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ture the variable stress fields around the crack tips, a domain partitioning strategy
that automatically refines the reduced order parts in these regions is proposed. The
model performance is evaluated against reference crystal plasticity finite element
(CPFE) simulations under various loading conditions and crack configurations. Both
the overall and local response predictions show reasonable accuracy with only a frac-

tion of the computational cost of the reference simulations.
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1 | INTRODUCTION

Defects in material microstructures often serve as the nucleation sites for the observed failure in structural materials. A
quintessential example of this is fatigue initiation in polycrystalline materials (e.g., metals and alloys), where formation and
growth of microstructurally small cracks (MSCs) contribute to a significant portion of the overall life of the material, partic-
ularly in high cycle or very high cycle regimes.. MSCs are cracks at the scale of the material microstructure, the growth of
which is significantly affected by the local material characteristics (e.g., grain orientations, presence of subgrain features, grain
boundaries, etc.).

From the computational material modeling perspective, an important issue is how to predict the effects of MSCs on the mi-
crostructural behavior in a computationally efficient fashion. Computational efficiency is a critical issue because microstructural
analysis must either be tied to uncertainty quantification to account for the inherent randomness in the morphological features”
and properties at the microstructural scale, or to multiscale analyses where the performance and failure at the macroscopic scale”
is assessed. In either case, a large number of microstructural simulations are necessary.

The Crystal Plasticity Finite Element (CPFE) method * and spectral methods based on the Fast Fourier Transform (FFT)
are commonly used to evaluate the microstructural response of polycrystalline materials at small length scales that can still be
considered as continuum. FFT offers significant computational efficiency compared with CPFE®, but is somewhat restricted
due to limitations on boundary conditions, the need to use uniform grid, and the presence of oscillations in the response due to
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the Gibbs” phenomenon particularly in the presence of sharp material property changes in the microstructure®!¥. In the context
of CPFE, the presence and propagation of cracks in a microstructure have been modeled by combining CPFE with adaptive
crack insertion approaches 12, extended finite element method (XFEM)13!4 cohesive zone models (CZM)121C, or phase field
models (PFM) of fracture! 71812 More recently, Rovinelli et al.1% examined the response fields near a crack tip using both FFT
and CPFE methods coupled with crack insertion and showed that FFT predicts comparable response fields to CPFE. Direct
insertion of cracks with complex morphologies into FFT presents additional difficulty due to the constraints imposed by the
uniform grid. Ma and Sun”? recently combined FFT with PFM, where cracks of complex morphologies can be represented in
a polycrystalline microstructure. A primary disadvantage of the FFT and CPFE methods for short crack modeling is that they
remain computationally expensive, particularly when the crack morphologies are complex.

Reduced order models (ROMs) offer a computationally efficient alternative to direct numerical simulation of the poly-
crystalline volumes using CPFE or FFT. Several approaches have been proposed in this regard that include visco-plastic
self-consistent (VPSC) models*“Z, nonuniform transformation field analysis (NTFA)Z3, proper orthogonal decomposition
(POD)?%, self-consistent clustering method (SCA)%>'“¢, parametrically homogenized constitutive model (PHCM)%Z, proper gen-
eralized decomposition?®, grain cluster method??2¥ and eigenstrain based computational homogenization method3132:3313435
among others. More recently, data-driven models based on machine learning are attracting significant attention 3637381394041 41 q
particularly those that follow physical constraints offer a promising alternative pathway. To the best of the authors’ knowledge,
very few reduced order models account for the presence of cracks. In the context of inclusion and fiber reinforced composites,
Oskay and Fish“? proposed the eigendeformation-based homogenization approach (EHM) approach, which is a generaliza-
tion of the eigenstrain-based homogenization to account for interfacial cracks. Brandyberry et al.#3 recently implemented a
generalized FEM version of the formulation to study interface damage. Liu** proposed the use of a deep material network to rep-
resent progressive interface debonding in unidirectional fiber-reinforced composites. Oliver et al.#Y proposed hyper-reduction
methodology that builds on the continuum strong discontinuity formulation and represents fracture in random composites. Os-
kay et al.” recently proposed the multiscale discrete damage theory for fiber reinforced composites, in which, a set of discrete
cohesive potential failure surfaces are defined over surface morphologies and represented using a reduced approximation ba-
sis. This approach takes into account the formation and presence of “microstructurally long” cracks that run across the entire
microstructure.

In this manuscript, a reduced order formulation is proposed for polycrystalline materials with microstructurally short cracks.
The proposed formulation leverages the EHM framework="*!, where the eigenstrain concept is used to account for the viscoplas-
tic deformation within the volume, whereas the eigenseparation concept is used to account for the presence of cracks. This
manuscript has the following novel contributions: (1) the EHM formulation is extended to account for cracks that begin and end
within the material microstructure, hence the proposed reduced order model captures the stress and strain concentrations due
to the presence of cracks; (2) a reduced basis construction algorithm for the phases has been developed to accurately account
for the stress fields in the fracture process zone; (3) a reduced basis construction procedure for the crack separation field has
been developed to describe crack opening under a wide range of load states. The proposed formulation has been implemented
in the context of quasi-2D microstructures in the presence of multiple and kinked short cracks. The verification of the proposed
ROM is conducted by comparing the efficiency and accuracy of the model with the CPFE simulations under various loading
conditions and crack configurations.

