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Abstract An adaptive multiscale modeling approach
based on the multiscale discrete damage theory (MDDT)
is established to describe formation of arbitrarily ori-
ented and progressively reorienting cracks at multiple
scales in heterogenous materials. MDDT tracks the frac-
ture process over a set of discrete cohesive failure sur-
faces in the microstructure and consistently bridges the
microscopic cracks to the continuum representation of
damage at macroscale based on the reduced-order ho-
mogenization method. In this manuscript, the adapta-
tion to arbitrary orientation of a crack is achieved using
the idea of effective rotation of microstructure which re-
orients the prescribed failure path at the direction of
crack propagation. The MDDT model representing the
microstructure is analytically transformed given a crack
nucleation orientation and an identification criterion. The
performance of the proposed model is demonstrated at
the microscale under multiaxial loading conditions. The
predictive capabilities of the model are validated using
four-point bending test of concrete beam and delamina-
tion migration experiments of fiber-reinforced compos-
ite cross-ply laminates. The qualitative and quantitative
evaluations of crack propagation and reorientation show

good agreement with the experimental results.
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1 Introduction

Composite materials have been widely deployed in
aerospace, automotive, civil infrastructure and many other
industries due to their high specific strength and stiff-
ness, high damage tolerance and durability. A wide range
of sophisticated progressive damage analysis (PDA) ap-
proaches that rely on fracture mechanics, continuum dam-
age mechanics, failure criteria and multiscale principles
have been developed (see e.g. [1-4]) to predict the failure
behavoir of composite materials. Complex features such
as branching, merging and kinking are often observed in
structural components with complex geometry [5, 6] or
under multiaxial/time varying load conditions [7], yet
accurate prediction of failure in the presence of such
complications using PDA methods remain to be fully
addressed.

PDA approaches that leverage multiscale principles
offer a new paradigm for modeling complex failure pro-
cesses in heterogenous materials. In the context of a two
scale representation, multiscale PDA methods track fail-
ure concurrently at the microscopic scale that resolve

material inclusions and matrix, and at the macroscopic
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scale over the structural component. Methods that rely
on fracture (i.e., discrete) representation of failure at
both scales [8, 9], damage (i.e., continuum) representa-
tion at both scales [10, 11], and hybrid (discrete-contiuum
[12, 13] and continuum-discrete [14] at micro- and macro-
scales, respectively) have been previously proposed. While
most approaches incorporate microstructural processes
directly into the structural simulation, they suffer from
high computational cost, which limits their applicability.
Reduced order modeling to approximate the microstruc-
tural response using a coarse basis [4, 15] has been shown
to bring down the cost, enough to facilitate large scale
analysis (see e.g. [10, 16, 17]). More recently, the au-
thors proposed a reduced-order, discrete-continuum mul-
tiscale approach, Multiscale Discrete Damage Theory
(MDDT) to study failure in composite materials [12, 13].
MDDT approach tracks failure events in the microstruc-
ture along a set of predefined cohesive surfaces. Accu-
mulation of discrete microscopic cracks along these sur-
faces leads to diffuse damage patterns at the macroscale.
MDDT is also endowed with a regularization scheme to
alleviate spurious mesh localization effect that may oc-
cur due to the continuum description of damage at the

macroscale.

In this manuscript, we propose an efficient, MDDT-
based multiscale strategy to model crack kinking in com-
posite materials. The primary idea is to adaptively se-
lect the coarse basis approximation of failure at the mi-
croscale (i.e., as opposed to predefining the cohesive sur-
faces), and leverage rotational invariances in the mi-
crostructure to very efficiently calculate the reduced-
order model during the multiscale analysis. The perfor-
mance as well as the restrictions of the model are as-
sessed in the context of numerical microscale specimens
subjected to multi-axial loading by comparing model
predictions to direct numerical simulations. The pro-
posed approach is then employed to model re-oriented
crack propagation in notched concrete beams under four
point bending, and delamination migration in fiber- re-
inforced cross-ply composite laminates. These two cases

have been experimentally investigated in Ref. [18, 19].

The remainder of this manuscript is organized as fol-
lows: Section 2 provides a brief overview of MDDT, in-
troduces the concept of and methodology for effective

microstructure rotation and the evaluation methodology
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for microcrack nucleation. Section 3 presents the verifi-
cation of the proposed model in the context of unnotched
specimens, and analysis of crack orientation under mul-
tiaxial loading conditions. Sections 4 and 5 respectively
include the application of the adaptive MDDT model
to four point bending analysis of notched concrete beam
and delamination migration modeling with experimental

validation. Section 6 provides the conclusions.

2 Adaptive MDDT model

The proposed model is based on and generalizes the
Multiscale Discrete Damage Theory (MDDT). This sec-
tion begins with a brief description of MDDT and the
resulting system of reduced order multiscale governing
equations. Detailed derivation of the MDDT approach
is provided in [12] and omitted herein for brevity.

In the MDDT model, the response at the length scale
of microstructure is coupled to the macroscopic scale
based on the computational homogenization theory [20,
21]. As shown in Fig. 1, the failure process is mod-
eled by considering cohesive behavior within a set of
pre-defined, discrete “potential failure paths” embedded
in the microstructure [13, 22]. The microscopic fracture
events along one or multiple failure paths are consis-
tently bridged to continuum representation of damage
at the macroscale using homogenization principles. The
reduced-order approximation is employed to alleviate
the high computational cost of evaluating nested mul-
tiple non-linear problems defined at micro and macro-
scopic length scales. An important caveat is that the
morphologies and number of failure paths need to be de-
fined a-priori. For a given microstructure geometry and
a set of potential failure paths, the microstructural equi-
librium is approximated using a reduced order model
as a function of a series of influence functions (i.e., nu-
merical Green’s functions) and coefficient tensors. These
quantities are computed prior to a multiscale simula-
tion, through linear-elastic analyses performed over the
microstructure.

Consider a composite material, with its domain de-
noted as 2. The macroscopic equilibrium is expressed
as:

V-a(x,t)=0; x€ (1)

where & is the homogenized (i.e., macroscopic) stress.

