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Abstract
This manuscript presents the formulation and implementation of a failure model for random short microfiber reinforced composite materials based on the Extended Finite Element
Method (XFEM). Elastic and deformable microfiber inclusions modeled as objects with zero
measure are incorporated into the XFEM framework. A new debonding enrichment function
is proposed to idealize the progressive debonding between the fiber-matrix interfaces. The
proposed manuscript provides a modeling strategy particularly suitable for very high aspect
ratio inclusions. The fiber deformation is approximated as axial and directly incorporated
into the Lagrangian. The progressive failure within the matrix material is idealized using
an integral-type nonlocal damage model. The performance of the proposed XFEM model is
assessed by comparing model predictions to the direct finite element method for various fiber
configurations. The numerical verification studies point to high accuracy characteristics of
the proposed approach. The computational efficiency of the approach provides the capability
to evaluate the failure response of microstructures that include a large number of short fiber
inclusions.
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Introduction

Microfibers introduced into a cementious material can significantly alter and improve the
mechanical properties, such as the elastic modulus, load carrying capacity, flexural strength
and flexural toughness [1, 2]. In addition to the mechanical properties, the fiber reinforcements
also provide unique functional properties that include self sensing, self control of cracks and
electromagnetic field shielding, and others [3, 4, 5, 6, 7].
Microfiber reinforced composite material modeling to extract elastic and inelastic homogenized properties, are traditionally conducted based on micromechanical modeling or through
computational studies of representative volume elements (RVEs). The micromechanical modeling approaches are usually based on the Eshelby’s solution of ellipsoidal inclusions embedded in a matrix in conjunction with Mori-Tanaka scheme (e.g., [8, 9, 10]), Hashin-Strichman
bounds [11] and others. To mimic the effect of the fiber geometries when such approaches are
applied to model random fibers, the ellipsoidal inclusions are assumed to have high aspect ratios. Direct RVE modeling of fiberous composites, where the fibers are resolved, have also been
proposed (e.g. [12, 13, 14]). The 3-D resolution of the randomly generated fiber geometries
is challenging when the fiber aspect ratios are large due to the requirement of fiber domain
discretization with small elements, and to ensure mesh compatibility between the embedded
fibers and the matrix when large number of fibers are present.
The fundamental purpose of employing the extended finite element method (XFEM) is to
eliminate the need to discretize the individual fibers and compatibility of the underlying discretization. The primary idea of the XFEM approach is to enrich the standard finite element
basis with nodal enrichment functions capable of representing inhomogeneities and discontinuities within the problem domain without explicitly representing them through meshing [15, 16].
The partition of unity principle [17] is employed to retain the local character of the base finite
element formulation as well as in the recovery of the original form of the enrichment function,
which accurately represents the local behavior. The discontinuities modeled by XFEM may
be strong (i.e., displacement discontinuities [18]), suited to model cracks or weak (i.e., strain
discontinuities [19]) to model internal boundaries such as inclusions.
While the XFEM approach can be used to model the cracks and inclusions (e.g. [20, 21,
22, 23, 24]), it does not readily account for the progressive debonding along the inclusion
interfaces. Cohesive zone modeling, which requires the resolution of the interfaces, has been
the traditional approach to idealize progressive debonding. Cohesive zone modeling describes
the material separation between two surfaces by incorporating zero thickness elements between
solid elements that discretize the neighboring domains and relating tractions at the surface of
the interface to displacement jumps through softening a constitutive equation (i.e., a cohesive
law). Cohesive zone modeling applied to fiber reinforced composites are available for pure
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mode and mixed mode cohesive laws in [25, 26, 27, 28, 29, 30, 31], among many others.
Cohesive zone modeling has recently been incorporated into the XFEM framework. Moës
and Belytschko [32] and Unger et al. [33] have proposed methods to model cohesive crack
growth in concrete. Zi and Belytschko [34] presented a formulation of crack tip elements for
cohesive cracks. Work on partly cracked XFEM elements with cohesive cracks was performed
by Asferg et al. [35]. Bouhala et al. [36] focused on the interfacial debonding of cracks for long
fiber reinforced composites. Other applications include the regularization of the discontinuity
at cohesive interfaces for modeling delamination in composites [37] and in the context of a
multiscale framework for composites combining XFEM with cohesive zone laws [38].
The enrichment idea to eliminate the need to discretize individual fibers have been proposed
by Radtke and co-workers [39, 40]. They were first to employ the partition of unity method
with fibers as zero measure elastic inclusions for idealizing fiber reinforced composite behavior.
A Heaviside enrichment function was used to account for the strong discontinuity present due
to tangential debonding at the fiber-matrix interface. The weak discontinuity in the response
field due to the presence of the fiber was not included in the response field approximation.
A non-linear cohesive law was employed to describe tangential slip along the fiber-matrix
interface and the normal fiber-matrix interface separation was suppressed.
In this manuscript, we present the formulation and implementation of a progressive failure
model for random short microfiber reinforced composite materials. In a 2-D setting, fiber
inclusions are modeled as elastic objects of zero measure using the XFEM approach. The
presence of elastic inclusions and the progressive normal and tangential debonding of the fiber
from the matrix are modeled through inclusion and debonding enrichment functions. By this
approach, the need to resolve inclusions using solid or structural elements and the debonding
process using cohesive elements are eliminated. With extension to 3-D in mind, the progressive
cracking in the matrix is idealized using an integral-type nonlocal continuum damage mechanics
model. Numerical integration procedures are provided for accurate evaluation of the system
response for fibers at random positions within the problem domain. The performance of the
proposed XFEM model is assessed against the direct finite element method for various fiber
configurations. While the general methodology of representing the fibers as zero measure
follows the principles of ideas presented in Refs. [39, 40], the current manuscript introduces
the following novel contributions: (1) A new debonding enrichment function is proposed to
incorporate cohesive traction-separation behavior between the fiber inclusions and the matrix;
(2) The present formulation accounts for decohesion in both tangential and normal directions;
and (3) The weak discontinuity (strain discontinuity) across the fiber domain is incorporated
through XFEM enrichment.
The remainder of this manuscript is organized as follows. In Section 2, the enrichment
functions employed to model the presence of the inclusions and the debonding process are
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Figure 1: (a) Fiber representation in the domain with the white area representing the debonding between the fiber and the matrix; (b) standard finite element mesh for a short fiber inclusion
composite; and (c) the decomposition of the problem domain into subdomains of far-field elements approximated by standard basis, partially and fully enriched elements.
introduced. Section 3 provides the governing equations and the model formulation. The computational formulation is discussed in Section 4, including the formulation of fiber deformation,
formulation of cohesive tractions, numerical integration and the treatment of partially enriched
elements. Numerical verification studies to assess the performance of the proposed approach
are presented in Section 5. Conclusions and future research directions in this area are discussed
in Section 6.