The remainder of the manuscript is organized as follows: The overview of the ROM formulation is introduced in Section
The construction of the reduced basis for the crack separation fields is discussed in Section[3] Section[d]presents the partitioning
algorithm to refine the reduced order parts for the viscoplastic phases around the crack tips. The numerical implementation
of the proposed model is discussed in Section[5} Section [6] provides numerical verification. Conclusions and future works are
discussed in Section [7]

2 | OVERVIEW OF EHM FORMULATION

The reduced order modeling formulation based on the EHM approach was previously proposed in Refs 23142 Tn what follows,
a brief overview of the formulation is presented to provide context for the construction of reduced order basis functions in the
presence of short cracks.

Let ® c R™ (n,; = 2,3) denote the domain of a polycrystalline volume at the scale of the material microstructure. The
volume consists of n,,;, grains (0; C © denotes the domain of i™ grain) and includes n, . short cracks. Domain of the i
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V1

Figure 1 Two-dimensional microstructure with cracks: (a) 2D and (b) Quasi-2D

crack is denoted as S; := {y(s)ls € J, C Rl } As notionally denoted in Fig.|l| we consider two-dimensional or quasi two-
dimensional volumes, where the cracks extend through the out-of-plane direction (i.e., y;). We focus only on transgranular cracks
because the dominant mechanism of high cycle fatigue failure in unalloyed titanium and most /g titanium alloys has been
observed to be transgranular cracking of the a phase404748
perspective of the current framework. It is possible to consider a range of crack morphologies (e.g., kinked, curved, branching
etc.) that may occur under different boundary and loading conditions. When subjected to static and cyclic loading, formation
and growth of short cracks are heavily influenced by the underlying grain/subgrain structure that often results in kinked (i.e.,
piecewise straight) cracks*?%>1. Curved cracks can be approximated by piece-wise straight cracks i.e., a crack with many kinks.
Branching cracks are more likely to occur under dynamic loading, which is out of the scope of the current study. We therefore
focus our attention only on kinked crack configurations.

Under the action of applied loading, part of or the whole polycrystalline volume deforms inelastically. The governing
equilibrium equation is expressed in the following form:

{Li® ew(.0 = uy@.0]}, =0 (1

where, L is the tensor of elastic moduli, and € and u respectively denote the total and inelastic strain fields. The domain is sub-
jected to a macroscopic strain history (i.e., €(t)) which serves as the forcing function. The following unilateral contact conditions

Meracks

are imposed along the crack facets (y € S; S := |J S)):
i=1

, although they do not distinguish from intergranular cracks from the

On(y. ) 20; 1y(y,0) <05 tn(y,DEN(y. 1) =0 @

where ¢ and 6, are normal components of traction and displacement jump (or separation) along the crack paths, respectively.
The evolution of inelastic strain due to crystallographic slip along preferred slip orientations within a grain is expressed as:
N
(30 = ) 7LD Z5(Y) 3)
s=1
where, 7° is the plastic shearing rate on the s slip system, the evolution of which is described by a crystal plasticity model, N
is the total number of slip systems, and Z* is the Schmid tensor.

We proceed with the following ansatz for the strain field following2142:
€, (¥, D) = Ay (Ve () + / gg-k;d(y, Vi, 0dy + / gfff(y, Y)6,(§. dy )
0 s

where A = G + I and I is the fourth order identity tensor, G, g™ and g*P are the polarization functions that are the symmetric
gradients of the influence functions (i.e., G = V¥¥"H, ngh = VSYmpPh and gsP = VYMhseP) H is the elastic influence function,
hP" is the inelastic (or phase) influence function, and hP is the separation influence function that accounts for the existence of
cracks within the microstructure. 8 is the displacement jump (or separation) along the crack facets. The boundary conditions are
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chosen to ensure:
<€,~,~(y, l)>® = é,‘j(t) 4)
where ()g means volume average over domain © and € is the macroscopic strain. This condition could be satisfied by using
periodic, homogeneous displacement, homogeneous traction boundary conditions, or combinations of them"2.
Substituting Eq. (@) into Eq. () yields an alternative form of the equilibrium equation:

L1t | Aktimn (Y€ (1) + / [8n s D) = T = DI Hyn(§ DT + / um¥: )6, (F.0d§ [+ =0 ©)
(C]

Ky
Y

where § is the Dirac delta distribution. Pre-multiplying Eq. (6) with the separation influence function h**?, integrating by parts
over the microstructure domain, and utilizing periodicity yield:

1,30 + / &on DLyt V) | Atan(VEn(D+
° ™

/ (800 Yo F) = Ly = D)t (. AT + / &y, $)8,,(§.1)dy |dy = 0

e K

where t is the traction along the crack facets. Equation is a statement of equilibrium defined over the crack facets, and

establishes a relation between the traction and separation along the crack facets. This description is complemented by the contact
conditions (Eq. (2)).

2.1 | Reduced Basis Approximation

Next, we introduce the reduced order basis approximations for the inelastic strain, stress and separation fields as:

n

uyy D = Y NP  ye® (82)
a=1

o,y =) NyWo ')  ye® (8b)
a=1

5.0 =Y NOWs’t) yes (8¢)
y=1

where Ngg) is the inelastic shape functions, » is the number of reduced order shape functions within the polycrystal domain.

N S(Q, is the separation (crack) shape function, and m is the number of reduced order shape functions along the crack facets. o is
the Cauchy stress (6 = L : [e — u]). The inelastic strain coefficient u(®, the stress coefficient 6'® and the separation coefficient

8% are expressed using the non-local weighting functions as:

W) = / Y Wk, Dy ©a)
(€]

o‘i(f)(l‘)=/ll/;ﬁ)()’)0'[j()’v ndy (Ob)
(¢]

891 = / w O (¥)8,(y, Ny ©c)

S
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Following a similar procedure to those outlined in*!' for visco-plasticity alone and in” for fracture alone, Egs. (@) and (7)) are
expressed in a reduced form for the combined system as:

M 60 (1) = Z(P“’” 5D Ly i (1) = Z REDSN () = A7 éu®) (10)
p=1
i) +C) &,,(1) + Z DUPSD (1) + Z T 1 (1) = (11)

where 5@ is the Kronecker delta, M@, P(@f R, A(”), C®, D¥D and TU® are collectively called coefficient tensors that are
functions of the influence functions. Expressions for the coefficient tensors are listed in the Appendix A.

