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Abstract
One of the most important ideas in public economics is Tiebout's
hypothesis that if public goods were \local" then markets would be able
to overcome the free rider problem. In this paper we discuss the di®erent
approaches to formally stating this idea as a decentralization theorem.
Special attention is devoted to structure of the price systems required for
decentralization. We argue that unless prices are anonymous in the sense
that they cannot discriminate between agents on the basis of unobservable
characteristics (tastes, for example), they are not decentralizing in the
same way as Walrasian prices in private goods economies. We consider
the theorems available for three basic local public models: anonymous
crowding, di®erentiated crowding, and a new model called crowding types.

Journal of Economic Literature Classi¯cation Numbers: H41, H72.

1. Introduction
One of the persistent problems in public economics is how to achieve e±cient
outcomes through market mechanisms in the presence of public goods. The Lindahl
equilibrium as formalized by Samuelson (1954) is not in itself a satisfactory solution.
Decentralizing e±cient allocations through this equilibrium notion requires that
prices faced by an agent depend upon his preferences mapping. As a consequence,
self-interested agents may prefer not to reveal their true preferences in the hope of
getting lower prices. Solving this \free rider" problem typically requires appealing
nonmarket mechanisms. See Jackson and Moulin (1994) for a recent survey of such
mechanisms (as well as an interesting new mechanism).
In his seminal paper, Tiebout (1956) proposed a solution. He observed that
many types of public goods are \local" rather than \pure". Tiebout suggested
that when public goods are local and there are many jurisdictions, competition
between jurisdictions for members would lead to market-type e±ciency. In e®ect,
agents reveal their preferences by their choice of jurisdiction. As a consequence, the
free-rider problem would disappear and the equilibrium outcome would be e±cient.
While Tiebout's approach was very informal, a large literature has subsequently
developed which treats his ideas with more precision. One of the earliest contributors was Eitan Berglas, who, in two in°uential papers (Berglas 1974, 1976) introduced a model of di®erential crowding and raised the major question of the nature of
economic equilibrium. Subsequent workers in the ¯eld owe him a debt of gratitude
for directing attention to this rich and interesting area of research, and simulating
numerous articles. We will discuss the work of Berglas in more detail below.
The purpose of this paper is to discuss the di®erent approaches to formalizing
Tiebout's hypothesis. There are many possible interpretations. One could reasonably view Tiebout's hypothesis as being equivalent to a First Welfare Theorem,
a Second Welfare Theorem, an existence theorem, a core/equilibrium convergence
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theorem or a core/equilibrium equivalence theorem. Before we consider any of these
possibilities, however, we must understand what is meant by equilibrium. In particular, we must decide on the nature of the decentralizing price system. This is
the focus of current paper. One of our main points is that unless prices are anonymous in the sense that they cannot discriminate between agents on the basis of
unobservable characteristics (tastes, for example), they are not decentralizing in
the same way that we are accustomed to in private goods markets. We consider
the theorems available for three basic local public models: anonymous crowding,
di®erential crowding, and a new model called crowding types.
The plan of the paper is as follows. In section 2, we will formally de¯ne and
motivate the major modeling approaches, In section 3, we de¯ne the core and consider problems of existence. In section 4, we discuss di®erent notions of market
equilibrium paying special attention to the associated price systems. In section
5, we discuss di®erent notions of small group e®ectiveness. In section 6, we will
connect local public goods economies to the literature on market games. Section 7
concludes.

2. Models of Local Public Goods Economies

There is no formal distinction between local public goods economies and club
economies. In both cases, the object of study is goods which are subject to crowding.
We imagine something like a swimming pool which satis¯es neither the pure rivalry
in consumption of private goods, nor the nonrivalry in consumption of pure public
goods. Historically, authors have had di®erent motivations in mind when they chose
to place their research in one of these two categories.
Authors who write on club economies usually have in mind a private mem2

bership club, a country club for example. They are concerned the question of the
extent to which the market can provide institutions that substitute for government
provision of such goods. Most papers consider the problem from the standpoint of
one pro¯t maximizing and price taking club. The general equilibrium problem of
how to allocate all agents in the economy to clubs does not necessarily arise in this
context. Perhaps the most important di®erence is that since club membership is
not particularly associated with location, there is no reason to restrict each agent
to joining at most one club. The question of variable usage of club facilities, and
how this a®ects crowding and pricing is also natural in this context. Agents express
their demands in a direct way by joining such clubs.
Studies of local public goods economies typically are motivated by locational
models. We imagine optimizing jurisdictions who competitively o®er bundles of
public goods and associated tax prices. Agents express their demands indirectly
by \voting with their feet" and moving to the locality with the best mix of taxes
and public goods. The restriction that agents can live in only one location and so
must join exactly one of these local public goods \clubs" in natural in this context.
The focus of such models is usually on the general equilibrium question of how
the entire population allocates themselves to jurisdictions in response to market
signals. Natural extensions of this class of models include questions associated with
property ownership. The problems of how variable land consumption choice and
capitalization of the present value of the public good consumption a®ect the nature
and e±ciency of the equilibrium are very interesting.
We focus of local public good economies in this paper. We hasten to add that
this is in the spirit of choosing a certain approach and motivation to examining the
Tiebout hypothesis rather than rejecting part of the literature. General equilibrium
club models can and have be stated. By the same token, there is a relatively new
literature on hierarchical local public good economies in which an agent might be
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a member of several overlapping jurisdictions, a state and a county, for example.1
Within the local public goods literature, there are three basic models: anonymous
crowding, di®erentiated crowding, and crowding types.2 We treat each in turn
below.
We consider an economy with one private good and M public goods in this
paper. The motivation for assuming one private good is mostly technical. We will
discuss the di±culties in generalizing to many private goods when we de¯ne the
core. We assume that agents can be members of only one jurisdiction at a time.

