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Table 1. Reliability and Validity Information for Overall Assessment and Item Type Sub-scores 
 Cronbach’s 

Alpha 
Correlation with 
Course Grades 

Correlation with 
state test scores 

Overall .85 .51 .57 
Conceptual .66 .42 .47 
Procedural .79 .47 .40 
Procedural Flexibility .66 .34 .48 
Note. All correlations are significant at the .001 level except for the correlation between 
procedural flexibility and course grades, p < .01. 
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Figure 1. Example Items and Performance Data by Item Type 

 

Item Type Example Easy Item & Response Rates Example Hard Items & Response Rates 
Conceptual 
Knowledge 

Which of the following graphs could represent a 
system of equations with no solution? 

A) 79% (correct)                    B) 4% 
 
 
 
 
 
C) 7%                                     D) 11% 
 
 
 
 
 

Look at this pair of equations. Without solving the 
equations, decide if these equations are equivalent (have 
the same answer).  
 
 
 
 
 

A)  YES (same answer)                       47% (correct) 
B)  NO (different answer)                    38% 
C)  CAN’T TELL                                13% 

            without doing the math 

Procedural 
Knowledge 

Kelley drew a line passing through the point (-1, 4) and 
(1, 2). What is the y-intercept of the line she drew? 

     A) b = -1                     13%  
     B) (0, 3)                      68% (correct) 
     C) (3, 0)                       13%  
     D) (0, 5)                       1% 

Which of the following is a factor of x2 + 3xy + 10y2?  
     A) x + 5y                    37% (correct) 
     B) x + 2y                    21% 
     C) x – 5y                      21%  
     D) x – 10y                  12% 

Procedural 
Flexibility 

On a timed test, which would be the BEST way to start 
solving the equation (7x + 5)2 = 64? 

     A) (7x + 5)(7x + 5) = 64                      24%  
     B) (7x)2 + 2(7x)(5) + 52 = 64              13%  
     C) 		 7x +5 = 64                                  57% (correct) 

Which way(s) would be mathematically okay way(s) to 
start solving the problem x + 4 = 12? 

     A) x + 4 – 12 = 12 – 12                         8%  
     B) x + 4 – 4 = 12 – 4                          32%  
     C) x + 4 – x = 12 – x                           13% 
     D) A and B                                         21% 
     E) A, B, and C                                    21% (correct) 
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