The system of reduced order equations are closed by representing the crack contact conditions using the separation coefficients
8" and introducing the evolution equations for the inelastic strain coefficients u®. Expressions of contact conditions and
evolution equations depend on the shape functions for cracks and phases, the choice of which is further discussed below.

t t ¢t ¢t 9

05 r . P 1
Discontinuity

= = Normal separation
------ Shear separation

Separation (mm)
(=)

Voo e v v

@

Figure 2 Discontinuity in separation fields: (a) a kinked crack in a 2D microstructure loaded in tension; and (b) normal and
shear separations along the crack (x axis)

3 | REDUCED BASIS CONSTRUCTION FOR SHORT CRACKS

Figure 2] (a) illustrates the separation field along a kinked crack within a single-crystal simulated using CPFE. It is observed in
Fig.[2](b) that at the junction point, both the normal and shear components of the separation field show discontinuity. The exis-
tence of the component-wise discontinuity of the separation fields requires special treatment of the reduced basis construction.
The objective is to identify a set of basis functions that approximates crack opening profile reasonably well under a range of
loading conditions. This is particularly critical in multiscale simulations, where volumes associated with different points in a
structural domain experience different load histories.

In this section, we discuss the construction of the separation shape functions N, s(g; and the corresponding weighting functions
q/feyg using a geometry-based domain partitioning strategy. A schematic illustration of the proposed strategy for a kinked crack
with two straight segments is shown in Fig. [3] I The kinked crack consists of ny, segments distinguished by ny, — 1 junction

points. Let S denote the domain of the i segment. At each junction point, a small region denoted as SG*+D) is 1ntroduced the
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$@)
S@®
$@@.2)
(a)
V3
V1 S(Z)
s@®
Y2 t 1
A
s®
(b)
S@
s@
:§(3)
(©

Figure 3 Domain definitions, shape functions and weighting functions: (a) segments S® and junction regions S@*D; (b) over-
lapping domains .S; (c) non-overlapping domains .$; (d) finite element shape functions N¢; (e) separation shape functions

N g(eyr), and () separation weighting functions q/s(g;

size of which (]S@*D| < ¢) is small relative to segment sizes (Fig. [3|(a)). Considering the following partitioning (Fig. [3|(b)):

SO =80 y=1,..ng (12)
STt = SETHD -y =1, gy — 1 (13)

the support of a shape function is defined based on the corresponding part as:
Ngg(y) =0 when yeSnS®; y={1,..,m} (14)
where, m = 2ng, — 1. The support for the weighting function is defined by a non-overlapping domain partitioning ((Fig. E| ©)):
SO = S‘(l); See) = §(ey) (15a)
SO =80 — Furth) =Ly =2 ng, — 1 (15b)
S+nes) — Sv(y,y+1)’ y=1, s g — 1 (15¢)

such that:

W;g;(y) =0 when yeSnS»; y={1,..,m) (16)

3.1 | Separation shape and weighting functions

The separation shape functions are expressed based on a finite element discretization using surface (for quasi-2D) or line elements
(for 2D) along the crack facets as illustrated in Fig. 3] (d).

NDw = Y, o?Ny).  ye s (17)

sep
acd®

in which S denotes the interior of S®. N and @¢ are the finite element shape functions and the corresponding weights
associated with node a in S, d) denotes the set of all nodes in S*. The corresponding weighting function is taken to be
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of the form:
W(V)(y) — C(y)N(}')(y)’ y € SO (18)

sep sep
in which ¢ is a constant. To ensure the consistency of the formulation, the weighting function has to satisfy orthonormality,
positivity and normality conditions"L:

/ yDWND(y)dy = 677, (19a)
N
Ws(g;(}’) >0 (19b)
/ wWdy =1 (19¢)
N

Substituting Egs. (I6) and (I8) into Eq. (I9a), it is straightforward to see that the orthonormality conditions is achieved by

setting:
-1

¢ = / <N§;’g(y))2dy (20)
S
The positivity constraint is applied by setting the weights, @*¢ to be non-negative. To satisfy normality condition, substituting
Egs. (I8) and (20) into Eq. yields: ,
[ vgmay= [ (vgw) ay e
S0 S50
which is achieved by scaling of the weights, ©@®?.

3.2 | Identifying the weights for N s(gl)]

The description of the separation shape functions Ns(ey; is completed by identifying the weights @?. We consider two approx-
imations about the crack separation field: (i) the form of crack opening displacements subjected to combined loading can be
reasonably described by a linear combination of Mode I (normal) and Mode II (shear) separation functions; and (ii) the Mode
II separation field is similar in form to Mode I separation. Under the above approximations, the separation basis function is de-
termined by a linear elastic polycrystalline volume simulation, where the body is subjected to primarily Mode I conditions. The

algorithm to obtain the weights that determine the crack opening shape is described as follows:

1. Evaluate the linear response of the polycrystalline volume under pure positive pressure loading:

{Lijkl(Y)u(k,y,)(y)}’y_ = - {Lijkk(y)}’yj 5 yeo 22)
2. For each domain S>®, y = {1, ...,m}:

(a) Loop over each node a € d

e Compute separation vector in local coordinates

AP = RET (g =) (23)

(b) Loop over each node a € d

e Compute the weight, ®?¢ as:
s 2ecan AINC(Y)d
W = /5( )CZ edn B y yb A 24)
Jsin A Zeean AN W} { Zpean ATNPW)} dy

in which R*®) denotes the transformation tensor from global to local coordinates defined by the crack normal and u®* are
nodal displacement vectors at the node along the crack. The expansion loading ensures that all cracks within the domain open
regardless of their shapes and orientations.