2.1 Anonymous and Di®erentiated Crowding Models
Anonymous crowding is a special case of di®erentiated crowding, although a
special case that captures many real economic situations. This makes it possible to
state a formal model which includes both anonymous and di®erential crowding.
In this model, there are I agents, denoted i 2 f1; : : : Ig ´ I, each with a
preference mapping indexed by t 2 f1; : : : T g ´ T , and an associated endowment
of private good !t 2 <+ . The total population of agents is denoted by N =
(N1 ; : : : ; Nt ; : : : ; NT ) where Nt is interpreted as the number of agents of type t in
the entire economy. A jurisdiction is a group of agents who collectively produce and
consume a common level of public good. A jurisdiction is represented by a vector
nk = (nk1 ; : : : ; nkt ; : : : ; nkT ); where nkt is interpreted as the number of agents of type
t in the jurisdiction k. The set of all feasible jurisdictions is denoted by N .

A partition n = fn1 ; : : : ; nK g of the population is a collection of jurisdictions

1

Also see Shubik and Wooders (1986).

2 Calling crowding by numbers \anonymous crowding" is somewhat misleading since in the di®er-

entiated crowding model, in which di®erent types have di®erent crowding e®ects, crowding is also
anonymous. That is, it is not the names of agents that matter to other agents, but rather their
types. Within a given type, agents are perfect substitutes and crowd anonymously. It would be
more accurate, but also more awkward to call anonymous crowding \nondi®erentiated crowding".
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satisfying

P

k

nk = N .3 Let µ : I ! T be a function that indicates the type of a

given individual. Thus, if agent i is of type t, then µ(i) = t: With a slight abuse of
notation, if individual i is a member of jurisdiction nk , we shall write i 2 nk . We

will also write nk 2 n when a jurisdiction of type nk is in the partition n.

For simplicity we will assume that the preferences of agent of type t can represented by a continuous utility function,
ut : < £ <M £ N ! <:
Thus, ut (x; y k ; nk ) is the utility an agent of type t receives from consuming an
amount x of private good and the bundle y k of public goods, while in a jurisdiction with composition nk . We note, however, that continuous preferences are not
necessarily needed for market decentralization of e±cient allocations in Tiebout
economies.
We now turn to the production side. The cost in terms of private good of
producing y k public good for a jurisdiction with composition nk is given by the cost
function
f : <M
+ £ N ! <+ :
Thus f (y k ; nk ) is the amount of private good necessary to produce the bundle y k
public goods in a jurisdiction with composition nk . We could also represent this by
a production set, but a cost function is easier to work with when there is only one
private good.
Crowding e®ects are allowed in both production and consumption. There is no
restriction in general that these crowding e®ects be positive, negative, convex, or
even monotonic. To make such restrictions would exclude many important economic
applications. For example, agents may crowd each other positively at a party over
3 The total number of jurisdictions K is determined endogenously in the model.
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some range, and then negatively as it becomes too crowded to dance. In production,
we might ¯nd that two Spanish speaking carpenters can build a house just as fast
as two English speakers, but one Spanish and one English speaker working together
would take much longer. Thus, none of the ordinary assumptions on preferences or
production are appropriate in the context of crowding.
Both anonymous and di®erentiated crowding models have been widely studied
in the literature. In the anonymous crowding case, agents are a®ected only by the
total number of people in the jurisdiction they join. The identities or tastes of their
neighbors make no di®erence to them. An example of this is a highway. The only
thing that a®ects other agents is the total number of people on the road. The internal rate of time preference and the musical tastes of the other agents, for example,
are irrelevant. This approach has a great deal of appeal, but it seems to disallow
many real world situations. In many cases, agents are not perfect substitutes for
one another. For example, agents are crowded di®erently by men and women at a
dance. One gender may generate positive externalizes while the other may simply
crowd. To capture this, we can let production costs and utility functions depend
on the entire pro¯le of agent types instead of simply the total number of agents in
a jurisdiction.
Formally, anonymous crowding means that two conditions called Anonymous
Crowding in Consumption (ACC) and Anonymous Crowding in Production (ACP)
are satis¯ed
^

(ACC) for all nk ; nk 2 N , if

P

nkt =

P

=

t

P

nkt then for all x 2 <+ y 2 <M
+

P

nkt then for all y 2 <M
+ it holds

t

^

^

and all t 2 T it holds that ut (x; y; nk ) = ut (x; y; nk ).
^

(ACP) for all nk ; nk 2 N , if
^

that f (y; nk ) = f (y; nk ).

k
t nt

t

^

Typically, the utility and production functions for the anonymous crowding
P
P
case are written in a reduced form: ut (x; y; t nkt ) and f (y; t nkt ).
6

2.2 The Crowding Type Model
There is an important sense in which the di®erentiated crowding model is an
unsatisfactory generalization of the anonymous crowding model. While is certainly
reasonable that di®erent types of agents should crowd each other di®erently. It is
far from clear the tastes of one agent should directly a®ect the welfare of another.
Consider the labor complementary model. The skills that an agent brings to a
jurisdiction should a®ect the cost of producing public good, but why should his
preferences over consumption bundles? A plumber who likes big cars contributes
just a much to production as one who likes compact cars. In the standard di®erentiated crowding model, an agent's tastes and his crowding e®ects are perfectly
correlated. There is no evident reason for this.
An alternative generalization is to explicitly endow agents with crowding characteristics which are formally distinct from his preferences. This is called a \Crowding types" model. Agents still are endowed with one of T di®erent sorts of tastes
or preference maps, but in addition, agents are identi¯ed as having one of C different sorts of crowding characteristics. The crowding type of agents is denoted
by c 2 f1; : : : ; Cg ´ C.4 No correlation between c and t is assumed. Imagine, for
example, a dance in which men and women crowd each other di®erently. Some
individuals like country music and some like jazz. There are men and women with
each type of preference. The tastes of individuals are private information, but their
crowding characteristics are publicly observable.
The rest of the crowding types model is the natural extension of the di®erentiated crowding model stated above. The population of agents is denoted by
N = (N11 ; : : : ; Nct ; : : : ; NCT ); where Nct is interpreted as the total number of agents
with crowding type c and taste type t in the economy. A jurisdiction is represented
by a vector nk = (nk11 ; : : : ; nkct ; : : : ; nkCT ); where nkct is interpreted as the number of
4

Note that each crowding type may denote a point in a ¯nite (or in¯nite) divisional vector space.
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agents with crowding type c and taste type t in the jurisdiction k. We will denote
by N c the set of feasible jurisdictions that contain at least on agent of crowding
type c 2 C. Formally:
N c ´ fnk 2 N j 9 t 2 T such that nkct > 0g:
^