Each macroscopic position x is associated with a mi-
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Fig. 1: Multiscale modeling strategy for the composite material using MDDT: (a) macroscopic domain. (b) microstructure
domain with multiple failure paths S1 and Ss.

crostructure domain @ that includes m failure paths
within which progressive evolution of microscale fracture
process is tracked. Using the MDDT formulation, the mi-
crostructural equilibrium is expressed as the relationship
between the homogenized strain € and the cohesive state

variables:

() (x,1)—C™ : e(x, 1)+ > _ D60 (x,1) =0 (2)
B=1

where 8(®) and t(® respectively denote the separation
vector (i.e., displacement jump) and traction vector that
are spatially averaged over the failure path, S,, o =
1,2...m. () and (:) respectively denote inner and dou-
ble inner product operators. C(®), D(®8) are respectively
third-order and second order coefficient tensors, which
are computed by integrating the influence functions over
the microstructure domain and failure paths. They are
computed based on linear elastic computations defined
over the microstructure domain prior to multiscale anal-
ysis, and therefore can be viewed as constitutive param-
eters that embed microstructural morphology informa-
tion to the reduced order model. The spatial variation of
crack opening displacement and traction along a given
failure path are expressed as a function of reduced order
basis functions. §(*) and t(® are the unknown multipli-
ers of the basis functions that fully define spatial vari-
ation of crack opening displacement and traction state.
It is possible to use different forms of basis functions. In
this study, we use piecewise consttant functions, follow-
ing Ref. [12, 13].

The macroscopic stress & (x,t) is expressed as:

m

o(x,t)=L:e(x,t)+ > Z .6 (x,t) (3)

a=1

where L is the tensor of homogenized elastic moduli, Z(®)
is a third order coefficient tensor that determines the
stress contribution due to the separations on the failure
path, S,. The governing equations of the reduced order
multiscale system is closed by introducing the macro-
scopic boundary conditions and a cohesive law that de-
scribes the traction-separation relationship along the fail-
ure paths. The traction-separation relationship relates
the spatially averaged traction and separation fields. We
further note that unlike reduced order methods such as
non-uniform transformation field analysis [23] which re-
quire nonlinear response of the microstructure to build
the reduced order model, MDDT only uses the elastic
properties of the constituents, the morphology of the
microstructure and the failure paths. The form of the
traction-separation relationship (e.g., bilinear, exponen-
tial, etc.) does not alter the reduced order formulations
(i.e. Eq. 1 and 2) and any form can be used to close to

the reduced order model.

In the current formulation, the macroscopic consti-
tutive response deviates from linearity due to the onset
of fracture process within one or multiple failure paths
(i.e. 8(®) > 0 for any subset of {1,2...,m}). The behav-
ior of the matrix and the fiber is otherwise considered
elastic. While it is possible to consider additional non-
linear processes (e.g., shear nonlinearity within the ma-
trix), inclusion of these effects is beyond the scope of the

current study, and requires extension of the MDDT for-
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mulation to incorporate phase eigenstrains as described
in Ref. [24].

2.1 Cohesive model

The general MDDT formulation admits any form of
cohesive constitutive laws and the cohesive law operates
on the failure-path averaged tractions and separations.
This work adopts the classical bilinear law [25], wherein

the traction-separation relationship is expressed as:
£ = (1 — WK . §) (4)

where K(®) is cohesive stiffness. While the proposed for-
mulation admits anistropic cohesive stiffness, we assume
the stiffness to be isotropic in this study (see e.g., [25—
27)): K@ = K1, and I is the second order iden-
tity tensor. w(®) € [0,1] is the scalar damage variable.
w® = 0 and w(® = 1 respectively denote the state
of no damage and a cohesionless crack along the failure
path. The index for failure path is omitted for brevity
in the equations below for simplicity. The expression of

the damage variable is:

0 k< U,
vy (K — 1e)
= -~ N c <y 5
w(k) Py P— ve <k <w (5)
1 K> Uy

where k(t) = max {v(7)} is the history variable of the

T€[0,t]
equivalent separation, v = \/m . 0N, 051
and dgo are respectively normal and two tangential com-
ponents of the separation vector. The normal separation
is constrained to be positive dy (d5 > 0) to avoid inter-
penetration using a high penalty stiffness in compression
loading. v, and v, in Eq. 5 are respectively the equivalent
separation at crack nucleation (i.e. softening onset) and
ultimate failure. v, is computed based on the following

quadratic-form failure initiation criterion [25]:

(B () () e o

where ty, tg1 and tgo are respectively normal and two
tangential components of the traction vector. t,, and
tu, are peak strengths at crack nucleation under pure
mode-I and mode-IT conditions. (-) stands for Macaulay

brackets to avoid the contribution of negative normal
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traction to failure criterion. Let the onset separations at
peak strength 6., 0., satisfy t,, = K¢, tu, = Ko

then v, (i.e. the equivalent separation at g = 0) is given

1+ Bn”
[ 561 5611
” \/@m)? (i) g

where (3, stands for ratio between the tangential and
normal components of separation: 8, = \/0%; + 0%, /0N

Ultimate separation v, is defined using the B-K cri-
terion [28]:

CII?

as:

Vy =

B 2 Bk
GIc + (GIIC - GIC) (H%) ‘| (8)

(&

where G1. and Gy, are respectively the mode-I and mode-

IT critical fracture energies.

Evaluation of Egs. 1 to 8 describes the full macro-
scopic response of a composite that undergoes fracture
processes emanating from the material microstructure.
This reduced representation approximates the microstruc-
tural response using a nonlinear system of equations
with 3m cardinal unknowns (i.e., spatially averaged sep-
aration vectors). The size of the basis is therefore de-
fined by the number of failure paths placed in the mi-
crostructure. A key aspect of MDDT is that it is also
endowed with a regularization methodology, which al-
leviates mesh-size sensitivity in the macroscopic failure
analysis. The mesh size sensitivity is due to the spurious
localization of damage that results in element size depen-
dent fracture energy within the failure localization band.
The regularization scheme achieves the energetic consis-
tency by adjusting the size of microstructure domain in
an effective manner by applying a scaling transformation
to the coefficient tensors in the reduced-order model as
a function of the macroscopic element size. Govindjee’s
expression [29] is adopted to determine the character-
istic macroscopic element length which is characterized

along the normal direction of a failure path.