The specific normalization condition in Eq. ensures that the reduced basis functions , N, fgg and the corresponding weight-
ing functions, 1//:;'}), satisfy orthonormality, positivity and normality. A schematic illustration of the resulting separation shape

functions and weighting functions are shown in Fig. 3| (e) and (f), respectively.
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3.3 | Separation influence function problem

The coefficient tensors that appear in the reduced order model equations are constructed using the elastic influence function H(y),
the inelastic (or phase) influence function hP'(y, §) and the separation influence function h*"(y, §). The numerical evaluation
of the influence functions have been previously reported (see® for H and* for hP" and h*P). Direct computation and memory
storage of hPP(y,§) where y,§ € © and h*P(y,§) where y € ® and § € S are costly, and strictly speaking not necessary as
only their integrated forms are employed in the reduced order model in the form of the coefficient tensors. Ref.*! proposed an
approach that directly compute an integrated form of the phase influence function. In this section, we present an approach to
efficiently compute an integrated form of the separation influence function.
The separation influence function problem is stated as follows. For a fixed § € .542;

sep A _ .
{ Lm0} =0 yeo 25)
subjected to:
ij[[h;;p]](y,f’) = 5,‘1;5()’ -9 (26)

where Q is the transformation from crack local coordinate system to the global coordinate system (i.e., Q = R”). By construction
explained in the previous section, each of the separation basis functions, N, fg;(y) is non-negative as they are constructed from
the normal separation fields, which themselves are non-negative by definition. We define:

) = / NOGRP . §)d3 o7
S

Premultiplying Eqs. (23] and (26) with the separation shape function and integrating over the crack facet, we obtain the following
problem for heP-():

{Lijkl(}')hzzig;()’)},yj =0 yeo 28)
subjected to:

Sep. (e
[[h;;p My) =0, NV(y) yeS 29)

sep
From Eq. (27), the selected reduced order shape functions and weighting functions, and the definition of coefficient tensor
R@) (Eq. (Ad)), it is possible to directly evaluate R as:

R = / WO 1) (30)

0

The following relations stand as |S®) — §®)| < ¢ < 1 for regions other than the junction regions :

lim / NO®R (3. 9)dy ~ / NO@R(v.5)d5 = () 3D
S» S
From Egs. (A6 , consider that the coefficient tensors C), DU and T”® are integrated over the non-overlapping domain
SO due to the supportlng domain of the separation weighting function q/se” It is then straightforward to have the following
relations satisfied from Eq. (31)):

Cym, = ¢ / hy ) Lijia ) At ()Y 32)
(€]
o ~ @) A ) sep,(¥)
me ~ C / (, ¥; p (y)Ltjkl(y)h(k y,)m(y)dy (33)
(€]
T ~ (0 / ey Ly WS, $)dy (34)
(€]

As shown in Fig. 3l we introduce nodes immediate to the junction points such that the difference between S and S is
sufficiently small and the above approximations are reasonable. For junction regions (or straight cracks with no kinks), the above
approximation becomes equality conditions since §® = S0,
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4 | REDUCED BASIS CONSTRUCTION FOR THE PHASES

In this section, we focus our attention on the phase partitioning strategy. Considering the partitioning of the polycrystalline
volume @ into n non-overlapping subdomains @@ (@ = [J!_, @@ and @@ N ®? = @ for a # p). The shape and weighting
functions are then chosen as in Ref.?!:

1, ye®®

@y 1 @
0. ygoo’ W, () = =N (35)

|©@]

Equation indicates that the phase shape and weighting functions are piece-wise constant within each subdomain @@,
making stress and strain (or any other field variables) in the reduced order system stay constant in each subdomain as well. In
the presence of cracks, high stress and strain concentrations, and high stress gradients occur around the crack tips. A partitioning
strategy that uses large number of reduced order parts around the crack tips are therefore necessary to capture the stress or strain
concentrations with reasonable accuracy.

The existing partitioning strategies can be generally classified into two categories: (1) geometry-based strategy
uses internal features such as grains in the polycrystalline microstructures or inclusions in the particulate composites to define
the partitions; and (2) response-based strategy+3#4-°606l oroups the subdomains of the microstructure with similar responses
into the same parts when the microstructure is subjected to a given loading. In this work, we propose a mixed approach: The
partitioning is initiated by ensuring that each grain in the polycrystalline volume is represented by at least one part (i.e., n >
Rgrain)- During the simulation performed to construct the crack shape functions (Section@, an energy-like quantity is calculated
within the volume and used to group subdomains of each grain for further partitioning.

Let e; denote the k™ finite element in the i™ grain within the polycrystalline volume, e = {ej{ lk=1,.., ni} the list of all
elements in grain i, E,‘( the energy measure computed at the k™ finite element in i" grain, E/ = {El‘c |k =1, ...,ni} the list of
all energy values in grain i, and n; the number of elements in the i grain. The algorithm used for phase partitioning consists of
the following steps:

SAI55156157158!