We will say that two jurisdictions, nk and nk , have the same crowding pro¯le if for
P
P ^
all c 2 C, t nkct = t nkct . That is, two jurisdictions have the same crowding pro¯le
if the number of agents of any given crowding type is the same in both jurisdictions.
Let µ : I ! C £ T be a function that indicates the type of a given individual. Thus,
if agent i is of crowding type c and taste type t, then µ(i) = (c; t):
The notion of a crowding type is meant to capture all the characteristics of an
agent that enter into to the constraints or objectives of any other agents. Tastes
are irrelevant in this respect. We state this formally in the two assumptions, Taste
Anonymity in consumption (TAC), and Taste Anonymity in Production (TAP).
^

(TAC) for all nk ; nk 2 N , if for all c 2 C it holds that

P

nkct =

P

nkct =

t

P

^
k
t nct

P

^
k
t nct

k
then for all t 2 T , x 2 < and y 2 <M
+ , it holds that ut (x; y; n ) =
^

ut (x; y; nk ).

^

(TAP) for all nk ; nk 2 N , if for all c 2 C it holds that
^

k
k
then for all y 2 <M
+ it holds that f (y; n ) = f (y; n ).

t

Observe that if we set C = 1, this is exactly the anonymous crowding model.
Also, if we set C = T and Nc;t = 0 for all c 6
= t, then we have the di®erentiated
crowding model. In words, the crowding types model is equivalent to the standard
di®erentiated crowding model when crowding types and taste types are perfectly
correlated in the population.5 In this case, each taste type crowds in its own
5 Of course there is not requirement that the same types t have either the same crowding type or

the same endowment. Making explicit, however, the separation of crowding type and taste type
enables us to obtain new and interesting results.
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independent way. Because of this, we will use the notation of crowding types model
below the explicate the results in the literature.
A feasible state of the economy (X; Y; n) is a partition n of the population,
an allocation X = (x1 ; : : : ; xI ) of private goods, and public good production plans
Y = (y 1 ; : : : y K ) such that
XX
k

c;t

nkct !t ¡

X
i

xi ¡

X
k

f (y k ; nk ) ¸ 0:

We denote the set of feasible states by F . We will also say that (xk ; y k ) is a feasible
allocation for a jurisdiction nk if
X
c;t

nkct !t ¡

X

i2nk

xki ¡ f (y k ; nk ) ¸ 0:

3. The Core
In the one private good case, the de¯nition of the core is straight forward. A
^

^

^

jurisdiction nk 2 N producing a feasible allocation (xk ; y k ) improves upon a feasible
^

state (X; Y; n) 2 F if for all i 2 nk such that for some c 2 C, µ(i) = (c; t):
^

^

^

ut (xki ; y k ; nk ) ¸ ut (xki ; y k ; nk );
^

and for some i 2 nk such that for some c 2 C, µ(i) = (c; t):
^

^

^

ut (xki ; y k ; nk ) ¸ ut (xki ; y k ; nk );
where agent i 2 nk 2 n in the original feasible state. A feasible state (X; Y; n) 2 F
is in the core of the economy if it cannot be improved upon by any jurisdiction.
9

Note that when a jurisdiction improves upon a state, it does so without trading
private goods outside the jurisdiction. This restriction is unimportant in the one
private good case since no gains from trade are possible. We might interpret a such
model an abstraction in which prices for all private goods are taken as given and
the one private good explicitly in the model is \money".
If we put many private goods in the model on the other hand, gains from trading are possible. If we nevertheless choose to de¯ne the core in a way which does
not allow private goods trading between jurisdictions, then most theorems can be
directly generalized from the one private good case. If instead we take the more
reasonable view that while public goods are produced within jurisdiction, private
goods are traded economy wide, however, things become more complicated. When
a coalition of agents defects to form a new set of jurisdictions, they not only have to
produce independent bundles of public goods, but they lose the private goods trading opportunities with the non-defecting agents. This makes direct generalization
of results impossible.
An even more serious problem is that regardless of which de¯nition is used it
is often the case that the core is empty. This is true even in large economies with
one private good satisfying all the properties that ordinarily guarantee existence,
(convexity, monotonicity, etc.) This has been known at least since Pauly (1967),
and was discussed at length by Wooders (1978). This and other problems lead Bewley (1982) to conclude that decentralization is essentially impossible unless public
goods are really just publicly provided private goods (public services). The basic
reason is that typically in local public goods economies there exist jurisdictional
structures which are optimal is the sense that they maximize the pre capita payo®
of their memberships. When agents of the various types are not present in numbers that exactly ¯ll out these optimal jurisdictions without any left overs, we often
get a cycling problem. For example, suppose we have a population of three identical agents with the following characteristic function derived from the underlying
10

economy:6

8
<0
¡(nk ) = 1
:
0

if j nk j = 1
if j nk j = 2 :
if j nk j ¸ 3

Obviously, every feasible state can be blocked. No matter how the two person
coalition divides their surplus, the agent who is left out can always make at least
one of these agents better o®. This same problem appears for every population
with an odd number of agents. Although the fraction of left over agents decreases
to zero as the economy gets large, there will still be one leftover. This is enough
to generate the same type of cycling, and thus nonexistence of the core, no matter
how large the economy.
It is important to emphasize that this is not an integer problem. Allowing for
\fractional" agents, perhaps part time members of club, does not lead to existence
of the core. The core is empty because of an imbalance in the proportion of agents
of various types which make it impossible to completely exhaust the population
while putting all agents in optimal jurisdictions.
These problems, and the fact that there are costs to coalition formation, motivated the study of approximate cores and equilibrium of economies with local public
goods and of large games with small e®ective groups (Wooders (1978a, 1980a, 1983),
and many subsequent papers.) Fortunately, approximate cores have a very natural
interpretation in the context of local public goods economies. Informally, we simply
modify the notion of what it means to improve on a state to require it be possible
to make the defecting agents better o® while paying a small cost of jurisdictional
formation. In other words, agents who contemplate defecting must pay a transaction cost of ² ¸ 0 each, which may represent moving or setup costs, and must still
be better o® in the new jurisdiction.
^