As further explained in Ref. [12], the crack regulariza-
tion approach in MDDT bears resemblance to the crack
band model (CBM), in that damage at the macroscopic
scale is allowed to localize, and the energy dissipated at
the element level is adjusted based on the macroscopic
element size (albeit in CBM this is achieved in a differ-
ent way, by adjusting the damage evolution parameters)

to achieve energy consistency. It is therefore reasonable
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to consider that the structural size effect that can be
captured using CBM [30] can also be captured using
MDDT. Structural size effect is not investigated in the

current study.

2.2 Strategies for selection of failure paths

The idea of predefining and embedding failure paths
with fixed orientations in the microstructure was shown
to be effective for modeling failure mechanisms, where
the crack directions are known a-priori such as split-
ting crack or transverse matrix cracking in laminated
composites structures [12, 13]. The orientations of such
cracks are dictated by the direction of the lamination.
However, such a strategy is not ideal for modeling cracks,
for which the propagation direction is determined by the
local stress state and the relative microstructure con-
figuration. A straightforward approach is to pre-define
a large number of potential failure paths with different
orientations to cover possible cracking scenarios. The di-
rection of crack propagation then naturally arises during
the multiscale analysis as the direction of the failure path
that fails first from among the finite choices of failure
path orientations. This approach requires a high num-
ber of failure paths to be deployed to capture the fail-
ure behavior accurately (i.e., m > 1). Since the result-
ing nonlinear system is dense, the computational cost of
evaluating it is O (m?) [31], reducing the potential bene-
fits of model order reduction. Another possible approach
is to dynamically construct reduced order models on the
fly during the multiscale analysis, where a failure path
is embedded in the microstructure model when a failure
criterion is met. While this idea results in ROMs with
small m, it requires a separate ROM construction (i.e.,
computation of influence functions and coefficient ten-
sors) for each material point in the macroscopic domain,

which is also computationally expensive.

2.8 Effective rotation of microstructure

In this manuscript, we propose an alternative method-
ology for a specific subset of microcracks that are most
prone to the effects of load orientation. This methology
is schematically illustrated in Fig. 2. Consider a reduced

order model Ro ¢ = {C,D,Z} of a microstructure, ©,

that induces a failure path, .S with known orientation, n
as shown in Fig. 2a. We consider that the failure path
is aligned with a plane of statistical isotropy (i.e., the
probability distributions describing the geometry are ro-
tationally invariant, and that the microstructure is peri-
odic, such as a hexagonal close-packed microstructure).
It is then trivial to show that another ROM defined
over the same microstructure but with a different failure
path, %@,S = {C,D,Z} shown in Fig. 2b is identical
to the original model that undergoes a rigid body rota-
tion, %é,g = {C,]j,Z} shown in Fig. 2¢. The periodic
boundary conditions are not affected by this rigid body
rotation. The result implies that provided that a “ref-
erence” model with a known crack orientation is avail-
able, the reduced order model with any orientation with
respect to the invariant plane could be constructed by
simple tensor rotation operations. The transformation

relationships are expressed as:

Cijk = Ry an Ry, Cmnr

, , (9)
Dij = Rmanijn Zijk = RmianRrkZmnr

where R represents the transformation tensor under ro-
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tation. In random heterogeneous materials, such as isotropicar

concrete or particulate composites, the transformation
tensor requires three Euler angles to describe the rota-
tion. Since this manuscript focuses on long continuous
fiber-reinforced composites, such a strategy is applica-
ble to the matrix failure path whose crack plane is pre-
sumed to be parallel to the fiber direction (z-direction
in Fig. 2). The transformation tensor can be then ex-
pressed as the angle of microstructural rotation € in the

transverse plane:

[R(0)] =
(10)
[cos(#), — sin(h), 0;sin(6), cos(#), 0;0,0, 1]

2.4 Identification of crack orientation

In this study, we propose an identification criterion
based on cohesive states in the failure path embedded in
the microstructure after rotation. Before nucleation (i.e.
Kk < V), the traction variable t in the potential failure

path is expressed as a function of the rotation angle 6
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A AR

(b)

Fig. 2: Schematic illustration of different multiscale modeling strategies: (a) The microstructure and a predefined failure
path; (b) the same microstructure with rotated failure path orientation; and (c) the rotated microstructure and the failure
path adopted in this manuscript.

based on Egs. 2 and 5:

t(0) =K-[K+D(@®)] ' -CO) :e (11)

As shown in Fig. 3a, the traction state for different fail-
ure path orientations form an ellipsoid in the traction
(tn-tr) space, where ¢ represents the magnitude of the
tangential traction: ¢t = \/m . The quadratic fail-
ure initiation criterion shown in Eq. 6 defines an initi-
ation envelop (¢ = 0) in the traction space which rep-
resents the peak strength as a function of mode-mixity.
The intercept with horizontal and vertical axis respec-
tively indicates pure mode-I condition: ¢ty = t,, and
pure mode-II condition: {7 = ¢,,;. The encompassed re-
gion within the failure envelop defines the admissible
traction states. The crack nucleates when the traction
variable satisfies the failure criterion, denoted by the
contact point between the traction curve and the initia-
tion envelop. The failure path orientation at the contact

point yields the nucleation direction 6., which satisfies:

(12)

In the numerical implementation of this methodology
using an incremental scheme, identification of the exact

contact point is not always possible. Consider that the

microstructure is subjected to the macroscopic strain €,
at time ¢,, within a discretized loading history {€, €1, . . .
€n ...}. At t,, we define a trial traction curve that crosses
into the initiation envelop, indicating that the softening
stage is reached for a certain range of failure path orien-
tations (indicated by the dashed portion of the curve in
Fig. 3b). Since the traction curve in the previous incre-
ment remains within the initiation envelop, the failure
path orientation needs to be identified at the current
increment. Here, we consider that the nucleation direc-
tion is approximated by the failure path orientation that
maximizes the criterion function g, which is computed
by the elastic trial traction t. The trial traction is eval-
uated based on Eq. 11, assuming that the cohesive state
is in hardening stage. The expression of the nucleation
direction is:

0. = arggnaxg(f:(@)) (13)