2

XFEM for Short Fiber Reinforced Composites

We seek to model short fiber reinforced composites with very high aspect ratios (d/l << 1), as
illustrated in Fig. 1a. The high aspect ratio of fibers renders the resolution of the fiber geometry
infeasible within the finite element method (Fig. 1b), particularly when a large number of fibers
is present. In this manuscript, the extended finite method (XFEM) is employed to eliminate the
need to conform the discretization to the individual fibers (Fig. 1c). The XFEM is employed
not only to describe the presence of the fiber inclusions, but also to idealize the fiber-matrix
debonding process.
XFEM utilizes enrichment functions to model the presence of inclusions and discontinuities
in an otherwise uniform domain. The foundation for how to incorporate of the enrichment
function into the finite element framework is the partition of unity method (PUM), formalized
by Babuska and Melenk [17]. In PUM, the nodal level enrichment is a product of the enrichment function and the standard shape functions that satisfy the partition of unity property
for the enrichment, in addition to the standard basis. The enrichment functions are known
a-priori to represent the response well within the whole domain or a subdomain of the problem,
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around strong or weak discontinuities.
We consider the following discretization of the displacement field for a domain reinforced
by short fiber inclusions:
u(x) =

nn
X

Na (x)ûa +

a=1

nen
X

NIb (x)ψ(x)ĉb +

nen
X

NIc (x)Υ(x)d̂c

(1)

c=1

b=1

in which, u denotes the displacement fields; Na , the standard finite element shape function
associated with node a; ûa , ĉb and d̂c the nodal coefficients of the standard, fiber enrichment
and debonding enrichments, respectively; nn the total number of mesh nodes in the finite
element discretization; nen the number of enriched nodes; I index set of enriched nodes;
Ia ∈ I the index of an enriched node, a; ψ the fiber enrichment function; and Υ denotes the
debonding enrichment function.
In Eq. 1, the first right hand side term corresponds to the standard finite element approximation of the response field. The enrichment, ψ, that accounts for the presence of the fiber
within the domain, represents the strain discontinuity in the approximation space. The third
term on the right hand side is the enrichment to approximate the displacement jump due to
the progressive loss of the cohesive bond between the fiber and the matrix, and is a function
of the debonding enrichment function, Υ.

2.1

Fiber enrichment function

The enrichment function for the high aspect ratio short fiber inclusions was previously developed by the authors [41] and the function is described below for completeness. The fiber
enrichment function is expressed in terms of level set functions for the domain and the tips
of the fiber. For simplicity of the presentation, we consider a single inclusion to present the
enrichment function. In the case when multiple fibers are present, each fiber is represented by
a separate enrichment function. The generalization to the case of multiple fibers is straightforward provided that multiple enrichments are not present within the same finite element.
We note that presence of multiple enrichment functions in a single finite element does not
refer to the overlapping of the fiber domains, the latter being nonphysical. In this study, the
presence of multiple enrichment functions in a single finite element due to separate fibers is
not investigated.
To model the level set functions, we consider the open bounded domain of the composite
body, Ω ⊂ R2 . The reinforcing fiber is entirely embedded in Ω. The fiber is taken to have a
high aspect ratio and to be straight. The domain of the fiber is therefore approximated as a
line segment, parameterized by s, such that:
x = xc +

x2 − x 1
s; −1 ≤ s ≤ 1; x ∈ Γ
2
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Figure 2: Functions of the fiber enrichment and debonding enrichment.
where, x1 and x2 and xc , are the positions of the fiber tips and the position of the center of
the fiber (i.e., xc = (x1 + x2 )/2), respectively. The fiber tip level set functions are expressed
as:
φα (x) = (x − xα ) · tα ; α = 1, 2

(3)

where, tα denotes the tangent at the fiber tip, α (i.e., t1 = (x1 − x2 ) /l and t2 = (x2 − x1 ) /l =
−t1 ); and l = kx2 − x1 k is the length of the fiber. φα provides the zero level set along the
plane normal to the fiber passing through the fiber tip. φα is positive on the outer part of the
domain cut by the zero level set, and negative elsewhere within the composite body (Fig. 2).
The level set associated with the domain of the fiber, φc (x), divides the domain of the
body along the plane of the fiber with positive values on each side and has zero value along
the fiber.
φc (x) = kx − P (x)k

(4)

in which, P (x) is the projection of x onto the fiber:
P (x) = x1 + [(x − x1 ) · t2 ] t2 = x2 + [(x − x2 ) · t1 ] t1

(5)

Using the level set function from Eqs. 3 and 4, the enrichment function for the fiber is expressed
as [41]:
"
ψ(x) =

2
Y

#
H(−φα ) φc (x) +

α=1

2
X

H(φα )dα (x)

(6)

α=1

where, H denotes the Heaviside function; and dα (x) = kx − xα k denotes the distance to the
fiber tip.
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Figure 3: Short fiber inclusion enrichment function.
A three dimensional view of the enrichment function is shown in Fig. 3. Similar V-shaped
enrichment functions have been employed in inclusion problems (e.g., [42]), with the exception of the treatment of the tip conditions. The inclusion of ψ(x) in the discretization of the
displacement field incorporates a strain discontinuity mode along the fiber position. The displacements around the fiber can therefore be accurately captured without explicitly discretizing
the fiber domain. The enrichment function defined in Eq. 6 ensures that the approximation
basis captures the strain discontinuity but stays smooth otherwise around the sides and tips
of the fiber. The enrichment function is nonzero everywhere in the composite domain except
on the fiber.
The enrichment function leads to the enrichment of all nodes within the domain. This is
clearly undesirable since away from the fiber, the enrichment does not enlarge the trial space
spanned by the standard finite element shape functions but increases the size of the linear
system and potentially lowers rank. We consider the enrichment only around a small domain
around the fiber as is customary, and employ standard finite element shape functions in the
remainder of the problem domain, as illustrated in Fig. 1c.

2.2

Debonding enrichment function

Similar to the fiber enrichment function, the debonding enrichment function Υ, is defined using
the fiber domain and tip level set functions. In contrast to the fiber enrichment, the debonding
enrichment function introduces a discontinuity in the displacement field.
The shape of the debonding enrichment function is governed by the discontinuity function,
φp , which mimics the shape of the fiber-matrix debonding. φp is taken to be a fourth order
polynomial:
φp (x) =

4
X
k=0

7

ak s(x)k

(7)

The following constraints are considered in the determination of the constants of the polynomial expression: (1) The ends of the fiber are taken to remain fully attached to the matrix (i.e., φp (s = ±1) = 0); (2) Maximum debonding occurs at the center of the fiber (i.e.,
dφp /ds (s = 0) = 0); and (3) The function is normalized such that the maximum value is
unity at the center of the fiber (i.e., φp (s = 0) = 1). Considering the constraints above, the
discontinuity function is expressed as a function of a single shape parameter, θ as:
φp (x) = 1 +



tan θ
s(x)2 1 − s(x)2 − s(x)2 2 − s(x)2
2

(8)

where, θ is the slope of the discontinuity at the tips of the fiber, controlling the shape of the
discontinuity function:
−1



θ = tan

dφp
ds


(9)
s=−1

Figure 4a illustrates the effect of θ on the shape of the discontinuity function φp . When
θ is less than a threshold value (i.e., θth ) the discontinuity curve displays inflection points,
which occur along the length of the fiber at positions that depend on the value of θ. Above
the threshold value, the discontinuity curve is convex. The threshold value for the chosen
function form (Eq. 8) is θth = 58◦ . In the numerical verification studies provided in this
manuscript, the shape parameter is set to θ = 81◦ . The shape parameter is chosen based
on the shape of the debonding observed in direct finite element simulations of a short fiber
inclusion subjected to remote tensile stress. In the presence of multiple nearby fibers, significant
deviations from symmetry condition may occur. In case of a single fiber, the deviation from
symmetry is typically slight. Furthermore, symmetry in the XFEM enrichment function does
not necessarily imply that debonding must occur in a symmetric fashion and the proposed
approached can capture asymmetric debonding as shown in examples below. This is because
multiple enriched degrees of freedom are used in approximating the debonding of a single fiber
(Eq. 1, third term on right hand side).
The debonding enrichment function for the fiber is then expressed in terms of the discontinuity function, φα (x) and φc (x) as:
Υ(x) = φp H(r(φc ))