^

^

Formally, a jurisdiction nk 2 N producing an allocation (xk ; y k ) ²¡improves
6 This matching game is a special case the more general class of local public goods economies.
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upon a feasible state (X; Y; n) 2 F if
X
c;t

^

nkct !t ¡

X

^
i2nk

^

xki ¡ f (y k ; nk ) ¸ ²

X

nkct ;

c;t

^

for all i 2 nk such that for some c 2 C, µ(i) = (c; t):
^

^

^

ut (xki ; y k ; nk ) ¸ ut (xki ; y k ; nk );
^

and for some i 2 nk such that for some c 2 C, µ(i) = (c; t):
^

^

^

ut (xki ; y k ; nk ) ¸ ut (xki ; y k ; nk );
where agent i 2 nk 2 n in the original feasible state. A feasible state (X; Y; n) 2 F
is in the ²¡core of the economy if it cannot be ²¡improved upon by any jurisdiction.
To see why this solves the existence problem, return to the example above.
Consider the ²¡core for ² = 16 . We claim that equal division of the surplus gotten
by the two person coalition is in the ²¡core. To see this, consider the agents who are
in the two person coalition. If they defect from the state in which they pay a third of
their surplus to the left over agent, they must pay a cost of

1
3

(two times ²) to set up

a new (identical) jurisdiction. Clearly, they are just as well o® paying this surplus
to the left over agent, as they are paying it as a setup cost. The excluded agent,
on the other hand, cannot propose an ²¡improvement. If he forms a jurisdiction
with one of other agents, the new jurisdiction has a surplus of

2
3

to distribute after

paying the setup costs, which is just enough to leave these agents as well o® as in
the original state.
In general, the ²¡core exists for arbitrarily small ² for su±ciently large economies.
The intuition is that we can take away a very small amount of private good from
each of a large number agents in optimal jurisdictions and use it to compensate
the small fraction of agents who are left out of optimal jurisdictions. The other
advantage of the ²¡core is that it is easier to treat the many private good case.
12

Even though defecting coalitions lose the opportunity to trade private goods with
the remaining agents, if the defecting coalition is large enough, it can realize almost
all of the gains from trade internally. Thus, results that are true for the ²¡core and
²¡equilibrium (de¯ned below) for the one private good case, are generally true for
the many private goods case as well.
There are alternative de¯nitions of the ²¡core. For example, we could simply ignore a fraction ² of agents, or we could assign agents a probability ² of not
being able to ¯nd a jurisdiction to join. In all cases, the fundamental idea is to
somehow deal with this small fraction of left over agents. It is interesting to note,
however, that proofs on the nonemptiness of various notions of ²¡core and existence of approximate equilibrium typically begin by showing nonemptiness of the
type of ²¡core de¯ned formally above and then proceed to show how this implies
the nonemptiness of the particular notion in question.

7

Which notion of approx-

imate core is appropriate depends on the economic situation being modeled. In
some models studying the noncooperative foundations of cooperation, such as Selten (1981) and Bennett (1991), the natural notion of approximate core may be one
in which a small percentage of players is ignored. On the other hand, for a model of
an economy consisting of a federation of separate jurisdictions, it may be that the
central government, in order to achieve stability, taxes some jurisdictions by a small
amount and uses the revenue to make transfers to less advantaged jurisdictions. For
these reasons, we will only treat the de¯nition given formally in this survey.

7 For example, the proofs of the nonemptiness of approximate cores in Shubik and Wooders (1983)

and Kaneko and Wooders (1982) where a small percentage of players can be ignored use lemmas
previously proven in Wooders (1983) on the way towards showing nonemptiness when all players
\sacri¯ce".
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4. Equilibrium and Prices

Two major di®erence among the many equilibrium notions in local public goods
economies are objectives of the city planers and the method used to decide on
public goods levels. City planners have be variously modeled as pro¯t maximizing
entrepreneurs, population maximizing politicians, and agents of property owners
who seek to maximize land values. The decision of how much public good to provide
may either be done by dictate of the planner, or by majority rule or similar voting
mechanism. For a class of models { those with small e®ective groups { all three
sorts of objectives for city planners give the same outcome. We will only treat
of the pro¯t maximizing entrepreneur model. This is because it is closest to the
market mechanism, and so seems to most directly address the question of when the
market can successfully provide public goods, as Tiebout suggested. This should
not be interpreted as a rejection of the other models. Indeed, they may even be
more appealing since they may most closely re°ect the way public good levels are
really decided. However, the purpose of this paper is to study market mechanisms
and so we will focus on the entrepreneurial model.
There are several properties that a price system must have in order to decentralize the e±cient allocations in the way that is traditional in the private markets.
The ¯rst is completeness.
A complete price system allows each agent to calculate the exact cost of joining
every conceivable type of jurisdiction with every feasible level of public goods. If we
are to expect that agents fully optimize over the all of the feasible allocations, then,
of course, agents must be able to derive a price for all feasible allocations. Such a
price system might have an in¯nite or a ¯nite number of prices. For example, in a
model with anonymous crowding, familiar price systems (as in Wooders (1978) for
example) require just one per unit price for public goods for each jurisdiction and one
participation price (wage or pro¯t share). Such a system has twice as many prices as
14

there are possible jurisdiction structure for the one public good case. Alternatively,
a complete price system may specify a price for each jurisdiction structure/public
good quantity pair (cf. Scotchmer and Wooders (1987)).
It is important to point out that with respect to the set of possible commodity
spaces and price systems, economies with local public goods are really no di®erent
from pure private goods economies. The usual price system for a ¯nite dimensional
private goods commodity space has only a ¯nite number of per unit prices. We
could just as easily, however , represent this economy with an in¯nite dimensional
commodity space where each commodity is an entire market basket with its own
associated price. The important question of the \appropriate" commodity space,
which seldom (if ever) arises in private goods economies, clearly emerges in local
public goods contexts.
The reason that the assumption of a complete commodity space and price
system appears to be stronger in a local public goods environment is that a vast array of commodities immediately present themselves to our attention. Even though
most of these commodities are not traded in equilibrium, speci¯cally, jurisdictions
with associated public good levels which do not appear in the equilibrium jurisdictional structure, full optimization still requires that they be priced. It is not
hard to imagine analogs in private goods economies, purple polka-dotted Mercedes,
or houses made from recycled tires for example. Or, more seriously, a continuum
of possible sizes of Mercedes. The context in which such nontraded private goods
arise are di®erentiated product markets where the choice of product produced is
endogenous. It should come as no surprise that planners who are allowed to consider products which are not priced or traded in a either local public, or private
goods economies may be able to ¯nd allocations which are Pareto superior to the
equilibrium allocations. The response in private goods models is to restrict the
commodity space to the set of goods that are traded. Since a major question in
local public goods models is whether or not the equilibrium Jurisdiction structure
15