2.5 Numerical implementation

The overall implementation of the proposed multi-
scale approach consists of a preprocessing stage, where
the reference reduced order model is constructed, and
the multiscale analysis stage, where the multiscale re-
duced order system of equations are evaluated. The ref-
erence reduced order model is typically chosen to be

the smallest representative volume or the unit cell that
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Fig. 3: Schematic illustration of identification criterion for nucleation direction in the normal-tangential traction space: (a)
Nucleation direction 6. denoted by the contact point between the traction state (black curve) and failure envelop g = 0 (light
grey curve); (b) Nucleation direction defined in the trial state (black dash curve) which maximizes the criterion function g
under discretized loading.

describes the microstructural geometry as discussed in
Ref. [13]. Given the rotational invariance, the orientation
of the reference failure path is arbitrary. The preprocess-
ing stage consists of computing the coefficient tensors for
the given microscopic geometry and the reference poten-
tial failure path. The preprocessing stage has been im-
plemented using an in-house code [12]. The multiscale
reduced order system of equations are evaluated in mul-
tiscale analysis stage, where the reference failure path is
adaptively rotated at each macroscopic material point
at the point of damage onset. Its implementation is per-
formed using the commercially available finite element
software, Abaqus. The evaluation of the reduced order
microscale problem is performed using the user supplied
subroutine functionality (i.e., UMAT).

The procedure for evaluation of the reduced order

microscale problem consists of the following steps:

At initialization, assign the indicator NUCLEATED <«
0 at each quadrature point indicating that the crack is
not initiated. Assign the reduced order model at each
quadrature point to be the reference reduced order model:

RO R .

During the multiscale simulation at a given incre-
ment, n at an arbitrary quadrature point, the macro-

scopic update procedure is as follows:

1. Update the homogenized strain: €, = €,_1 + A€.
2. If NUCLEATED = 0:

2a. Solve the optimization problem:

min —g(t(9)), 0 € [0, 7] (14)
where the trial traction variable is:
t0)=K-[K+D(@)]'-C0O) :e (15

The trial failure path orientation is computed as

the outcome of the optimization problem:

0 = arg gnaxg(f(ﬁ)) (16)
2b. If g(f:(é)) > 0, the crack is initiated.
2b.1 Assign the indicator NUCLEATED < 1 and
the nucleation orientation 6, < 0.
2b.2 Compute trial rotation matrix R using Eq. 10
with the nucleation orientation 6.
2b.3 Compute rotated reduced order model SEE@’ =
{C,D,Z} using the rotation transformation
defined in Eq. 9.
2b.4 Assign R 8?3@73

3. Compute reduced order traction variables t£{’"

y S€P-
aration variables 65 and current damage state w'®’
by simultaneously solving Eqs. 2,4 and 5 using R

4. Update the macroscopic stress &, using Eq. 3.

At step 2a, the optimization problem in Eq. 14 is
solved using the golden section search approach [32]. It is
a robust gradient-free numerical method for finding the

minimum of an one-dimensional convex function on the
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specified interval by successively narrowing the range of
the parameter (i.e., #) using the golden ratio. At step 3,
the governing system of equations in the reduced-order
model (Egs. 2,4 and 5) is evaluated using the Newton-
Raphson method.

3 Unit cell analysis

A series of unit cell analyses is performed to verify
the adaptive MDDT model in capturing the failure be-
havior at the microscopic scale under multiaxial loading
conditions. The microstructure configuration is shown
in Fig. 4a. The fiber volume fraction is 28 %, and the
fiber is aligned with the z direction. The hexagonal fiber
arrangement ensures that the microstructure is rotation-
ally invariant in the transverse (z-y) plane. The reference
failure path for matrix cracking resides within the matrix
constituent and wraps around the fiber. The average unit
normal n of the failure path is parallel to the y-axis in
the global coordinates. Elastic properties of the isotropic
matrix and transversely isotropic fiber, and the fracture
properties of matrix cracking failure path are listed in
Table 1.

The macroscopic specimen and its boundary con-
ditions are displayed in Fig. 4c. The specimen is re-
strained in fiber (z) direction in order to approximate
plane strain conditions. In the following examples, three
different monotonic strain-controlled loadings are applied

in the transverse plane z-y.

Case 1. Combined tensile and simple shear loading:
Ny = 2€yy > 0.
Case 2. Simple shear loading: 7, > 0.

Case 3. Combined biaxial tensile and simple shear load-

ing: ¥zy = €yy = 0.625€;, > 0.

The accuracy characteristics of the proposed model
are compared with the reference direct numerical sim-
ulations (DNS) which resolve the microstructure and
employ cohesive zone modeling (CZM) to track nucle-
ation and propagation of the cracks. Because modeling
3D CZM is computationally expensive, the specimen for
DNS is considered to be two-dimensional under plane
strain condition. Two hexagonal unit cells form the do-
main for visual clarity of crack formation. The periodic
boundary conditions are respectively applied to the DNS

Zimu Su, Caglar Oskay

specimen for the three loading cases as shown in the fol-

lowing equations:

ll(.’L', Ly7 Z) - u(x, 0, Z) = (Wzyl + éyy.]) Ly

. (17)
u(O, Y, Z) - u(Lwa Y, Z) = ﬁ/myL;E.]
u(x, Ly, z) —u(z,0,2) = Fupy Lyi
( y ) ( ) Vzy y- (18)
11(0, Y, Z) - u(szya Z) = 'S/zyL:c.]
u(z, Ly, 2z) —u(x,0,2) = (Ygyl + €yj) L
(2, Ly, z) —u( ) = (Fayl + €yyd) Ly (19)

u(0,9, 2) = u(La,y, 2) = (oo + Yayd) La

where Ly, Ly, L, respectively stand for the edge length
at x,y, z directions, 0 <2 < L,, 0<y < L,,0< 2 <
L., 1i,j are unit vectors consistent with global coordinate
directions. The DNS domain is discretized with 4-noded
bilinear quadrilateral elements (Fig. 4d). COH2D4 ele-
ments from ABAQUS cohesive element library are in-
serted to each face of every element within the matrix
phase and the matrix-fiber interface. As the results be-
low indicate, we do not observe a significant artificial
compliance effect in the response due to the presence
of cohesive elements along all solid element edges. The
cohesive stiffness is set to 6 x 10* GPa/mm.