1. Evaluate the linear response of the polycrystalline volume subjected to expansion loading as described by Eq. (22).

2. Compute the energy measure for each element, k = 1, ..., n; of each grain, i = 1, ..., By,
L A
B =Lty by, (36)

e e

3. Find the maximum energy value among all elements and normalize the energy values

E, .= max{E,i l[i=1, .. ngpnik=1,...n;} 37
E, = z soi= 1Ny k=10m (38)
4. Define an equally spaced array A = [a,, ..., anspm] such that
1 ;
a;—a;_; = " 3o J =k g (39)
space

where ng,. is an input parameter.

5. Loop over each grain i

(a) Sort the elements in grain i (¢') based on normalized energy values in the ascending order to obtain &' (along with
the corresponding sorted energies, E')

b) Assign each element & to an element set ® based on its normalized energy value such that: ® :=
g X I gy I

{é |a < E,’c < a;,, }. The resulting set ® means the /"™ subdomain (or part) in i'" grain.
6. Reindex ©! to obtain @@

The proposed algorithm is a straightforward approach to group subdomains of grains with similar energies into reduced order
parts. The resulting parts do not necessarily have topological connectivity, but the material points within a part are assumed to
undergo similar deformation. Sorting of the energy (Step 5(a)) is performed to more efficiently assign elements to the correct
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Training stage Model execution stage
Microstructure generation and Input: internal state
mesIung variables At, 4€,, , 1€
Crack basis construction :
‘ ‘ Solve for part-wise —
l stress, slip system On+1)
‘ Phase basis construction ‘ strength and separation J= ()
l l 0 € In+1
Solve for influence functions Update macroscopic
H, hPh(@), psep.(r) stress and tangent
l moduli
Compute Coefficient Tensors
c, pam T m@
A@ pp) Rlay)
(a) (b)

Figure 4 Implementation strategy for the reduced order problem: (a) model construction and (b) model execution

VA\ Vl\

Figure 5 Finite element mesh creation procedures used in the training stage of the reduced order model

element set (®;). It is also worthy to note that many of the element sets ®; are null (i.e., none of the values fall in the range of @f).
These element sets are eliminated in the reindexing step (Step 6). Naturally, the number of parts produced with this algorithm

increases With ngy,... and n = g, if ngy, . is set to 1.

Remark

Although we demonstrate the clustering algorithm in the context of terminating the crack at the grain boundaries, it is flexible
to be extended to sub-grain cracking in which the crack is fully contained within certain grain. One could split the grain where
the crack resides into several smaller parts with the same orientation, and let the crack split one of the small parts such that it
does not split the entire grain at once. The clustering algorithm is agnostic to such extra splitting and can still deliver refined
partition around the crack tips.
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S | NUMERICAL IMPLEMENTATION

As shown in Fig. 4] the implementation of the proposed model consists of two steps: training (or model construction) and
model execution. The training stage involves microstructure generation and meshing, crack basis function construction, phase
basis function construction, influence function computation, and numerical integration to obtain the coefficient tensors (Fig. [
(a)). We use Neper® software to generate the microstructure geometry without cracks. An in-house Matlab code modifies the
geometry to insert the cracks by splitting the grain. Finally, the modified geometry is meshed by GMSH®. The polycrystalline
volume creation process is illustrated in Fig. [5} This procedure results in cracks that terminate at the grain boundaries. It is
straightforward to extend the procedure to cases where the crack tip is within a grain. This could be done by splitting the grain
into smaller grains with the same orientation, and letting the crack terminate at the boundary of the smaller grains. The crack and
phase basis function constructions follow the procedures as described in Sections[3|and[4] The influence function and coefficient
tensor computation can be found in in“#2, and are omitted here for brevity.

The model execution stage is summarized in Fig. ] (b). The driving strain is generated by solving a macroscale equilibrium
problem defined over a single hexahedral element=!. Given the driving strain at the last increment and current increment, ,€ and
++1€, and the time increment At, the reduced order system of equations (i.e., Eq. , Eq. and the evolution equations) are
evaluated as the constitutive update to obtain part-wise stresses, slip system strength and separations as three sets of unknowns at
each quadrature point. The stress and tangent moduli at current increment are then computed and passed back to the macroscale
finite element solver. The open-source finite element package CACULIX is used as the macroscale solver. The reduced order
system of equations are solved within the user supplied subroutine (UMAT).

6 | NUMERICAL VERIFICATION

The proposed reduced order model is verified against crystal plasticity finite element simulations, where the microstructure
features are fully resolved. The verification studies were performed on quasi-2D microstructures made up of equiaxed hexagonal
close packed (HCP) crystals with random texture. Grain orientations are sampled from a uniform distribution. In reference CPFE
simulations and in computing the influence functions of the ROM, the microstructure domain is discretized using hexahedral
finite elements that conform to the grain boundaries. In influence function calculations, periodic boundary conditions are applied
on the two in-plane directions (i.e., x and y) and free boundary condition is applied on the out-of-plane direction (i.e., z). A
dislocation density based crystal plasticity model is employed to describe the crystallographic slip and hardening evolution. The
model parameters are set to represent the behavior of the titanium alloy, Ti-6242S and summarized in Table B1 in Appendix B.
The model is briefly introduced in Appendix B. Detailed description of the model is provided in Ref"?.

6.1 | Assessment of the partitioning algorithm

The robustness of the partitioning algorithm proposed in Sectiond]is demonstrated in this section. Figure[6|(a) and (b) show the
polycrystalline geometry, grain orientations and discretizations of a 50-grain microstructure with a straight crack (white line in
Fig.[6](b)). The mesh is refined near the crack tips. Figure [6](c) shows the reduced order phase partitioning obtained by setting
Rgpace = 40, resulting in np, = 200. Near the crack tips, the reduced order parts are more refined, and the regions away from
the crack tips are less refined.