2
Y

!
H(−φα )

(10)

α=1

where r = ±φc is the signed distance function as schematically illustrated in Fig. 2. A three
dimensional visualization of the debonding enrichment function is shown in Fig. 4b.
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Figure 4: (a) φp as a function of s, for θ above, at and below the θth value ; and (b) Short fiber
inclusion debonding enrichment function.
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Governing Equations and Model Formulation

Consider a matrix reinforced by n straight fibers. The length and the thickness of a fiber, α
is denoted as lα and tα , respectively (α = 1, 2, . . . , n). The mechanical equilibrium within the
domain is expressed as:
∇ · σ(x, t) = 0; x ∈ Ω

(11)

where, σ is the stress tensor; ∇(·) the divergence operator; and x and t are the space and time
coordinates, respectively. Only quasi-static response is considered. The traction continuity
across the fiber-matrix interface is given as:
JT K

= Jσ · nK = 0 x ∈ Γα ≡ ∂Ωm ∩ ∂Ωα ∀α

(12)

in which, T is the traction; n the outward unit vector to a boundary; and J·K the jump operator.
The domains of fiber α and the matrix are denoted as Ωα and Ωm , respectively. All fibers are
taken to be fully embedded in the matrix with no intersection with exterior boundaries or with
S
each other (i.e., Ω = Ωm ∪ nα=1 Ωα ). The interface of the fiber α with the matrix is denoted as
Γα . Tensor notation is employed in the formulation of the governing equations. The proposed
formulation and implementation is limited to 2-D. While the general ideas remain relevant for
the 3-D case, the 3-D implementation poses non-trivial challenges, and beyond the scope of
this manuscript.
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The exterior boundary conditions are expressed as:
u(x, t) = ũ (x, t) ; x ∈ Γu

(13)

σ · n = t̃ (x, t) ; x ∈ ∂Γt

(14)

in which, ũ and t̃ are the prescribed boundary displacements and tractions defined on boundaries Γu and Γt , respectively, such that Γu ∩ Γt = ∅ and ∂Ω = Γu ∪ Γt . Since all fibers are
embedded in the matrix, the displacement and traction boundaries of the problem domain, Ω,
coincide with those of Ωm .
The matrix is taken to progressively damage under applied mechanical loading, which is
idealized using the continuum damage mechanics approach:
σ = (1 − w(x, t))L :  (x, t)

(15)

in which,  denotes the strain tensor; and w ∈ [0, 1) a scalar damage variable. ω = 0 and ω = 1
respectively denote the fully undamaged state and the complete loss of load carrying capacity
at the material point. The focus is on the quasi-brittle behavior and therefore small strain
theory is employed. The strain is taken to be the symmetric gradient of the displacement
field ( = ∇s u). L denotes the tensor of elastic moduli of the matrix material, taken to be
symmetric and positive definite. All fibers are assumed to remain elastic under the applied
loading.
We develop the weak form equations for the governing equations at the limit, where the
fiber aspect ratios are vanishingly small (i.e., tα /lα → 0). Under this condition, the fiber
domain is represented as sets of zero measure (i.e., line segments) and XFEM is employed to
evaluate the governing equations. Using the standard procedure, the weak form of Eqs. 11-14
is expressed as follows:
Z
σ : δ dΩ +
Ωm

n Z
X
α=1 Ωα

σ : δ dΩ +

n Z
X
α=1 Γα

T · δ JuK dΓ −

Z
t̃ · δu dΓ = 0

(16)

Γt

where, δu denotes the test function; and δ the gradient of the test function. The traction
continuity (i.e., Eq. 12) is weakly enforced, but the displacement field can develop discontinuity
allowing the incorporation of progressive debonding between the fiber and the matrix.
Consider the local parameterization of the fiber domain, Ωα , using the fiber normal and
tangent vectors, nα and tα , respectively. Since fibers are straight, the normal and tangent
vectors are constant for each fiber. Under the condition that aspect ratios of the fibers are
very high, we assume that tractions along the two opposing faces in the thickness direction
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are uniform:
− T − (s) · n−

T + (s) · n+

− T − (s) · t−

= 0; T + (s) · t+
Γ−
α

Γ+
α

=0

(17)

Γ−
α

Γ+
α

Under these conditions, no shear stress or bending moment develops within the domain of the
fiber. The stress that develops in the fiber is therefore only axial, and expressed as:
σ = σfα (s)tα ⊗ tα

(18)

The second term in Eq. 16 then becomes:
Z

Z
σ : δ dΩ ' tα

σfα δαf dΩ

(19)

Ωα

Ωα

in which, δαf = δ : tα ⊗ tα . The axial stress in fiber α, is taken to be proportional to the
axial strain (i.e., σfα = Ef αf ), where Ef is the elastic modulus of the fiber. Upon complete
debonding between the fiber and the matrix, bending of the fiber may also develop. This
deformation mode is not accounted for in the current manuscript.
The progressive debonding process between the fiber and the matrix is modeled through
the third term in Eq. 16. We employ a simplification of the debonding process from the
fiber to facilitate expression of progressive debonding using the enrichment function given in
Eq. 10. For a short fiber embedded in a matrix under the traction conditions considered in
Eq. 17, the debonding along the two faces of the fiber would occur simultaneously. In reality,
the debonding is likely to initiate at a weak spot on one side of the fiber. Upon complete
debonding at the weak side, the tractions along the opposing (unbonded) side relax. We
further assume the tips of the fiber remain attached to the matrix. The internal boundary
term then reduces to:
Z

T · δ JuK dΓ =

Z
Γ+
α

Γα

T · δ JuK dΓ

(20)

In the limit, where fiber aspect ratios tend to infinity, the weak form of the governing equations
is expressed as:
Z
σ : δ dΩ +
Ω

n
X
α=1

Z
tα Ef
Ωα

αf δαf dΩ +

n Z
X
α=1 Γα

T · δ JuK dΓ −

Z
t̃ · δu dΓ = 0

(21)

Γt

Since the domains of the fibers tend to a zero measure set, the domain of the matrix is taken
to occupy the entire domain and the limits of the integral of the first term in Eq. 16 is set to
Ω.
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3.1

Nonlocal damage model

The progressive damage and cracking within the matrix is modeled using continuum damage
mechanics. It is also possible to model crack propagation using XFEM, particularly in the
presence of pre-cracks. Other approaches that adaptively enrich the problem domain with
cracks based on prescribed failure criteria have also been proposed (e.g. [20, 43, 44, 45]). One
motivation in employing the continuum damage mechanics approach is that it can be extended
to 3-D in a straightforward manner.
The basis of the continuum damage mechanics model is the idea of progressively degrading
material until fracture, where the material no longer can carry load. The damage parameter w,
characterizes the evolution of the secant moduli tensor of the material during the degradation
process. The continuum damage mechanics model employed in this manuscript is regularized
to eliminate the well known issues of spurious strain localization and mesh dependency. A
number of approaches exist to eliminate the mesh dependency problem including nonlocal
modeling of gradient and integral type, viscous regularization, crack band method, variational
multiscale method and others (e.g. [46, 47, 48, 49, 50, 51, 52]). In this study, the nonlocal
regularization of integral type is employed.
At an arbitrary material point x̂, the state of damage follows a smooth function, g:
w(x̂, t) = g(k(x̂, t))