The simulations are run on an Intel Xeon Gold 6130
workstation with 16 cores, 2.10 GHz and 192 GB RAM.
The proposed model uses single core for the simulations
and the wallclock time for computation is 3s, orders of
magnitude faster compared to DNS, which spends re-
spectively 13,901s, 99,729s, 10,387s for the three cases
using 16 cores with parallel computing.

The orientation of the reference failure path is set as
0 = 0. Positive 6 represents counter-clockwise rotation
of the microstructure. Figure 5 shows the comparison of
the simulation results as computed using the DNS and
the proposed multiscale simulations. The crack orienta-
tions (i.e. nucleation direction) obtained by the adaptive
MDDT model are respectively 150°,135°, 120° under the
three loading cases. The first column of the figure shows
the crack patterns predicted by DNS. In each case, a dis-
tinct crack forms within the microstructure, along with
some additional damage that occurs prior to the onset of
the dominant microcrack. The second column of the fig-
ure shows the traces of the dominant microcrack as the
cohesive elements that has undergone full decohesion.
The overall crack orientations observed in DNS show

good agreement with the MDDT model predictions. Fig-
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Fig. 4: (a) The hexagonal microstructure embedded with the failure path for matrix cracking. (b) Discretizations of the
microstructure and failure path. (¢) The macroscopic domain as well as the loading and boundary conditions for the unit cell
tests using MDDT model. (d) Geometry and discretization of the 2D specimen for direct numerical simulations.

Table 1: Material properties of the composite constituents

Elastic properties of matrix("™ and fiber)

) () B B G\ GO D
[GPa] [GPa] [GPa] [GPa] [GPa]
4.67 0.34 280 17 5.67 30 0.3

Fracture parameters of matrix cracking for unit cell analysis

(& Gric tur turr K n
[MPa mm] [MPa mm] [MPa] [MPa] [MPa mm ™)

0.006 0.06 60 90 6 x 107 2.1
si7 - ure 5 also displays the comparison of overall stress-strain boundary effects associated with periodicity constraints
si8 responses between adaptive MDDT and DNS. A rea- also cause some stress oscillations in the DNS simula-
siv - sonable overall agreement is observed between the pro- tions. Crack propagation is slightly disrupted when the
s20 posed reduced order model and the DNS from the as- dominant crack reaches the domain boundaries. An in-
sa1 pects of peak strength and the trends of stress evolu- crease in tangent stiffness accompanied by a slight shift
s2 tion after the peak strength. The overall shear stress- of the crack (circled in Fig. 5) as it propagates across the
s23 strain curves for Case 2 predicted by both the multi- domain boundary. Furthermore, the proximity to fiber
s scale and the DNS simulations do not show a softening along the path of the microcrack results in some fluc-

s behavior due to the imposed boundary conditions. The tuation of the slope of the overall stress-strain behavior
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Fig. 5: Damage contours and crack paths in direct micro-mechanical numerical simulations, and comparison of stress-strain
responses between MDDT model and direct numerical simulation under the strain loading conditions of case (1):
Aoy = 2€yy = 3%, case (2): Foy = 6%, and case (3) Foy = €yy = 0.625¢,, = 0.7%.

in the DNS. These effects are not resolved in the mul-
tiscale model, as the MDDT model presumes uniform
damage evolution within the failure path. A higher or-
der MDDT model that resolves the crack growth within
the microstructure could provide a more accurate match
with the DNS. This could be achieved by considering
multiple reduced order basis functions per failure path.
This extension is nontrivial since separation field con-
tinuity along the failure path may need to be satisfied,
and hence beyond the scope of this study.

8.1 Crack orientation and failure mode analysis

This section presents the effect of multiaxial strain-
controlled loading on the orientation of the crack and
the associated fracture mode. Here, we adopt the def-
inition of crack nucleation orientation based on Eq. 12
(See Fig. 3a). Figure 6a,b shows the initiation condi-
tions under three load configurations, Cases 1 to 3 as
described above. In Fig. 6a, the critical traction states
as a function of microcrack orientation at the point of

failure initiation are shown by the elliptic curves in the

traction space. Under pure shear or shear-tensile loading,
the traction curves reach the initiation envelop (shown
as the g = 0 isocontour) at the horizontal axis, indicating
that the interface is in pure mode-I condition. Figure 6b
shows the criterion function as a function of traction
states at a given orientation. For a given loading condi-
tion, the critical orientation at which microcrack forms
corresponds to the orientation where the criterion func-
tion reaches 0. In Cases 1 to 3, the critical orientation is

unique and equals to 150°,135°,120°, respectively.

Next, we further investigate the mode of failure and
microcrack orientation under more general loading con-
ditions. Figure 6¢ displays the overall crack orientation
pattern as a function of multiaxial loading in the trans-
verse plane (z-y plane). The z-axis of the contour stands
for the ratio between shear and tensile strain component
[ €yy, While y-axis stands for the ratio between the two
normal strain components €, /€y, (with €,, > 0). The
contours in the figure are the isolines of crack orienta-
tion in 7., /€yy - €a/€yy Space, satisfying €, — €,y +
2cot 20, 4zy = 0. The isolines set out from the point
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Fig. 6: (a) The traction states in ¢nx-t7 space when reaching the initiation envelop under the strain loading conditions in the
transverse plane. (b) The corresponding criterion function as a function of traction states at a given orientation. (c)
Contours of crack orientation under multi-axial strain loading conditions within the transverse plane.

€2z = €yy, Tepresenting the pure hydrostatic state where
the failure initiates at all directions at once. It is easy to
verify that the isoline of crack orientation overlaps with
the direction of maximum macroscopic principal stress,
consistent with the classical failure criterion for brittle
or quasi-brittle materials (see e.g. [33, 34]). In addition,
all cracks represented in Fig. 6¢ initiate under mode-I

conditions.