will be e±cient, it is necessary to extend the commodity space and price to include
all feasible products even if they are not traded in equilibrium.
The second major requirement of the prices system is that it be anonymous.
An anonymous price system is one which does not discriminate between agents on
the basis of private information. This is, of course, the fundamental di±culty with
Lindahl equilibrium in the a pure public goods economy. Small group e®ectiveness
ensures that all participant of the same type in the same jurisdiction pay the same
Lindahl price, but Lindahl prices typically will di®er between agents with di®erent
preference mappings. In some circumstances, it is possible to elicit Lindahl prices
in models with nondi®erentiated or anonymous crowding (cf. Barham and Wooders
(1994)), or when crowding occurs only in production and there are constant returns
to scale (Conley and Wooders (1994b). Unless the model and equilibrium concept
have the feature that agents voluntarily select jurisdictions to equate their marginal
rates of substitution to stated prices (not dependant on preferences) then Lindahl
prices are not as appealing as Walrasian prices.
The essence of Tiebout's hypothesis is that, when public goods are locally
provided, agents will ¯nd that it is optimal to reveal their preferences by moving
to the their most preferred jurisdictions. This is just as in private goods markets
where prices are anonymous and equally available to all, and agents reveal their
preferences by choosing their most preferred consumption bundle. Thus, showing
the existence of an anonymous set of prices that decentralize e±cient allocations is
tantamount to proving the Tiebout hypothesis.
The last property of price systems we will discuss is the dimension of the price
space. There are two major approaches to pricing. We call these admission prices
and Lindahl prices. Informally, admissions prices give single price for each type
of agent for every jurisdiction, for every possible level of public good. These may
be thought of as functions which map each jurisdiction and public goods level into
a price of admission for agents. A Lindahl price system, on the other hand, lists
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two prices for each type of agent for each jurisdiction. The ¯rst is a participation
price. This is like an entrance fee and, if positive, may be motivated as a wage or
pro¯t share. If negative, it can be interpreted as a prices to enjoy the externalities
provided by others, or as a Pigouvian tax to compensate others for the negative
e®ects imposed on others by the agent. The second is a per unit price of each public
good.
Admission prices have a certain amount of appeal since they provide a description of the lump sum taxes suggested by Tiebout. If, given prices for private goods,
¯rms can freely enter (or consumer groups can \opts-out"), but cannot pro¯tably
do so, then the resulting state of the economy can described by a complete set of
admission prices or, equivalently, a complete Lindahl price system note Wooders
(1989, 1993) are based on Wooders (1980b, 1981) and the nonemptiness of approximate cores of general economies with local public goods in Wooders (1988). Related
results on the admissions price equilibrium in di®erentiated crowding models are
contained in Scotchmer and Wooders (1986), and subsequent incomplete revisions
of that paper. These papers are discussed at more length below.// as shown by
Wooders (1980a) for the case of anonymous crowding, and by Wooders (1980b,
1989, and 1993) for di®erentiated crowding. A disadvantage of admission prices is
that they require more centralization of decision making at the production level.
For example, if a jurisdiction o®ers several public goods, then their productions
must be coordinated. Moreover, an admission price equilibrium requires an in¯nite
number of prices.
Lindahl price systems have the advantage that in large economies they convey
the same information as admission prices, but in a more economical way. In particular, only a ¯nite number of prices is required. The Lindahl equilibrium also has
the advantage that it allows much more °exibility { an agent may pay a property
tax, but may also pay a per hour cost for renting the municipal tennis courts or
instead chose only to use the community swimming pool. This re°ect the commonly
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observed pricing system of a property tax plus various user charges.
The extant literature showing the equivalence of admission pricing and Lindahl pricing (Scotchmer and Wooders (1986), Wooders (1993, 1994c)) may raise
the question of whether or not there is any motivation for admission pricing since
Lindahl pricing does the same job more economically. As shown by Conley and
Wooders (1994b), however, important di®erences between they two types of price
systems emerge when we introduce crowding types. We elaborate on this below.
In the following, we treat the admissions price system ¯rst. For each crowding
type c 2 C we have a price function ®c giving an admission price for every jurisdiction it is possible for an agent of this type to join, for every possible public good
level. Agents are able to contemplate joining any jurisdiction that contains at least
one member of their crowding type. For example, no matter how much Wynton
Marsalis may wish it, it is impossible for him to join an all girl band. Once he joins,
it is no longer an all girl band since it includes at least one boy. Thus, we should
provide admissions prices for bands that include at least one male, but it makes
no sense to provide an admissions price to Wynton Marsalis for female only bands.
Formally:
®c : <M
+ £ N c ! <:
An admissions price system, is simply the collection of price systems for each crowding type.
Notice that we allow di®erent prices for di®erent crowding types, but not for
di®erent taste types. This is because we are only interested in anonymous prices.
Unfortunately, this is not quite enough for full anonymity. Observe that ® gives an
admissions price for every jurisdiction nk , and that included in this description is
the taste pro¯le of the jurisdiction. Since we assume that tastes are not observable
a system has Fully Anonymous Prices (FAP) only if jurisdictions with the same
crowding pro¯le are priced identically. Formally:
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^

(FAP) for all nk ; nk 2 N , if for all c 2 C it holds that
^

P

t

nkct =

k
k
then for all y 2 <M
+ it holds that ®(y; n ) = ®(y; n ).