(22)

in which, g(k) is taken to follow an arctangent law as a function of a history dependent
parameter, k as:
g(k) =

arctan(a k(x̂, t) − b) + arctan(b)
π
+ arctan(b)
2

(23)

where, a and b are parameters that characterize the evolution of damage and control ductility
and strength. k indicates the maximum past value of the nonlocal damage equivalent strain,
v̂:
k(x̂, t) = max (hv̂(x̂, τ ) − vini i)
τ ∈[0,t]

(24)

in which, vini is the threshold value of v̂, below which damage does not progress; and h·i =
((·) + | · |)/2 the Macaulay brackets. The nonlocal damage equivalent strain is expressed as a
function of the local damage equivalent strain, v, using the following equation:
Z
v̂(x̂) =

Ω

λ(x, x̂)v(x, t)dx
Z
λ(x, x̂)dx

(25)

Ω

The local equivalent strain is taken as a function of the principle strains as proposed by Prisco
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and Mazars [53]:
v
u 2
uX
v(x̂, t) = t hI (x̂, t)i2

(26)

I=1

where I are the principle strains. The Macaulay brackets incorporate the tension-compression
anisotropy. Under compressive strain, the damage is not allowed to grow. In this manuscript,
the verification studies focus only on the tension failure. The nonlocal weighting of the damage
equivalent strain, λ is expressed using the Wendland Radial Basis Function [54]:

λ(x, x̂) =

 

 1−

kx−x̂k
lc

4 




4 kx−x̂k
+1
lc

0



kx − x̂k ≤ lc

(27)

kx − x̂k > lc

in which, lc denotes the characteristic length defining the span of the radial basis.
In the context of fibrous composites, the domains of the fiber, whether modeled as zero
measure or not, potentially constitute a boundary in the application of the nonlocal weighting.
In the present study, the nonlocal averaging is applied without considering the fiber domains
as boundaries. In all verification studies considered below, similar strategy is employed in the
reference simulations as well.

3.2

Cohesive law

The progressive debonding between the fiber and the matrix is modeled by prescribing cohesive
zone laws. In the numerical verification and studies included in this manuscript an exponential and a bilinear cohesive law are considered. The cohesive law at the interface describes the
relationship between the surface traction and material separation between the surfaces, representing the physical deterioration occurring at the interface. The proposed computational
approach differs considerably from traditional cohesive zone modeling, which entails incorporation of cohesive elements between standard finite elements. Since the positions of the fibers
do not necessarily comply with the underlying domain discretization, the proposed approach
does not include cohesive elements.
The debonding enrichment function is taken to have a parabolic shape along the fiber as
described in Eq. 8. The actual debonding may deviate from the parabolic shape since multiple
degrees of freedom are employed to discretize the fiber-matrix debonding (i.e., Eq. 1).
The exponential cohesive law employed in this manuscript is derived from an interface
potential as proposed by Xu and Needleman [55]. The interface tractions are expressed as:
T =

∂Φ (JuK)
∂ JuK
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(28)

Tn / σmax

Tt / τmax
1

1

-1/√2
[[un]] / dn

1

[[ut]]/ dt

1/√2

Normal

Shear
-1

Figure 5: The exponential traction-separation laws by Xu and Needleman [56].
in which, the interface potential, Φ is a function of displacement jumps normal and tangential
to the fiber directions [56]:
Φ(JuK) = Φn + Φn exp(−

Jun K

dn







Jun K 1 − q
y − q Jun K
Jut K2
) 1−y+
− q+
exp − 2
dn y − 1
y − 1 dn
dt
(29)

in which, Jun K and Jut K are the components of the displacement jump vector along the normal and tangential directions, respectively; dn and dt the normal and tangential cohesive
0

0

characteristic separation lengths, respectively; y = Jun K /dn ; Jun K the magnitude of normal
displacement jump when complete shear failure has taken place; q = Φt /Φn ; Φn the normal
surface potential energy; and Φt is the tangential surface potential energy. Φn and Φt represent the areas under the normal and tangential traction-separation curves, respectively. The
normalized exponential normal and tangential traction-separation behavior is illustrated in
Fig. 5.
Differentiating Eq. 29 with respect to the components of the displacement jump normal
and tangential to the fiber direction, the components of the traction vector are obtained:






 

Jun K
Jun K
Jut K2
1−q
Jut K2
Jun K
Φn
exp −
exp − 2
+
1 − exp − 2
y−
(30)
Tn =
dn
dn
dn
y−1
dn
dt
dt







Φn Jut K
1 − q Jun K
Jun K
Jut K2
q+
(31)
Tt = 2
exp −
exp − 2
y − 1 dn
dn
d2t
dt
In some of the numerical verification studies below, we also consider a simpler bilinear
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cohesive law. In this model, the uncoupled tangential and normal tractions are expressed as:

Jun K


σmax



 dn

σmax
crit
Tn (Jun K) =
d
−
J
u
K
n
n

 dcrit
n − dn




0

Jut K


τmax


dt



τmax
Tt (Jut K) =
dcrit
− Jut K
t
crit

dt − dt





0

dn ≥ Jun K ≥ 0
dcrit
n ≥ Jun K ≥ dn
Jun K

(32)

≥ dcrit
n

dt ≥ Jut K ≥ 0
dcrit
≥ Jut K ≥ dt
t
Jut K

(33)

≥ dcrit
t

where; dn and dt are described identical to the exponential law; σmax and τmax denote the
crit are the maximum normal
ultimate normal and tangential tractions, respectively; dcrit
n and dt

and tangential displacement jumps, respectively.
The two cohesive zone laws considered above are intrinsic, i.e., contains a linear ”hardening”
portion. For certain problems, the intrinsic laws were found to lead to spurious softening [57]
and numerical instability [58], compared to the extrinsic cohesive laws. Despite numerical
difficulties, the intrinsic laws have been much more popular due to the simplicity of their implementation into standard finite element codes using cohesive zone elements. In the current
approach, since the cohesive behavior is introduced through enrichment functions, the implementation of extrinsic laws do not significantly differ from intrinsic laws. The intrinsic laws are
considered here, due to the availability of commercial software that serves as reference models
in numerical verifications discussed below.

4

Computational Formulation and Implementation

The governing equations (Eqs. 11-21) are discretized and evaluated based on the extended finite
element method following the standard Ritz-Galerkin procedure. In what follows, the matrix
notation is employed in the formulations for convenience. The weak form of the governing
equation (Eq. 21) is re-written in the matrix form as:
Z

T

Z

δ σ dΩ −
Ω

T

δu t̃ dΓ +
Γt

n
X

Z
tα Ef

α=1

Ωα

αf δαf dΩ

+

n Z
X

δ JuKT T dΓ = 0

(34)

α=1 Γα

where, the superscript T indicates transpose.
The discretization of the displacement field follows Eq. 1, and using the Bubnov-Galerkin
approach, the discretization of the test function is similar to that of the trial function. In
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contrast to the standard finite element approach, the mesh does not necessarily conform to
the fiber domains, i.e., the position of the fibers are independent of the mesh. The first term
in Eq. 34 becomes:
Z

ne Z
X

T

δ σ dΩ =
Ω

e=1

δT σ dΩ

(35)

Ωe

in which, ne is the total number of elements discretizing the domain; and Ωe the domain of
the element, e. Substituting the test and trial function discretizations into Eq. 35, the element
level integral is expressed as:
Z

e T

T

Z

δ σ dΩ = (V )