Next, we investigate failure initiation when the load-
ing is not within the transverse plane. Figure 7a displays
the traction state (denoted by solid line) for the failure
initiation within the failure path parallel to the fiber (de-
noted as in-plane failure path) under the in-plane shear
loading (case 4: 4. > 0). The traction reaches the ini-
tiation envelop under pure mode-II at the orientation of
6. = 0° (denoted by circle mark). Another traction state
(denoted by star mark) is shown in Fig. 7a under the
same loading but within the failure path which is 45°
across the fiber (denoted as out-of-plane failure path),
consistent with direction of maximum macroscopic prin-
cipal stress. The traction is outside the initiation en-
velope under approximate mode-I condition, indicating
that the mode-I crack initiates prior to the in-plane fail-
ure path which initiates under mode-II condition. We
further note that mode-I out-of-plane fracture occurs
only slightly before a possible mode-II in-plane fracture.
This indicates that both of the failure states are possi-
ble depending on the microscopic geometry and failure
properties associated with mode-I and mode-II fracture.
These two mechanisms have been experimentally ob-
served and well known. The crack parallel to the fiber is

a splitting crack which is commonly seen in the notched

laminates subjected to tensile loading [35]. The crack
crossed by the fiber indicates shear matrix cracks, which
have been observed in the off-axis laminates under ten-
sion [36]. The cross-fiber fracture plane associated with
the mode-I failure (star mark in Fig. 7) is not rotation-
ally invariant, and therefore the adaptive strategy can
only accurately capture the mode II in plane fracture
case. A hybrid strategy is necessary to track both fail-
ure modes, where the adaptive strategy is used to track
in-plane failure modes, whereas additional paths are a-
priori inserted to capture behavior in non-invariant ori-
entations.

Figure 7b displays the traction states within a in-
plane failure path under the loadings of Cases 4-6. In
Case 5, the combination of €,, and ¥, results in mixed-
mode failure but the same nucleation direction as Case
4, 0. = 0°. Case 6 represents a more complex situation
as 7y is involved, in which the crack nucleates at tilted

direction (6, = 158°) under mixed-mode condition.

4 Four-point bending beam analysis

The proposed model is further verified by predicting
the crack propagation in notched concrete beam speci-
mens with four-point constraints. The numerical results
are compared with the experiments described in Ref. [18].
Figure 8a shows the particle microstructure configura-
tion employed for concrete. Statistical isotropy is en-
sured for the rotational plane within the microstructure
in the three dimensional space. The volume fraction of
aggregate particles is 32% and the radius of spherical

idealized particles is 5 mm. The modulus of the ag-
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Fig. 7: The traction states in ty-t7 space (a) for the matrix failure paths parallel to fiber and 45° across the fiber under
in-plane shear loading (7y.) (b) for the matrix failure paths parallel to the fiber under combined tensile and in-plane shear
loading.
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Fig. 8: (a) Microstructure configuration of concrete material (b) Geometry and boundary conditions of four-points bending
specimen test. (¢) Numerical model and mesh discretizations.

gregate and the cement are respectively 50 GPa and
34 GPa, and their Poisson’s ratio are 0.2. The result-
ing homogenized modulus (38 GPa) and Poisson’s ra-
tio (0.2) are consistent with the concrete properties in
Ref. [18]. The tensile strength and fracture energy of
the cement cracking failure path are respectively 0.4
MPa and 0.06 MPa-mm for both mode-I and mode-II.
Figure 8b shows the specimen geometry and boundary
conditions. The thickness of the specimen in z-direction
is 50 mm. A displacement-controlled loading is applied
at the top (Fig. 8b). The numerical specimens are re-

spectively restrained by two types of boundary condi-

tions (named type-1 and type-2) which result in differ-
ent crack trajectories. The vertical spring stiffness im-
posed at top left position is respectively set to be k =0
(free boundary) and k = oo (vertical displacement re-
strained) for type-1 and type-2 boundary conditions.
The rest of boundary conditions are the same in the two
cases. Because no external loading is added along the
out-of-plane direction (z direction), the particulate mi-
crostructure is considered to perform effective rotation
only in z-y plane. Figure 8c displays the mesh discretiza-

tion, wherein 8-noded tri-linear hexahedral elements are
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Fig. 9: (a) Macrosopic crack path of type-1 and type-2 boundary conditions. (b) Element-wise microcrack orientation
(denoted by direction of red line) for type-1,2 cases. (¢c) CMOD vs. reaction force at loading position for type-1 (left) and
type-2 (right) cases.

employed for discretization with reduced integration and

hourglass control.

The numerical results of both type-1 and type-2 bound-
ary conditions are shown in Fig. 9, wherein Fig. 9a dis-
plays the completely cracked elements (with damage vari-
able w = 1) in the domain obtained by the proposed
model. The macrocrack propagations in type-1 and 2
cases respectively reveal the direction towards 67° and
36° with respect to horizontal and overlap with experi-
mental crack path envelop. Figure 9b displays the cor-
responding element-wise microscopic crack orientation,
denoted by direction of red lines within the mesh dis-
cretization. There is clearly an overall consistency of mi-
crocrack orientation with the trend of macrocrack prop-
agation direction. Some deviations occur for type-2 case
as crack growth approaches the top edge, wherein the
mesh alignment obstructs macrocrack from following the
microcrack orientation in a smaller angle (10° - 20°) with

respect to horizontal. Figure 9c,d respectively show the

responses of CMOD (i.e. crack mouth opening displace-
ment) vs. reaction force at loading position for type-
1 and type-2 case. Type-1 displays a very reasonable
match with experiment results until a sudden drop of
force response, which indicates the crack propagation
near the top edge of the specimen. There is an over-
all agreement between type-2 case and experiments as
well, also with a force drop as crack approaches the top

of the specimen.

5 Delamination migration modeling

Delamination migration is a typical kind of re-orienting
crack in fiber reinforced composites. It is associated with
local micro crack accumulation at the delamination front,
which results in kinking failure when the crack reorien-
tation is energetically favorable to delamination propa-
gation [34]. The propagation of the kinked crack typi-
cally reverts to delamination growth at another ply in-

terface if arrested by the fibers. Numerical modeling
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Stack sequence:
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Fig. 10: (a) Geometry sketch of cross-ply tape laminates in the delamination migration test. (b) Numerical model and mesh
discretizations. Inset figure displays the structured mesh discretization for potential delamination propagation.