P

^
k
t nct

Note that in the anonymous crowding model, there is only one crowding type
and so only one price function. In the di®erential crowding model, anonymity is lost
since taste and crowding are perfectly correlated, and so providing each crowding
type with a separate price function is identical to requiring that each taste type have
a separate price system. We are now able to de¯ne our ¯rst equilibrium notion. An
admissions price equilibrium is a feasible state (X; Y; n) 2 F and a price system ®
such that
1. for all nk 2 n, all individuals i 2 nk such that µ(i) = (c; t), all alternative
^

^

jurisdictions nk 2 N c , and for all levels of public good production y k 2 <M
+:
^

^

^

^

ut (!t ¡ ®c (y k ; nk ); y k ; nk )) ¸ ut (!t ¡ ®c (y k ; nk ); y k ; nk ));
2. for all potential jurisdictions nk 2 N and all y k 2 <M
+,

3. for all nk 2 n,

X
c;t

nkct ®c (y k ; nk ) ¡ f (y k ; nk ) · 0:

X

nkct ®c (y k ; nk ) ¡ f (y k ; nk ) = 0:

c;t

Condition (1) says that all agents maximize utility given the price system. Note
that the price schedule available to an agent depends only on his crowding type.
Condition (2) says that given the price system, no ¯rm can make positive pro¯ts
by entering the market and o®ering to provide any sort of jurisdiction. Condition
(3) says that all equilibrium jurisdictions make zero pro¯t, and so cover their costs.
The alternative price system that is widely discussed in the literature is Lindahl
price equilibrium. In this type of price system for each crowding type c 2 C we have
a price function ¸c which gives an participation price for every jurisdiction it is
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possible for an agent of this type to join, and a per unit price for each public good
type. Formally:
¸c : N c ! < £ <M :
An Lindahl price system, is simply the collection of price systems for each crowding
type. It is convenient to decompose this formally into the component prices. Thus
¸c (nk ) ´ (pc (nk ); qc (nk )), where pc : N c ! < is the participation price, and qc :

N c ! <M is the set of per unit prices for public goods.

The corresponding equilibrium notion is the following. A Lindahl price equilibrium is a feasible state (X; Y; n) 2 F and a price system ¸ such that

1. for all nk 2 n, all individuals i 2 nk such that µ(i) = (c; t), all alternative
^

^

jurisdictions nk 2 N c , and for all levels of public good production y k 2 <M
+:

^

^

^

^

^

ut (!t ¡ pc (nk ) ¡ q(nk )y k ; y k ; nk ) ¸ ut (!t ¡ pc (nk ) + qc (nk )y k ; y k ; nk );
2. for all potential jurisdictions nk 2 N and all y k 2 <M
+,
X

nkct pc (nk ) +

X

nkct pc (nk ) +

c;t

X
c;t

nkct qc (nk )y k ¡ f (y k ; nk ) · 0:

X

nkct qc (nk )y k ¡ f (y k ; nk ) = 0:

3. for all nk 2 n,

c;t

c;t

Notice that the admission price system bears a strong resemblance to the valuation equilibrium for pure public goods economies. For a given jurisdiction, the
admissions price system is just a general nonlinear function that assigns part of the
cost of public good to each agent. The valuation equilibrium does the same thing
except there is never more than one jurisdiction in the core of a pure public goods
economy. The Lindahl price system is a natural generalization to local public goods
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economies. For a given jurisdiction, the cost of public good to an agent is linear
in the quantity he demands. A missing piece in this literature is the generalization
of the cost share equilibrium to local public goods economies.8 Here, the cost of
public goods to agents is linear is the cost of providing the public good.
An advantage of admissions price equilibrium is that given the nonlinear structure of the price functions, there is no need to assume convexity, continuity or
monotonicity or either the utility or cost functions. Lindahl decentralizations require these assumptions.
It is possible to de¯ne other variants of these equilibrium concepts. One sort
of variant makes the prices for players independent of the jurisdiction. The disadvantage of such a pricing system is that it makes existence of equilibrium less likely.
(It is a general rule { the more restrictions that we place on an equilibrium concept,
the more stringent the conditions required on the economy to obtain existence.)
A uniform price system q for agents of crowding type c 2 C gives an admission
price for each crowding type of agent and each level of public good.
qc : <+ ! <; c = 1; :::; C:
A uniform Tiebout price system, is simply the collection of price systems for each
crowding type for each level of public good.
A uniform Tiebout equilibrium is a feasible state (X; Y; n) 2 F and a uniform
price system q such that
1. for all nk 2 n, all individuals i 2 nk such that µ(i) = (c; t), all alternative
^

^

jurisdictions nk 2 Nc , and for all levels of public good production y k 2 <+ :
^

^

^

!t ¡ qc (y k ) + ht (y k ; nk ) ¸ !t ¡ qc (y k ) + ht (y k ; nk );
8

We thank Robert Gilles for this observation
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2. for all potential jurisdictions nk 2 N and all y k 2 <+ ,

3. for all nk 2 n,

X
c;t

nkct qc (y k ) ¡ f (y k ) · 0:

X

nkct qc (y k ) ¡ f (y k ) = 0:

c;t

The conditions of the de¯nition of the uniform Tiebout equilibrium have all
the same interpretations as in the de¯nition of the Tiebout equilibrium, except that
the prices, based on crowding types, do not depend on the jurisdiction.
It is clear that a uniform Tiebout equilibrium state of the economy is in the
core since a uniform Tiebout equilibrium is a Tiebout equilibrium. With further
restrictions on the economic model, it holds that the uniform Tiebout equilibrium
coincides with the core (Conley and Wooders, in progress).
A similar modi¯cation can be made in the de¯nition of the Lindahl equilibrium.
We leave this to the reader.
The equilibrium allocations are generally in the core. This implies that if
the core is empty then equilibrium does not exist. This motivated the study of the
²¡core. We need a corresponding notion of ²¡equilibrium, which will generally exist
for large economies, since the ²¡core generally exists. The intuition is very similar
to the ²¡core. We modify the de¯nitions of equilibrium to require that agents pay
a jurisdiction formation cost of ² when they consider jurisdictions other than the
one they occupy in equilibrium. Formally, an ²¡admissions price equilibrium is a
feasible state (X; Y; n) 2 F and a price system ® such that
1. for all nk 2 n, all individuals i 2 nk such that µ(i) = (c; t), all alternative
^

^

jurisdictions nk 2 N c , and for all levels of public good production y k 2 <M
+:
^