(Be )T σ (Ue ) dΩ

(36)

Ωe

Ωe

where, Ue and Ve are the nodal coefficient vectors of the trial and test functions in element,
e, respectively:
o
o
n
n
Ue = ûe ; ĉe ; d̂e ; Ve = δûe ; δĉe ; δ d̂e

(37)

in which, a semicolon implies that the construction forms a column vector. The three components in the nodal coefficient vectors correspond to the standard, fiber enrichment and the
jump enrichment degrees of freedom respectively:
n
o
n
o
n
o
ûe = ûe1 ; ûe2 ; . . . ; ûenen
ĉe = ĉe1 ; ĉe2 ; . . . ; ĉeneen
d̂e = d̂e1 ; d̂e2 ; . . . ; d̂eneen

(38)

where, ûea , ĉea and d̂ea are the vectors of unknown coefficients for standard and extended degrees
of freedom at element, e and node a; and nen and neen the number of standard and enriched
nodes within element, e, respectively. The components of Ve are similarly defined.
n
o
Be = B̂e1 , B̂e2 , . . . , B̂enen , B̄e1 , B̄e2 , . . . , B̄eneen , B̃e1 , B̃e2 , . . . , B̃eneen

(39)

in which, the gradient terms are expressed as:


B̂ea = 


e
Na,x

0
e
Na,y

0





(Nae ψ),x

0





(Nae Υ),x

0








e
e  ; B̄e = 

0
(Nae Υ),y 
Na,y
0
(Nae ψ),y 
a
 (40)


 ; B̃a = 
e
(Nae Υ),y (Nae Υ),x
Na,x
(Nae ψ),y (Nae ψ),x

where, a subscript followed by a comma indicates differentiation. The first term in Eq. 34 is
then written in the matrix form as:
VT fint,1 (U)

(41)

in which, the internal force component is obtained by assembling the corresponding element
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matrices:

ne

fint,1 (U) = A

Z

e=1 Ωe

(Be )T σ (Ue ) dΩ

(42)

U and V are obtained by assembling the corresponding element vectors. Where σ at an
arbitrary position x̂ is defined in the discretized form as:
σ = (1 − w) L Be Ue

(43)

Decomposing the boundary integral into its elemental components, the external force contribution in Eq. 34 is expressed as:
Z

δuT t̃ dΓ = VT fext

(44)

Γt

in which, the external force vector is obtained through the assembly of the elemental contributions:
e
fext

Z
=

f e (x) dΓ; e ∈ I t

(45)

Γet

where, I t denotes the index set of elements along the traction boundary, Γt ; Γet the part of the
traction boundary approximated by element e; and:

4.1

n
o
f e = f̂1e ; f̂2e ; . . . ; f̂neen ; f̄1e ; f̄2e ; . . . ; f̄neeen ; f̃1e ; f̃2e ; . . . ; f̃neeen

(46)

f̂ae (x) = Nae (x) t̃ (x) ; f̄ae (x) = f̂ae (x) ψ (x) ; f̃ae (x) = f̂ae (x) Υ (x)

(47)

Fiber deformation

The third term in Eq. 34 accounts for the deformation of the fibers. The integral term is
expressed in terms of its components that lie in each enriched element as:
α

Z

αf δαf dΩ =

Ωα

ne Z
X
e=1

Ωeα

αf δαf dΩ

(48)

in which, nαe denotes the number of fully enriched elements that contains a part of the fiber,
α. We assume that the fiber will deform uniformly within each element. Therefore, the axial
strain of fiber, α, can be defined as:
αf =

αe
[u(xαe
2 ) − u(x1 )] · tα
; x ∈ Ωeα
lαe

(49)

αe
where xαe
1 and x2 are the entry and exit positions of the fiber on the enriched element; the
αe
length of the fiber segment that lies within the element is denoted as lαe = ||xαe
2 − x1 ||; and tα
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is the tangent vector on the fiber domain. When the fiber crosses the domain of the element,
the fiber entry and exit positions are on the element edges. If the domain of the fiber ends
within the element, the end position of the fiber segment coincides with the fiber tip.
Substituting Eq. 49 to the third term in Eq. 34 leads to:
Z
tα Ef
Ωeα

αf δαf dΩ =

tα Ef
αe
αe
αe
[(u(xαe
2 ) − u(x1 )) · tα ] [(δu(x2 ) − δu(x1 )) · tα ]
lαe
e
= (δûe )T K̆αs
(50)
e û

where,

K̆αs
e

tα Ef
=
lαe

K̆αs
e,11

K̆αs
e,12 . . .

K̆αs
e,1nen
..
.
..
.


 K̆αs
K̆αs

e,21
e,22

..
..

.
.

K̆αs
. . . . . . K̆αs
e,nen nen
e,nen 1









(51)

An individual component of the stiffness matrix is written as:
e αe
e αe
e αe
e αe
K̆αs
e,ab = [Nb (x2 ) − Nb (x1 )] [Na (x2 ) − Na (x1 )] (tα ⊗ tα )

(52)

The internal contribution from the second term in Eq. 34 then becomes:
α
fint,2
(U) = K̆α U

(53)

where, the contribution can be computed using the standard assembly operation:
nα
e

K̆ = A K̆αe
α

(54)

e=1

The stiffness matrix is nonzero only for the standard degrees of freedom, since the enrichment
functions vanish on the domain of the fiber:
"
K̆αe

4.2

=

K̆αs
0
e
0

0

#
(55)

Cohesive interfaces

The fourth component of Eq. 34 that accounts for the progressive debonding between the
fibers and the matrix is expressed in terms of the jump enrichment degrees of freedom. For an
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arbitrary fiber, α:
Z

(δ JuK)T T (JuK) dΓ = (δ d̂)T

Z

dα
(Pα )T T (d̂) dΓ = (δ d̂)T fint,3
(d̂)

(56)

Γα

Γα

in which, Pα includes the shape functions for the jump enrichments:
n
o
P = Pα1 , Pα2 , . . . , Pαnαen ; Pαa = NIaα (x) Υ (x)
α

"

1 0

#

0 1

(57)

where, nαen denotes the number of nodes enriched for fiber, α and I α the corresponding nodal
index set. The debonding enrichment term is then assembled into a force vector contribution
α (U)):
(i.e., VT fint,3

n
o
α
dα
fint,3
= 0; 0; fint,3

(58)

The null vectors indicate that the internal force contribution is only due to the jump degrees
of freedom. Including the three internal force contributions as well as the external force, the
resulting equilibrium is expressed in terms of a system of nonlinear equations of the form:
φ (U) = fint (U) − fext = 0
where,
fint (U) = fint,1 +

n
X

α
α
fint,2
+ fint,3

(59)



(60)

α=1

Equation 60 is evaluated incrementally using the Newton-Raphson method.