Table 2: Homogenized elastic moduli of the composite and fracture properties used in the delamination migration

model

Ein = E2 Es3 G2 = Gu3 Gas Viz = V13 Va3
[GPa] [GPa] [GPa] [GPa]
9 156 2.99 5.08 0.49 0.32
Fracture parameters of matrix cracking for unit cell analysis
Gie Gfric tur turt K n
[MPa mm] [MPa mm] [MPa] [MPa] [MPa mm™*)
0.2 1 60 90 6 x 107 2.1

of delamination are typically performed using virtual
crack closure technique (VCCT) or cohesive zone model-
ing (CZM) [37]. For modeling re-oriented kinking crack,
such approaches have been combined with continuum
damage modeling (CDM) (e.g. [33]) or element enrich-
ment strategies such as extended finite element method
(xFEM) (e.g. [38]) or floating node method (FNM)
(e.g. [34]). In this section, the proposed reduced or-
der multiscale model is employed for delamination mi-
gration modeling using cross-ply laminates configuration
and validated with a series of delamination migration ex-

periments [19].

5.1 Numerical model

The cross-ply specimens employed in this section were
experimentally investigated in Ref. [19]. All constituent
properties are identical to those used in the previous sec-
tion and listed in Table 1. Hexgonal packed microstruc-
ture with fiber volume fraction of 55% is employed in
this section. The corresponding homogenized stiffness is
consistent with IM7/8552 carbon fiber-epoxy compos-
ite [33, 39] and shown in Table 2, along with the frac-
ture properties employed for both intralaminar matrix
cracking and delamination. Depending on the process-

ing conditions, lamina interfaces could be more resin-
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rich and exhibit homogenized fracture properties that
differ from intralaminar matrix cracking [40]. In this
study, we assume that the fracture properties within
the lamina and at the interfaces are taken to be the
same [41]. Figure 10a displays the test configuration and
the ply layup. The span length, width and thickness of
the specimen are 115mm, 12.7mm, 5.25mm, respectively.
A precrack (denoted by T for teflon in the layup shown
in Fig. 10) is inserted between 90,/0 interface and its
length a is 49mm. The specimens are subjected to ver-
tical displacement-controlled loading applied at four dif-
ferent positions at the top surface, represented by the
load offsets L/a = 1,1.1,1.2,1.3, where L is the distance
from the loading position to the left tip. The specimen
is clamped to the fixture at both ends.

Figure 10b shows the finite element mesh of the spec-
imen (i.e., the macroscopic domain) and the fixture. 8-
noded tri-linear hexahedral elements with reduced in-
tegration and hourglass control are employed for the
discretization. The plies with different orientations are
modeled as separate layers of elements. In the z-direction
(through the plane), the ply is discretized with one layer
of elements. The delamination growth and potential mi-
gration region (...904/T/0...) is discretized by a struc-
tured mesh. The precrack is embedded in 903 ply, as
shown in Fig. 10b. The thickness of the pre-crack is set
to 6 pum, which is the same as the teflon insert thickness.
A row of elements of the same width as the precrack
are placed ahead of the precrack to ensure that delami-
nation propagation would proceed without mesh effects.
Within the rest of the central 90° ply block, element
edges are oriented 60° to the horizontal (z) direction to
minimize mesh bias effect as the migration is expected
to occur approximately at this angle [19]. The effect of
mesh orientation is further discussed below. The numer-
ical modeling of the fixture is the same in Ref. [34]. Con-
straints are applied to the two ends of the specimen via
rigid contact condition with friction between clamp fix-
ture, base plate and the specimen. A clamping force of
1,700N is added on the fixture via two reference nodes
whose displacements are coupled with the top nodes on
the fixture. The clamping force is applied in the initial
step before adding the vertical load at the load offset
positions. The stiffness of the fixture is 6.8 GPa and its

Poisson’s ratio is 0.34. The friction coefficient is set to

15

0.2. The displacement at the bottom of the base plate is

fixed at all directions.

5.2 The results for different load offsets

Figure 11a-d show the force-displacement responses
predicted for different load offsets and compared with
experimental observations. The beginning of the first un-
stable event (denoted by circle 0) represents the onset of
delamination propagation, which continues as the spec-
imen unloads. The stiffness and the peak strength have
overall reasonable agreements with the experimental re-
sults. The second loading stage is associated with the
migration event. Figure 12 shows the damage contours
at the end of the simulations for each load case. A thin
yellow line in an element indicates that the failure path
within the microstructure has been set (i.e., initiation
criterion has been met), and the failure path has un-
dergone partial damage (0 < w < 1). Elements with a
red line indicates that complete debonding has occurred
(w = 1). The line orientation indicates microcrack direc-
tion. Figure 12 also displays the corresponding position
of the crack tip for the beginning (circle 1) and end-
ing point (circle 3) of the second loading stage in the
load-displacement curve. During the unstable propaga-
tion stage associated with the first load drop (between
circle 0 and 1), the delamination propagates along the
90°/0° ply interface without change in the microcrack
orientation. The second loading stage (between circles
1 and 2) is associated with the formation of a process
zone around the crack tip, as evidenced by the pres-
ence of partially damaged microcracks. At this stage,
the dominant crack also progressively changes direction
and respectively aligns with approximately 50 degree an-
gle for the cases of L/a =1,1.2,1.3 and 45 degree angle
for L/a = 1.1 at the location of circle 2. The model pre-
dicts a rather sudden migration event with insignificant
change in load (from circle 2 to 3), which is followed by
the second unstable event. Delamination propagation at
the upper 90°/0° ply interface occurs during the second
load drop. As shown in Fig. 12, the microcracks reorient
to align with the ply interface prior to the propagation of
the migrated delamination. The analysis of the initiation
as well as the traction-separation conditions that form
the dominant crack indicates that the fracture process

is largely mode I.
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Fig. 11: Force displacement curves for different load offsets (a) L/a =1, (b) L/a=1.1, (c¢) L/a=1.2, (d) L/a = 1.3. (e)
Migration distance vs. load offset. (f) Equivalent traction (solid lines) and mode mixity (dash lines) as a function of
equivalent separation extracted from the elements in interface crack and kinking crack for L/a = 1.1. The location of the
elements are indicated in the inset damage contour.