^

^

^

ut (!t ¡ ®c (y k ; nk ); y k ; nk )) ¸ ut (!t ¡ ®c (y k ¡ ²; nk ); y k ; nk ));
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2. for all potential jurisdictions nk 2 N and all y k 2 <M
+,

3. for all nk 2 n,

X
c;t

nkct ®c (y k ; nk ) ¡ f (y k ; nk ) · 0:

X

nkct ®c (y k ; nk ) ¡ f (y k ; nk ) = 0:

c;t

In the same spirit, an ²¡Lindahl price equilibrium is a feasible state (X; Y; n) 2 F
and a price system ¸ such that
1. for all nk 2 n, all individuals i 2 nk such that µ(i) = (c; t), all alternative
^

^

jurisdictions nk 2 N c , and for all levels of public good production y k 2 <M
+:
^

^

^

^

^

ut (!t ¡ pc (nk ) ¡ q(nk )y k ; y k ; nk ) ¸ ut (!t ¡ pc (nk ) + qc (nk )y k ¡ ²; y k ; nk );
2. for all potential jurisdictions nk 2 N and all y k 2 <M
+,
X

nkct pc (nk ) +

X

nkct pc (nk ) +

c;t

X
c;t

nkct qc (nk )y k ¡ f (y k ; nk ) · 0:

X

nkct qc (nk )y k ¡ f (y k ; nk ) = 0:

3. for all nk 2 n,
c;t

c;t

Of course, it is possible to de¯ne other notions of ²¡equilibrium in the same
spirit as the alternative notions of the ²¡core.

5. Tiebout's Assumption Six
In Tiebout's original paper, he laid out seven informal assumptions which he
believed were su±cient for market decentralization of e±cient allocations in a local
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public goods economy. The sixth of these was \For every pattern of community
services . . . there is an optimal community size." In other words, the economies
associated with sharing the cost of producing public goods, are eventually overwhelmed by the costs of crowding. This is more a de¯nition of what a local public
goods economy is than an assumption on such economies. If there is not an optimal jurisdiction size, then there is no need for jurisdictions to form, and thus no
possibility of competition between jurisdictions that lead market type outcomes.
In both the pure public and pure private goods case, the optimal jurisdiction size
is equal to the entire population. The presence of an optimal group size, however,
leads to the \the integer problem" discussed earlier. Thus, it was generally accepted
that it was not possible to show existence economic equilibrium concept satisfying
the requirements of Tiebout. (See, for example, Pauly (1970), Bewley (1981), and
Atkinson and Stigliz ()). It has now been shown in a series of papers that the
assumption of small optimal or near optimal group size is virtually su±cient, by
itself, to obtain nonemptiness of approximate cores and existence of approximate
equilibrium in large economies.9
In the following we will state precisely, for economies with quasi-linear utilities,
some conditions ensuring existence of optimal or near-optimal bounded group sizes,
and indicate the extension of these conditions to economies and to games without
side payments. First, we note that in the case of anonymous or non-di®erentiated
crowding, although there are technical di®erences between di®erent sorts of assumptions of (strict) small group e®ectiveness, all such assumptions require that, for each
type t; there is a group size that maximizes per capita utility of all the players of
that type, given equal cost sharing. For all su±ciently large economies, the core is
nonempty if and only if the participants can be partitioned into optimal sized groups
where all members of any given jurisdiction have the same demands. Thus, if there
9 Wooders (1979a, b, 1983, 1994b) and a number of other papers.
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are \many" consumers of each type, agents can be partitioned into type-optimal
jurisdictions with only a few \left-overs" and, for su±ciently large economies, approximate cores are non-empty and \close" to price-taking equilibrium outcomes.10
With di®erentiated crowding the situation is more complex since \optimal" groups
depend on relative scarcities of participants, as exposited in a number of papers.11
T
We ¯rst introduce the notion of a pregame. Let T be a integer and let Z+
denote
T
the T ¡fold Cartesian product of the non-negative integers. Thus, an element of Z+

is a pro¯le, listing a number of players of each of a ¯nite number of types. Let ª
T
be a function from Z+
to the non-negative real numbers R+ . Then the pair (T; ª)

is a pregame. Note that a pregame di®ers from a game in that there is no ¯xed
population; the pregame states that if the total population is N = (N1 ; :::; NT ) and
T
with s · N then the payo® or total monetary worth of the coalition s is
s 2 Z+

ª(s):
The mildest form of small group e®ectiveness is boundedness of per capita payo®s. In the case of quasi-linear utilities, this is the assumption that the supremum
of average payo®s is ¯nite.12 Speci¯cally, for economies representable as games with
side payments the condition of per capita boundedness is that there is a constant C
such that for all coalitions S it holds that
ª(s)
< C:
jsj
In the case of general games without side payments the assumption is that when
the economy grows in size, the set of equal-treatment payo®s, a subset of RT , is
10 The above result were obtained in Wooders 1976, 1978, 1980a).

For related results, also see

Scotchmer and Wooders (1987) and Barham and Wooders (1994).
11 cf., Wooders (1979a), Wooders and Zame (1984,1987), Shubik and Wooders (1986), and especially

the Discussion Paper versions, and also Scotchmer and Wooders (1986).
12

Wooders (1979b, 1983, 1994b) and other papers. For the convenience of the reader who may be
interested in histories of results, a summary and statement of the non-emptiness result of Wooders
(1979b) is contained in Kannai (1992).
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bounded.13
A number of papers on economies with local public goods have required an
assumption of per capita boundedness. Speci¯cally, Wooders (1981, 1989, 1993)
assume that there exist states of the economy in the ²¡ core for all replications
of the economy. A state of the economy is in the ²-core for all replications if
the replication of the state of the economy is in the ²¡core of the corresponding
replicated economy. (In the replicated state of the economy the \clones" of an agent
in the initial state receive the same allocation as that agent received in the initial
state.) This assumption implies boundedness of per capita payo®s since, eventually
no matter how large the economy. Thus, this mild assumption implies that the
cores converge to the equilibrium outcomes.
To obtain asymptotic results of nonemptiness of approximate cores, existence of
equilibrium, and equivalence of cores to competitive outcomes of representing markets for games/economies with a ¯nite number of player types and a ¯nite number
of types of commodities, per capita boundedness is virtually the only assumption
required. In addition, it is required that the percentage of players (or commodities)
of each type is bounded away from zero.14
If the ¯niteness of types is relaxed or the \thickness", ensuring that there
are many players (and commodities, if relevant) then the assumption that small
groups can realize all or almost all gains to collective activities su±ces to ensure
that asymptotically equilibria exist and core equivalence holds (in the same models
for which exact equivalence obtains under the assumption of strict small group
e®ectiveness.) For economies representable by pregames, the assumption of small
13 Wooders 1983,1991c.