4.3

Numerical integration

The domain is discretized using four different element types as illustrated in Fig. 1c: (1) Far
field elements with no enrichment; (2) elements with partial enrichment; (3) fully enriched
elements crossed by the fiber; and (4) fully enriched elements partially crossed by the fiber
that contain the fiber tip. The treatment of the enrichment and the numerical integration differ
for different element types. The enrichment domain in XFEM is typically chosen either based
on the geometry or the discretization. The geometry-based approach considers full enrichment
in all elements within a specified radius of the interface. The geometry based approach is
particularly suitable for modeling of cracks, in which the stress fields around the crack tip,
varies as a function of the distance from the tip. In this study, the enrichment domain is
chosen based on the discretization since the enrichments functions remain local.
The integration rules for all cases of enrichment are as follows:
1. Far field elements: No enrichment, standard integration orders apply since no additional
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functions employed in these elements.
2. Partially enriched elements: Some nodes include enrichment functions but no intraelement strain discontinuity exists. While high order integration rule could increase
the accuracy, standard integration is employed for efficiency.
3. Fully enriched elements entirely crossed by the fiber: The elements are split by the fiber.
Using Delaunay triangulation, each split part is decomposed into triangular sub-elements.
Higher order integration rules are used to capture high order enrichment fields within
each sub-element.
4. Fully enriched elements that contain fiber tips: The elements are split along the normal
direction at the fiber tip and along the fiber direction. Using Delaunay triangulation,
each split part is decomposed into triangular sub-elements. High order integration rules
are used in each sub-element. The element splitting at the fiber normal ensures that the
components of the enrichment function that pertain to the fiber tip and fiber level sets
are integrated separately.

In full enrichment cases, triangular sub-elements aligned with the fiber faces are used in
the integration of a 2-D quadrilateral. The triangular sub-elements contain three integration
points and use the standard Gauss quadrature rules. Gauss quadrature rule with 4 integration
points is performed in the partially enriched elements and the far-field elements [59]. The
partially enriched elements do not have sub elements since the fiber does not cross through
the element.
The integration of the cohesive interface (Eq. 56) is performed using Gauss quadrature,
but independent of the domain discretization. The fiber-matrix interface Γα is decomposed
into a small number of segments depending on the length of the fiber, lα . Within each fiber
segment, a 12-point quadrature rule is employed.

4.4

Treatment of partially enriched elements

The treatment of the partially enriched elements has an effect on the accuracy and convergence of XFEM models [60], because within partially enriched elements the partition of unity
property no longer holds and the affine transformations (e.g. constant strain modes) cannot be
represented exactly. Various solution strategies exist to alleviate these problems (e.g. [61, 62]).
Fries [60] modified the enrichment functions with a ramp function that has a local support
within the partially enriched element, and applied the enrichment to all nodes of the partially
enriched element using the modified enrichment function. In the current study, a similar modification of the enrichment function is considered. Let ψ̂(x) and Υ̂(x) denote the modified
enrichment functions within a partially enriched finite element:

20

ψ̂(x) =

X

Nb (x)ψ(x); x ∈ Ωe

(61)

Nc (x)Υ(x); x ∈ Ωe

(62)

b∈Ie

Υ̂(x) =

X
c∈Ie

where, Ie are the nodes in the partially enriched element, Ωe , that are connected to fully
enriched elements. The modified enrichment function is active at all nodes of the partially
enriched element:
e

ue (x) =

nn
X
a=1

e

Nae (x)ûea +

nn
X

e

Nbe (x)ψ̂(x)ĉeb +

nn
X

Nce (x)Υ̂(x)d̂ec

(63)

c=1

b=1

in which, all pertinent variables are defined in the partially enriched element are indicated by
the superscript, e.

5

Numerical Examples

In this section, we present numerical examples to demonstrate the performance of the proposed XFEM model in evaluating the response of short fiber reinforced composites in a twodimensional setting. The first example assesses the behavior of multiple random short deformable fibers embedded in an elastic matrix with perfect interfacial cohesion. The second
example illustrates the accuracy characteristics of the method using a single fiber inclusion
embedded in a matrix with progressive fiber-matrix debonding. The third example reviews
a domain with two fiber inclusions to demonstrate its capabilities in the presence of matrix
cracking modeled using nonlocal continuum damage mechanics. The fourth example evaluates
the performance of random short fiber composites with varying interface properties.

5.1

Elastic response of fibrous composite

This section investigates the response of two-dimensional random short fiber composites in
which the fibers are fully bonded to the matrix. No fiber-matrix debonding occurs and the
constituents are taken to deform elastically. The problem domain is taken to be 100 mm by
100 mm. The Young’s modulus and Poisson’s ratio of the matrix material are 14 GPa and
0.3, respectively. The Young’s modulus, Poisson’s ratio and the thickness of the fibers are 207
GPa, 0.3 and 7 µm, respectively. Fibers are assigned lengths randomly with a mean of 5 mm
(± 1 mm). The domain was subjected to displacement controlled tensile loading at the right
edge. Symmetry boundary conditions are imposed on the left and bottom edges.
Volume element sets with specified weight fractions of between 0.025% and 0.15% were
generated and subjected to uniform uniaxial displacement. The overall composite stiffness
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Figure 6: Elastic modulus ratio of fibrous composite.
was computed as a function of fiber weight fraction. The fibers were positioned such that no
element within the domain is enriched by more than a single fiber. 6 different weight fractions
were considered. Composite behavior variability is due to two distinct factors: (a) the natural
variability due to the random positioning of the fibers within the matrix in each realization; and
(b) the effect of overall volume element size (i.e., statistical representativeness of the volume
element). The effect of the second factor is minimized by choosing large enough representative
volumes. This size of the volumes are determined as the smallest matrix volume beyond which
the modulus variability does not significantly change.
Figure 6 illustrates the normalized composite modulus as a function of weight fraction
computed by the proposed approach and with the analytical model for a two dimensional
randomly oriented fiber composite provided by Pan [63]. At each weight fraction, 20 randomly
generated microstructures are simulated with the proposed model on a uniform grid of 10,000
elements. The results of the proposed XFEM formulation are plotted along with the mean
value at each weight fraction. The results of the proposed model display a variation from
configuration to configuration at a fixed weight fraction but the discrepancy between the mean
and the analytical model is within 0.1% (computed as the error of absolute moduli rather than
the normalized moduli).
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Figure 7: Geometry and boundary conditions of the single fiber inclusion example.