FigureE]shows the relationship between the parameter, n, . and the resulting ROM order. The figures shows a roughly linear
relationship between ng,, .. and n, . When ng,,.. = 1, the number of ROM parts is equal to the number of grains. The effect of
the mesh density on the resulting ROM identification is investigated by discretizing the microstructure shown in Fig.[6](a) with
three mesh densities, where the total number of elements for the three cases are 10, 852, 16,902 and 21, 916. For all three cases,
gpace 18 set to 40. The mesh refinements particularly increase the number of elements around the crack tips. The number of ROM
parts for the three cases remain approximately 200, demonstrating that the selection of the underlying mesh does not affect the
ROM provided that the mesh is fine enough to discretize the stress and strain concentrations induced by the short cracks.
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Figure 6 (a) Microstructure geometry and texture (color of grains represents position on the inverse pole figure); (b) mesh (white
line denotes the crack); and (c) partitioning scheme from the partitioning algorithm
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6.2 | Effects of model complexity

100

In this section, we demonstrate how model complexity affects the ROM accuracy. The relative complexity is defined as the ratio
between the degrees of freedom of the ROM (DoFgqy) and the reference CPFE model (DoFqpgg). DoFcprry = 63,000 for
the reference model shown in Fig. |6|(b), whereas DoFpq,; = 6n + 3m. Given that a single straight crack is considered, a single
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Figure 8 Boundary conditions (a) for uniaxial loading; (b) for biaxial loading; and (c) for stress-envelope construction. Symmetry
boundary conditions are applied in the out-of-plane direction
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separation function is used (m = 1). The error measure proposed in“! is used:
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where opqy and ocppg are the macroscopic engineering stress components along the direction of interest (e.g., loading direction).
The model error is then assessed using Eq. (#0) when the microstructure is subjected to the boundary conditions shown in Fig.[§]
(a). A monotonic uniaxial tension loading is applied in the y direction up to 1% strain at the rate of 0.01/s. The stress-strain
curves and the model error as functions of model complexity are plotted in Fig. [9] (a) and (b), respectively. As the number of
ROM parts increases, the crack tip regions are more refined, and the high stress gradients in those regions are captured more
accurately. This local accuracy improvement is reflected in the improvement of the overall stress-strain curve as well (Fig.[9(a)).
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The most refined ROM in this study consists of n,,, = 303 and has relative complexity of approximately 3%. The rate of model
accuracy improvement gradually reduces with increased model complexity and appears to asymptote to an error magnitude
of approximately 4%. This residual error is attributed to the inability of the influence functions (hence the coefficient tensors)
computed using elastic moduli of the grains to fully capture the local deformation behavior. This issue has been studied in'®+6>
particularly for low order ROMs, but remains outstanding in the context of polycrystalline microstructures.

6.3 | Kinematics near the crack

The verification of the ROM’s ability to capture the crack separation behavior as a function of loading is investigated using the
200-part ROM shown in Fig.[6] This ROM is chosen because further increase in the ROM order does not significantly increase
accuracy as demonstrated in Fig. [9] (b). The microscopic domain is subjected to the boundary conditions as shown in Fig. [§]
(a). Strain controlled cyclic uniaxial loading is applied up to 1% strain with R-ratio = —1 and at 0.04/s strain rate. The overall
(i.e., macroscopic) stress-strain curve, along with the traction-macroscopic strain and traction-separation curves predicted by
the ROM and CPFE models are compared in Fig.[I0] The plotted traction and separation histories are the normal components
of the traction and separation coefficients (t(]\lj) and 53\1]), respectively, noting that m = 1) that correspond to the point along
the crack that exhibits the largest values of peak separation. This point is shown as point “A” in Fig. [6] (b). We note that both
CPFE and ROM predict the same spatial point for peak separation even after the onset of plasticity. The deformation process
can be described as follows: as the sample is loaded in tension, the crack opens and the separation increases with the loading
until peak tensile strain. The onset of significant crack tip plasticity occurs at approximately 0.5% applied strain beyond which,
separation-strain curve begins to deviate from linearity. This increase in rate of change of separation is caused by the localized
plastic strains at the crack tips. The ROM slightly underpredicts the peak separation (error=12.09%), but the deviation from
linearity is captured by the ROM. As the specimen is unloaded from peak tensile state, the separation gradually reduces. At the
unloaded state (€, = 0), compressive macroscopic stress is evident, whereas the separation state of point A remains positive. As
the sample is loaded in compression, the crack eventually completely closes and the traction coefficient becomes nonzero while
separation stays zero for the remainder of the compression loading and unloading. The traction-strain curve exhibits elastic-
plastic behavior consistent with the overall stress-strain response. At the end of the unloading process, the crack reopens and the
sample gets into the tension state again.

The separation profiles predicted by the ROM and CPFE are compared in Fig. [T for four loading stages: (a) peak stress, (b)
fully unloaded after tension €,, = 0, (c) when traction becomes non-zero, and (d) fully unloaded after compression €,, = 0.
Overall, a reasonable match is observed between the ROM and CPFE predictions. Particularly at stages (a) and (b), the ROM
underestimates the crack tip opening displacement, whereas the maximum separation is predicted with better accuracy. The
separation has a rectangular profile for CPFE whereas it is elliptical for ROM. This is because the plastic deformation near the
crack tips is significant at these two stages, which affects the separation profile. The crack shape function employed in ROM is
obtained under the assumption of fully elastic behavior and does not account for the change in shape of separation profile.