The features of the predicted force-displacement curve
are in agreement with experimental observations in the
1 (See Fig. 11a and [19]). The larger

load offset cases do not show a second loading stage,

case of L/a =

where the entire process occurs under unstable condi-
tions. The simulations also show a progressively smaller
stable reload region, which nearly disappears when L/a =
1.3. A possible explanation of this discrepancy is that fix-

ing the crack orientation at the onset of interface failure

overconstrains the material at the fracture process zone.
While the subscale (i.e., unresolved) damage events at
the fracture process zone are more aligned with the pro-
posed criterion, load redistribution may result in a fur-
ther realignment prior to percolation. Some theories ad-
just crack orientation even after nucleation [33, 42, 43],
but enhancement of the current methodology to account
for such an effect is nontrivial and outside the scope of
this study.

820

821

822

823

824

825

826

827

828



829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

Title Suppressed Due to Excessive Length

17

©

(d)

Fig. 12: Damage contours of delamination and kinking failure around the migration location for the load offset (a) L/a =1,
(b) L/a=1.1, (¢) L/a =1.2, (d) L/a = 1.3. The crack orientation is marked by lines within the elements, wherein thin
yellow ones stands for micro crack (0 < w < 1) and thick red ones for complete crack (w = 1).

Figure 11e shows the distance from the precrack tip
to the onset of migration crack (i.e. migration distance)
as a function of load offsets. The increasing trend of mi-
gration distance with normalized load offset agrees well
with the experiments. The shifting of the migration dis-
tance as a function of load offset (or more specifically,
L) has been explained by the shift in the location in the
specimen, where the shear stress ahead of the crack tip
changes sign [19, 34]. During the delamination propaga-
tion stage, the shear stress is positive and the microc-
racks tend to form with a downward trend. This action
is resisted by the 0° ply below the crack, and the delam-
ination pre-crack extends horizontally. The magnitude
of the shear stress reduces with the crack growth. As
shown in Fig. 6¢, the microcracks turn progressively in
the clockwise direction with a reduction in shear stress
and kink upwards when the shear stress becomes nega-
tive. The simulations confirm the change in sign of shear
stress at onset of the migration process, which agrees
well with observations made in Ref. [19, 44]. Experi-
ments also indicate a gradual kinking of the macrocrack
(a smooth transition to the migration crack) before the
migration event. In the current numerical simulations,

mesh bias effects do not permit a gradual crack reori-

entation, but this propensity manifests itself as the for-
mation of the fracture process zone near the migration
location. While the extent of the process zone is exac-
erbated by the numerical effects of mesh bias and due
to setting of the microcrack orientation at failure onset,
presence of a fracture process zone has been observed
experimentally in Ref. [44] as well. Those delamination
tests show multiple migration attempts that fail to crack

through the lamina before the migration event.

Figure 11f extracts the equivalent traction (denoted
as [[t|| = /13, +t%, +t2,) and mixed-mode ratio (de-
noted by |dr/v|) resolved in the softening stage as a
function of equivalent separation (v) from the elements
respectively within the interface crack and the kinking
crack near the migration location in the L/a = 1.1 case.
The curves of mixed mode ratio show that the inter-
face crack (denoted by dash line) nucleates under mode-I
condition but gradually involves mode-II fracture in the
softening stage, while there is not much shear deforma-
tion in the kinking crack (denoted by dash line). The
feature is consistent with fractography observations in
Ref. [19].
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5.8 The effect of mesh discretization

The influence of mesh alignment on the migration be-
havior is also investigated. Figure 13a shows the result
of L/a = 1.1 using a fully structured mesh with verti-
cal mesh alignment. We observe that there is initiated
damage with reorientation (denoted by yellow lines) in
the 90° ply but the mesh alignment prevents the migra-
tion event and the delamination continuously propagates
along the initial interface. Another simulation case em-
ploys the mesh edge orientation of 45° with respect to
the x direction. The damage pattern, microcrack orienta-
tions and the force-displacement response (See Fig. 13g)
are similar to those obtained with the 60° mesh. The
dominant crack reorients at 45° before complete migra-
tion crack occurs. The migration distance is 15.05mm,
very close to the 15.19mm predicted by the mesh with
60° alignment.

A mesh size convergence study for kinking failure
is also performed. Additional simulations with element
sizes of 4mm, 3mm, 2mm in both z and y directions are
performed with the load offset L/a = 1.1. The mesh edge
orientation is set to 60° with respect to the x direction.
Mesh size regularization is performed using the proce-
dure explained in Ref [12]. Figures 13c-f show the dam-
age contours and the crack orientation for different mesh
densities. Displaying the same part of the specimen, the
contours show that the migration locations have almost
no change with the mesh size. The orientation of the
complete kinking failure is around 60° near the initial
interface and gradually becomes near horizontal when it
approaches the second interface. It is more clearly shown
in Fig. 13f that the orientation converges around 20° to
30° as the mesh size decreases. Figure 13g displays the
force-displacement responses for different mesh densities,
which shows good agreement with each other except for
the slight discrepancies of the peak points for the second

unstable event.

6 Conclusion

This paper introduced an adaptation of MDDT to
model the multiscale evolution of fracture in composite
materials, when the cracks tend to kink under evolving

loading and geometric conditions. The idea of rotating

Zimu Su, Caglar Oskay

the microstructure to capture correct microcrack orien-
tation drastically reduces the number of potential fail-
ure paths and consequently increases the computation
efficiency. With this approach, we were able to investi-
gate microscopic and macroscopic fracture conditions of
reorienting crack. It is important to note that the effi-
ciency gains are in modeling fracture paths in rotation-
ally invariant microstructures, or along planes within mi-
crostructure that exhibits rotational invariance. In gen-
eralized microstructures, establishing a hybrid strategy,
where multiple failure paths are introduced along planes
that do not exhibit rotational invariance, and the mi-
crostructure rotation idea is used in rotationally invari-
ant planes could accurately characterize fracture under
multiaxial loading.

Another important observation made is that under
identical loading conditions, multiple failure paths may
exist with similar critical conditions. Under pure shear,
mode II splitting cracks and mode I matrix cracks ex-
hibit very similar initiation strength. Given this similar-
ity, microstructural features may dictate which of these
mechanisms prevail, highlighting the multiscale nature
of the problem.
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