5.2

Single fiber inclusion example

The proposed formulation is verified against the finite element method using a series of simulations of a matrix enriched with a single fiber. The schematic representation of the model
problem is shown in Fig. 7. The size of the domain is 5 mm by 5 mm and the fiber length,
varies between 1-2.5 mm. The domain is subjected to uniform uniaxial tensile loading applied
at the right edge. The fiber is placed such that it results in a non-uniform deformation and
stress distribution within the matrix. The Young’s modulus and Poisson’s ratio of the matrix
material are 14 GPa and 0.3, respectively. The Young’s modulus, Poisson’s ratio and thickness
of the fiber material are 207 GPa, 0.3 and 7 µm, respectively.
A bi-linear cohesive zone law (defined in Eq. 32 and Eq. 33) is employed for both the XFEM
and the reference simulations. The peak normal traction and normal cohesive characteristic
separation length are set to 8 MPa and 0.01591 mm, respectively. The peak shear traction
and shear cohesive characteristic separation length are 1.8 MPa and 0.01141 mm, respectively.
The maximum cohesive separation length is taken as 0.08 mm under pure normal and pure
shear loading [55, 64].
In the proposed approach, the fiber is idealized as a 1-D line segment with cross sectional
area and length properties. The discretization of the domain uses uniform grids ranging
from 1,600 elements up to approximately 62,500 elements with corresponding element sizes
of h=0.0625 mm and 0.02 mm, respectively. The reference model consists of a very fine and
nonuniform (to conform to the fiber domain) discretization, in which the fiber is explicitly
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modeled as a two dimensional solid. The fiber domain is modeled using a very fine grid with
approximately element size of 1 µm. The reference model utilizes 1 µm wide cohesive zone
elements that lay along the interface between the fiber and the matrix. The reference model
discretization results in approximately 200,000 - 630,000 elements. The simulations confirmed
that the response is very accurately captured at such high levels of discretization.
Figure 8 shows the point-wise displacement errors of the proposed model with respect to
the reference simulations at peak cohesive tractions (Figs. 8a, 8c, 8e) and at the point of full
separation (Figs. 8b, 8d, 8f), respectively. At the point of full separation, the fiber and the
matrix are completely debonded from each other at one side of the fiber and the interfacial
tractions vanish. The accuracy is assessed at five different locations as illustrated in Fig. 7.
Points A, B, C, D refer to the left fiber tip, right fiber tip, top right corner and bottom right
corner of the problem domain, respectively. The center jump is the displacement jump across
the surfaces of the fiber and the matrix, at the center of the fiber. The point-wise errors are
computed using the L2 norm and plotted as a function of the mesh size (h). In Figs. 8a and 8b,
the fiber tip locations for all element sizes always coincide with a node. The length of the fiber
is 1.44 mm, the angle of fiber is set at 68 degrees, and the left fiber tip location is at (2,1)
mm from the origin (bottom left corner of mesh). The error for the corner nodes, right fiber
tip and center jump reduces monotonically with increasing mesh density. Errors at the left
fiber tips did not show convergence as a function of mesh density. The lack of improvement in
the accuracy at point A, is attributed to much smaller absolute magnitude of deformation at
point A compared to the other mesh points (i.e., B, C, D) and truncation. The error for the
corner nodes, right fiber tip and center jump remained within very reasonable accuracy (i.e.,
less than 0.5% at the densest mesh).
The effect of fiber tip location on the accuracy characteristics of the proposed model is
further investigated. Figures 8c and 8d illustrate the accuracy characteristics of the XFEM
model when the fiber tips lay within the elements, at peak cohesive tractions and at the point
of full separation, respectively. In these simulations, the length of the fiber is set to 2.5 mm,
the angle of fiber as 45 degrees, and the left fiber tip location is positioned at (1.61, 1.62) mm
from the origin. Figures 8e and 8f illustrate the accuracy characteristics of the XFEM model
when the fiber tips lay on element edges. In these cases, the length of the fiber is 1.08 mm,
the angle of fiber is set at 17 degrees, and the left fiber tip location is at (1.5, 3.1) mm from
the origin. The XFEM model displays reasonable accuracy and follows the same monotonic
trends at the corner nodes, right fiber tip and center jump irrespective of the positioning of
the fibers within the matrix.
Figure 9 displays the displacement jump along the length of the fiber. At peak cohesive
tractions (Figs. 9a, 9c, 9e) and at the point of full separation (Figs. 9b, 9d, 9f), respectively.
Figures 9a and 9b, correspond to the case when the fiber tip locations for all element sizes
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Figure 8: Point-wise error as function of mesh density. Fiber tips on element nodes (θ = 68◦ ):
(a) peak traction and (b) post separation; fiber tips in the elements (θ = 45◦ ): (c) peak traction
and (d) post separation; fiber tips on edges of elements (θ = 17◦ ): (e) peak traction and (f) post
separation.

25

Displacement Jump[mm]

0.02
0.01
0
0

0.5
1
Position Along Fiber [mm]
(a)

0.04
0.02

0.5
1
1.5
2
2.5
Postion Along Fiber [mm]

0
0

0.04
Reference Simulation
h=0.125
h=0.1
h=0.0625
h=0.03125
h=0.02
Debonding Enrichment

0.02
0
0

0.5
1
1.5
2
2.5
Position Along Fiber [mm]
−3

6
4
2
0.2
0.4
0.6
0.8
Position Along Fiber [mm]
(e)

0.5
1
1.5
Position Along Fiber [mm]
(b)

0.06

(c)

8 x 10

0
0

Reference Simulation
h=0.125
h=0.1
h=0.0625
h=0.03125
h=0.02
Debonding Enrichment

0.01

Displacement Jump[mm]

Displacement Jump[mm]

−3

0.02

1.5

0.06

0
0

0.03

Displacement Jump[mm]

Displacement Jump[mm]

Displacement Jump [mm]

0.03

1

8 x 10

(d)

6
4
2
0
0

Reference Simulation
h=0.125
h=0.1
h=0.0625
h=0.03125
h=0.02
Debonding Enrichment

0.2
0.4
0.6
0.8
Position Along Fiber [mm]
(f)

1

Figure 9: Displacement jump across the interface along the fiber length (h is the mesh size).
Fiber tips on element nodes: (a) peak traction and (b) post separation; fiber tips in the elements:
(c) peak traction and (d) post separation; fiber tips on edges of elements: (e) peak traction and
(f) post separation.
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always coincide with a node. The proposed model displays monotonic convergence to the
reference simulations in terms of magnitude and shape of the displacement jump. Figures 9c
and 9d show the variation of the displacement jump along the length of the fiber when fiber
tips are positioned within elements, whereas Figs. 9e and 9f correspond to the case when the
fiber tips lay on element edges, respectively. A clear convergence is observed as a function of
the mesh density regardless of fiber positioning within the domain. The parabolic debonding
enrichment function is plotted for the smallest mesh size (h=0.02mm) for comparison in Fig. 9.
The simulation results summarized in Fig. 9 shows a slight asymmetry in the variation of the
displacement jump along the length of the fiber. The deviation from symmetry as measured
from the center of the fiber is less than 5% in all cases. The slight deviation is attributed
to the non-uniform stress along the length of the fiber, formed due the random positioning
of the fiber. The slight variation in errors observed in Figs. 8 and 9, as a function of fiber
positioning, is attributed to the accuracy of the numerical integration. In cases where the
fiber tip is too close to a node, the sub elements formed in the Delaunay triangulation for
numerical integration of the fully and partially enriched elements have very high aspect ratios.
Nevertheless the accuracy of the proposed model is in reasonable agreement with the reference
finite element model in all cases considered.