6.4 | Effects of loading conditions

One of the primary advantages of the proposed model is its ability to extrapolate under arbitrary loading conditions once a ROM
has been trained, provided that the microstructures remain unchanged. To demonstrate the ROM’s extrapolation capability,
the cracked microstructure shown in Fig. []is subjected to various multiaxial loading conditions generated using the boundary
conditions shown in Fig.[§|(c). Figure[I2]shows the stress envelope — the equivalent stress as a function of normal and shear strains

under monotonic loading. The equivalent stress o, considers the normal and shear components of the macroscopic stress tensor:

Cog =1/ 6'§y + 6'3y. The normal and shear strain in Fig. are defined as € = u, /l and y = ¢ ~ tan(¢p) = u, /I, respectively. The
stress envelope is constructed by varying the magnitudes of u; and u, to account for various normal and shear strain combinations
with proportional loading, and then observing the evolution of the equivalent stress o,, as predicted by the ROM and CPFE.
The combinations of u, and u, are generated using: u; = 0.045 cos (7 /2(n,q — l)i) and u, = 0.045sin (7/2(np5q — 1)i),
where n,,, is the total number of load cases (n;,,q=19), and i = 0, ..., n,,q — 1. Under all loading conditions, the ROM shows
reasonable match with the CPFE. The largest error (24.34%) in terms of the peak stress in the ROM prediction is observed
when the microstructure is loaded in pure shear loading i.e., (i, u,) = (0.045,0.) and smallest error (7.77%) is observed when
(uy,u,) = (0.0258,0.0323). At pure normal loading (1, u,) = (0.,0.045), the error is 10.47%. In all cases, the ROM consistently

exhibits a stiffer response compared with the CPFE model, as it constrains the kinematics relative to CPFE.
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Figure 11 Separation field comparison: (a) at peak stress (scale=1); (b) fully unloaded in tension €, = 0 (scale=1); (c) traction
becomes non-zero (scale=1); and (d) fully unloaded in compression €, = 0 (scale=2)

To examine the model performance under additional cyclic loading conditions, the microstructure is subjected to the boundary
conditions in Fig.[8|(b). The microstructure is loaded in the y direction cyclically with applied strain up to 1% with R-ratio = —1
at constant strain rate of 0.02/s. Simultaneously, a 2% uniaxial and monotonic tensile strain is applied with a constant strain
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Figure 13 (a) Stress-strain curve under cyclic biaxial loading; and (b) separation field comparison at peak tensile stress in y
direction under cyclic biaxial loading

rate of 0.01/s in the x direction. Figure[I3](a) shows the resulting stress-strain curves. The ROM slightly over-predicts the peak
stress in the y direction whereas a better match in the x direction is observed. The separation fields are compared at the peak
tensile stress state in y direction as shown in Fig. [I3](b). Similar to that in the uniaxial loading condition, the peak separation
(i.e., point A) shows reasonable match between the ROM and CPFE, whereas the ROM underpredicts the separation near the
crack tip regions.
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Figure 14 ROM error as a function of crack length: the red lines denote the cracks

6.5 | Effects of crack length

Figure [14] shows the error in ROM predictions relative to CPFE as a function of crack length. The general morphology of the
microstructure considered in this study is similar to that discussed in Fig. [6] In each analysis, a crack with relative length //L
(14.4% to 80.8% with I and L respectively the crack and microstructure volume edge length) is embedded in the microstructure.
A total of 8 different crack lengths were considered. A change in the crack length changes the resulting reduced order model.
A separate ROM is therefore trained for each case. Model orders and the corresponding partitioning parameters n,, . used to
generate Fig. E] are summarized in Table 1 (n,,.. are selected such that the number of reduced order parts for each ROM is
around 200). As the crack grows longer, the ROM error increases. The increasing trend in error is primarily attributed to the
interaction between microstructure volume edges and the crack tips as they come closer. This effect is due to the treatment of
the boundary conditions of the reference CPFE model and the ROM as described at the beginning of the verification section.
While the trend is largely monotonic, the slight variations are due to the variations in the ROM order generated for each crack
length. One way to improve the accuracy in the case of longer cracks is to increase the microstructure size since it is the relative
length of the crack that dominates the error.

Table 1 Model orders and parameter N for microstructure with different crack length

Model number 1 2 3 4 5 6 7 8
Relative length | 0.144 0.207 0.274 0.397 0.516 0.628 0.693 0.808
Model order 201 202 207 205 208 207 204 206

n 41 37 37 46 41 35 34 31

space

6.6 | Assessment of local response

The capability of the proposed ROM to capture the localized response is assessed using a microstructure that consists of four
cracks with different orientations. One of the cracks included in the domain is a kinked crack that consists of one junction point
(i.e., m = 3). The geometry and grain orientations of the base microstructure (i.e., the uncracked microstructure) is the same
as those for the base microstructure in Fig. E] (a). However, since different cracks are considered, a different ROM is trained
for this specific microstructure. Figure[I5|shows the mesh for this microstructure used in the CPFE analysis and ROM training.
Note that immediate nodes are added in the vicinity of the joint node. The boundary conditions in Fig. [§] (a) are used and a
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1% monotonic uniaxial tension is applied. There are in total 342 ROM parts generated for this example with the partitioning

algorithm parameter, Rypace = 25.
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Figure 16 Stress contour comparison: (a) CPFE and (b) ROM