5.3

Two fiber case

In this section, the proposed model is verified by considering the response of a two fiber
composite in the presence of matrix cracking and interface debonding at fiber-matrix interfaces.
The model domain is taken as a 5 mm by 5 mm, reinforced with two fibers approximately 1 mm
and 1.5 mm in length. The domain is subjected to a uniform uniaxial displacement controlled
tensile loading applied at the right edge.
The matrix and fiber properties are the same as in Section 5.2. A bi-linear cohesive zone law
defined by Eq. 32 and Eq. 33 is used in both the XFEM model and the reference simulation.
The cohesive zone law parameters for this example are based on work from Nicholas et al.
[65]. The peak normal traction and normal cohesive characteristic separation length are set
as 10 MPa and 1 nm respectively. The peak shear traction and shear cohesive characteristic
separation lengths are set to the same as their normal counterparts. The maximum cohesive
separation length is taken as 8 nm both for normal and shear directions. The nonlocal damage
model described by Eqs. 22-27 is used for both the XFEM and the reference simulations. The
characteristic length of 0.07 mm and parameters a and b of 49,000 and 19.5, respectively, were
employed. A mesh localization analysis is performed using three different mesh sizes identified
as coarse, intermediate and fine. The coarse, intermediate and fine reference models include
approximately 31,500, 120,000, and 220,000 elements, respectively. The corresponding XFEM
models consist of 6,400, 25,600, and 62,500 elements, respectively. In the XFEM models, 266,
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Figure 10: Damage paths of two fiber case with a nonlocal damage model. a) XFEM coarse
mesh; b) reference simulation coarse mesh; c) XFEM intermediate mesh; d) reference simulation
intermediate mesh; e) XFEM fine mesh; f) reference simulation fine mesh.
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Figure 11: Load-displacement curves for XFEM and reference simulations of a two
fiber case with different mesh sizes.
504, and 749 elements within the meshes are either enriched or partially enriched for the coarse,
intermediate and fine cases, respectively.
Figure 10 shows the damage paths computed using the XFEM and reference simulations for
the three discretizations with increasing resolution. In this example, the fiber-matrix interfaces
have progressive debonding, but complete debonding does not occur. The darker (red) areas
indicate that the element is fully damaged and the thin white line displays the initial fiber
positions. Damage progressively extends from the left fiber tips to the top and bottom edges of
the domain for the top and bottom fibers, respectively. Damage also progressively propagates
between the right tips of the top and bottom fibers to create a continuous damage path between
the two fibers. Both the reference and XFEM simulations display very similar thickness and
location of the damage paths consistent with their specified characteristic length. The damage
paths are slightly refined as the mesh density increases in both simulations, but are convergent.
The nonlocal damage paths generated using the reference finite element simulation employ a
significantly larger time step size (reference simulations time step size is an order of magnitude
larger than XFEM) since the computational cost of the reference simulations is very high.
This leads to a slight deviation of uniformity suggested by the nonlocal integral in Eq. 27. In
contrast, the damage paths generated using the XFEM approach has a uniform thickness.
The load displacement curves for the two fiber simulations computed using the XFEM and
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reference simulations are displayed in Figure 11. For both the reference and XFEM simulations,
the peak load and the stress-strain relationship are convergent as a function of mesh density.
The proposed model displayed a slightly more progressive failure pattern that indicates at
approximately 17 N. The absolute error between the respective load peaks of the XFEM and
reference simulations is less than 5%. The discrepancy between the converged XFEM and
reference simulation results stem from the approximations made in the kinematics of the fiber
deformation as well as the fiber-matrix debonding process. The finite element analysis that
is considered to be the reference solution resolves the fibers with 2-D finite elements, whereas
zero measure inclusions approximate their response in the XFEM approach. The difference
between the converged peak loads as well as the post peak response is primarily due to model
approximations made in the current approach.

5.4

Random short fiber composites

The effect of interfacial properties on the performance of random short fiber reinforced composites is numerically investigated with the proposed XFEM model. A 100 mm x 100 mm domain
with randomly oriented short fibers at 0.025% weight fraction is considered. The length of
the fibers is also random with the mean length and standard deviation of 5 mm and 2 mm,
respectively. The fibers are positioned such that no element within the domain is enriched by
more than a single fiber. The domain was subjected to displacement controlled tensile loading
at the right edge. Symmetry boundary conditions are imposed on the left and bottom edges.
The elastic parameters of the fiber and matrix are taken to be identical to those discussed in
Section 5.2. The nonlocal damage parameters of a=49,000, b=19.5 and lc =1 mm are employed
to describe the failure progression within the matrix phrase.
The effect of interface properties on the failure response is investigated based on four cases.
The first case is when the fibers are considered to be perfectly bonded to the matrix. In this
case, the failure initiates and propagates within the matrix phase without interface interactions.
The second case consists of the state of complete separation between the fibers and the matrix.
All fibers are considered to be fully debonded from the matrix prior to loading at one side
of the fiber as described in Section 3. The next two cases consider progressive debonding,
idealized using the exponential traction-separation relationships detailed in Eq. 30 and Eq. 31.
The peak traction, characteristic separation length and maximum separation length for the
third case are 10 MPa, 1.2 nm, and 6 nm, respectively. The corresponding parameters for the
forth case are 8 MPa, 0.01591 mm, and 0.08 mm for the normal components and 1.8 MPa,
0.01141 mm, and 0.08 mm in the tangential components, respectively.
Figure 12 shows the damage contours within the composite domain as a function of interface
properties. The contours show the damage state at the end of the loading, where all cases
resulted in complete loss of strength of the composite. The path of the final crack is clearly
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Figure 12: Damage prediction for random short fiber composites: (a) Case 1: no debonding;
(b) Case 2: full debonding at the outset; (c) Case 3: weak cohesive interface; and (d) Case 4:
strong cohesive interface.
significantly affected by the properties of the interfaces and is different for each of the four
simulated cases. In the case of full debonding at the outset, the crack path follows the region
of the highest fiber densities since the fiber locations act as pre-cracks in the absence of
interface cohesion. Figure 13 shows the load-displacement curves of the composite for the four
cases investigated. The strength is significantly affected by the interface characteristics. The
composite strengths are 4.36 MPa, 1.95 MPa, 3.41 MPa, and 4.08 MPa for cases 1 through 4,
respectively. While the strength of the composite is expected in the case of the perfect bonding,
the two cases for progressive debonding show significant reduction in strength (22% and 6%
for cases 3 and 4, respectively). These results point to the possible gain in composite strength
if near optimal interface strength, could be achieved within the constituents. Figure 13 also
demonstrates a slight reduction in composite ductility as a function of interface strength. This

31

450

Case 1
Case 2
Case 3
Case 4

400
350

Load [N]

300
250
200
150
100
50
0
0

0.02

0.04
0.06
Displacement [mm]

0.08

0.1

Figure 13: Load-displacement curves for the 4 cases of interface properties considered.
Fiber(s) in Domain
Condition Number Ratio

1
1.000

2
1.002

4
1.010

8
1.011

16
1.015

50
1.231

300
3.737

Table 1: Condition number ratio of the elastic stiffness matrix as a function of number
of fibers in the domain.
behavior was also experimentally observed by Yoo et al. [2].
Table 1 compares the relative condition numbers of the elastic stiffness matrices of the
proposed model as a function of the number of fiber enrichments. The enrichment functions
slightly degrade the conditioning of the linear system but the degradation is mild, which points
to the stability of the model for high weight fraction composites.

6

Conclusions

The formulation and implementation of XFEM modeling of progressive failure for random
short fiber reinforced composites with material cohesive interfaces was proposed. The fiber
inclusions were modeled as elastic objects of zero measure using the XFEM approach. A
new debonding enrichment function was developed to idealize the progressive debonding between the fiber-matrix interfaces with the XFEM framework, to eliminate the need of using
finite element meshes compliant with fiber inclusions. With the extension to 3-D in mind,
an integral-type nonlocal damage model was used to describe the progressive cracking in the
matrix. Numerical integration procedures were provided for accurate evaluation of the system response for fibers at random positions within the problem domain. The performance of
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the XFEM model numerical was assessed against the direct finite element method for various
fiber configurations in two dimensions. The proposed approach accurately characterizes the
response of short fiber reinforced composites without the need for mesh compliance.
Several important advancements to the proposed model are under development. First,
this manuscript provided the implementation details for two-dimensional problems only and
the formulation is therefore applicable to short fiber composites randomly distributed along
a plane but aligned along the transverse direction (two-dimensional short fiber composites).
While the proposed formulation can be extended to three dimensions without conceptual
difficulty, significant challenges are present in the computational implementation of the method
in three-dimensions. Second is to characterize the debonding process with the use of molecular
dynamics. Our near term research efforts will focus on extending the proposed modeling
approach to three-dimensions and to possibly characterize the progressive debonding at the
molecular level.
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