Figure [T6] shows the local stress contour plots for the ROM and the reference model at the peak stress, with the white lines
representing the cracks. The ROM contour displays piecewise constant stress field as a function of the ROM parts, whereas
the CPFE contour is based on the finite element mesh. The ROM captures the stress concentrations around the crack tips with
reasonable accuracy, while it over-predicts the stress state at the low stress regions along the crack facets. Figure [T7] compares
the corresponding strain contours. Naturally, strain concentrations occur at the high stress regions for both of the ROM and the
CPFE model. Figure [I§] provides a more quantitative comparison of the localized behaviors, where the part-wise stress, strain
and dislocation density distributions at the peak load are compared as histogram plots. The part-wise quantities are volume-
averaged for each part (as identified in the ROM) in the reference model. The bin plots represent the CPFE results and solid line
with dots represent the ROM results. The local distributions are well captured by the ROM for all three quantities. As expected,
the crack tip regions exhibit high strain concentration with the remainder of the domain exhibiting relatively low level of strains
as evidenced by both contour and histogram plots. The separation fields comparison is shown in Fig.[T9] The separation field of
ROM in general matches with that of CPFE even when multiple cracks exist in the microstructure, whereas the general shapes of
the crack tip opening displacements slightly differ in the same manner described above for the one-crack case. It is noteworthy
that at the junction point of the kinked crack, the separation field is well approximated by the proposed model.
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Figure 17 Strain contour comparison: (a) CPFE and (b) ROM
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Figure 19 Separation fields comparison at peak tensile stress (cracks are highlight in red box): (a) CPFE; and (b) ROM

To highlight the ROM’s ability to capture the high stress regions with good accuracy throughout the loading process, the stress-

strain curve

s for a number of reduced order model parts around the crack tip regions is shown in Fig.[20]when the microstructure
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is loaded in monotonic uniaxial tension. All five stress-strain curves show reasonable match with the grain-averaged stress-strain
curves obtained using the CPFE simulations.
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Figure 20 Stress-strain curves for selected parts around the crack tips

7 | CONCLUSIONS AND FUTURE WORKS

This manuscript proposed a novel reduced order homogenization model to predict the mechanical response of 2D and quasi-2D
polycrystalline microstructure in the presence of straight and kinked cracks. The proposed approach employs the eigendefor-
mation based homogenization method (EHM) to account for the crystal plasticity and the presence of microstructurally small
cracks. Reduced basis construction procedures for the separation fields and the phases are introduced to accurately describe lo-
cal and global behavior. The reduced order model is verified against crystal plasticity finite element model in terms of various
microstructure configurations and loading conditions, both of the overall and local behaviors show reasonable accuracy but with
much lower model complexity compared with the reference CPFE simulations. Considering the high computational efficiency
of the proposed approach, a possible future application of this study is to incorporate the proposed ROM as a replacement for
full-field finite element models in the adaptive crack insertion framework®® for modeling short crack propagation. This integra-
tion could potentially alleviate the computational challenges typically associated with these methods, enabling more efficient
modeling of short crack propagation.

The proposed approach has two limitations that will need to be addressed to extend its capabilities. The first is modeling fully
3D microstructures with arbitrarily complex crack morphologies in a computationally efficient fashion. The second is accounting
for the evolution of separation field as a function of crack tip plasticity. The results in this manuscript demonstrates that the
crack tip opening displacement begin to deviate from CPFE predictions at large local plastic strain.
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APPENDIX
A EXPRESSION OF THE COEFFICIENT TENSORS AND INDIVIDUAL TERMS IN EQS. (10)
AND (11)
M) = / v M (DN (¥)dy (A1)
P = / / OYIND e, (v, $)dgdy (A2)
Ay = / W WAy (A3)
[C]
R = [ / £ DNy (a9
[C)

in which M is the inverse of the elasticity tensor L.

1) = / w@),(F.0dy (AS)
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DI = / w D@Dy (A7)
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in which,

S(a)

klmn

Ty = / vH T, $)ds
N

D) = / gy, )L, R (v)dy
(€]
R () = / NO@)gr? (v.9)d§
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(A8)

(A9)

(A10)

(Al1)

(A12)

s«o B BRIEF INTRODUCTION OF REVERSIBLE DISLOCATION-DENSITY BASED CRYSTAL

s  PLASTICITY

sz The proposed reduced order framework is not restricted to any specific slip evolution model3L. In the current work, we adopt a

sas reversible dislocation-density based crystal plasticity model proposed in?

e Flow rule:

e Schmid law:

e Hardening evolution

544 e Dislocation density evolution
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. The equations are summarized as follows:
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Table B1 Model parameters for the dislocation density based crystal plasticity model

Symbols Units Basal < a > Prismatic < a > Pyramidal < a > Pyramidal < ¢ + a >
AF* J 3.95x 10720 3.81 x 10720 4.27 x 10720 4.73 x 10720
AVS m? 591 x107% 8.20 x 107¥ 7.40 x 107 8.85x 107%
k J-K! 1.38 x 10723 1.38 x 10723 1.38 x 1072 1.38 x 10723
o, m2 5.00 x 102 5.00 x 10"2 5.00 x 102 5.00 x 10'2
vy, Hz 1.00 x 10'? 1.00 x 10'? 1.00 x 10'2 1.00 x 10'?
b? um 2.94x 1074 2.95x 1074 295x 1074 4.68 x 107*
5, M Pa 500 435 680 677
ki m~! 1.80 x 107 1.68 x 107 1.67 x 107 2.4 x 107
D? M Pa 300 330 100 90
2. debris dislocation density 5
pfieb
d = dy’ B25
Pdeb Z oy Y (B25)
p;ab _ 5 S(x,S s
dyf - qb Vv pdebkz(y ’ 0)pfor (B26)

The model parameters are shown in Table B
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