14 Wooders 1994a, Section 4, 1994a). Wooders and Zame (1984) provide an example illustrating the

need for this \thickness" assumption to ensure nonemptiness of approximate cores satisfying just
the condition of per capita boundedness.
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group e®ectiveness

15

is

Given ² > 0 there is an integer ´(²) such that for all pro¯les N there is a
partition n of N such that
P k
k
1.
t nt < ´(²) for each n in n and
P
P
P
2. maxn0 nk 2n0 ª(n0k ) ¡ nk 2n ª(nk ) · ² t nt :16
These conditions, informally, state that given any positive real number ² there is a
group size ´(²) such that within ² per capita of all gains to collective activities can be
realized by groups bounded in size of membership by ´(²).
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The following example

illustrates that without \thickness", small group e®ectiveness is not asymptotically
equivalent to per capita boundedness.
Example: Let (T; ª) be a pregame with two types of players, that is, jT j = 2: Suppose
that players of type 1 know the secret of happiness, and thus, for any coalition
s = (s1 ; s2 ), if s1 > 0 then ª(s) = s1 + s2 but if s1 = 0, then ª(S) = 0: In such
a economy, per capita payo®s are bounded but small groups are not e®ective.
In particular, if we bound group sizes by B then for any pro¯le s with s1 = 1 it
P
holds that at ª(s) = s1 +s2 but max k sk where (sk ) is a partition of s is equal
to B; the one player of type one can only belong to one coalition. Small group
15

The concept of small group e®ectiveness was introduced in Wooders (1992a) and further studied
in Wooders (1992b,1993,1994a,b). Following Wooders (1979b, 1983), Engl and Scotchmer assume
per capita boundedness but also they essentially assume thickness (in the form of their results) so
they too require small group e®ectiveness. (Earlier versions of Engl and Scotchmer assumed more
restrictive conditions.)

16

It would be possible P
to not require superadditive
but instead require a feasibility condition on
P
xi · max
V (nk ) where the maximum is taken over all partitions
payo®s that x(N) :=
i2N
k
of N: Obviously, this will not a®ect the substance of our results.

17 Another closely related condition is that all or almost all gains to improvement can be realized by

groups bounded in absolute size, relaxing the minimum e±cient scale assumption discussed above.
The approximate version of his condition was introduced in Wooders and Zame (1987). A closely
related condition is used in Engl and Scotchmer (1993), where it is called \approximate exhaustion
of blocking opportunities". Asymptotically, these condition is equivalent to small group e®ectiveness, de¯ned above (see Wooders (1994a) for a precise statement and a proof.) The condition can
quite approximately be called small group e®ectiveness for improvement.
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e®ectiveness is thus equivalent to per capita boundedness with \thickness" (and
when per capita boundedness \works"), but small group e®ectiveness is well
suited to handle a broader variety of situations, such as ones with a compact
metric space of player types.
It is a remarkable fact that the topology on the spaces of player types can also
be relaxed; this is done in Wooders (1993b) and Wooders, Zhong, and Chen (1994).
In this case, however, it is necessary to assume both small group e®ectiveness and
per capita boundedness. The following examples from Wooders (1993b) illustrate
that these two assumptions are no longer interchangeable.
Example: Let (N m ; v) be a superadditive game with 2m players where every pair of
players can realize a payo® of 2m and v(N m ) = m2 : Clearly the game (N m ; v)
has 2-player e®ective groups. But, since the per capita payo® equals m; the
per capita payo® becomes in¯nite as the games become large.
Example: Let (N m ; v) be a superadditive game with m players where v(N m ) = m and
v(S) = 0 for all S 6
= N: Then the games f(N; v)g all have one type, many
players of each type, and the same per capita bound of C: Yet the games
f(N; v)g do not have ²¡e®ective B -bounded groups for any ² > 0 and B > 0:
In conclusion, we remark that the strongest form of the strict small group e®ectiveness is that all gains to collective activities can be realized by groups bounded
in absolute size. It is a remarkable fact that with \thickness", we can well approximate games satisfying the extremely mild condition of per capita boundedness by
games satisfying the condition of strict small group e®ectiveness18 Of course we can
also approximate large games satisfying per capita boundedness by games satisfying
less restrictive conditions of small group e®ectiveness, such as by ones that exhaust
gains to scale. Whichever assumption of strict small group e®ectiveness one chooses
18

Wooders (1994a,b).
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(as our choice in this paper) is merely a matter of technical convenience.

6. Results
In this section we give a very brief survey the literature in the context of the
considerations given above.

6.1 Anonymous or non-di®erentiated crowding
A number of non-game-theoretic papers in the literature considered equilibrium and Pareto optimum of economies with anonymous crowding. We remark in
particular, McGuire (), Boadway (1980), Berglas and Pines (1981). These papers
considered the characterization of optimal equilibrium outcomes.
The formulation of the Tiebout Hypothesis as the convergence of cores to
anonymous price-taking equilibrium outcomes was initiated in Wooders (1976,1978,1980).
The equilibrium price system introduced in Wooders (1976,1978) has one per unit
price for public goods for each jurisdiction (both potential jurisdictions and actual
jurisdictions) and a participation price/wage/pro¯t share for each jurisdiction. The
pro¯t share is required only in the case of non-constant returns to scale. In this
case, the zero-pro¯t condition of free entry equilibrium and potential competition
between jurisdictions requires that any surplus arising from marginal cost pricing
is re-distributed to the members of a jurisdiction. (Barham and Wooders (1994)
provide further discussion of this aspect of the equilibrium concept.) If the set
of agents can be partitioned into \type optimal" groups and there are su±ciently
many participants of each type then the core is non-empty and coincides with the
equilibrium outcome s.Moreover, all states of the economy in the core have the equal
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treatment property. Wooders (1976,1978) made a number-theoretic assumption to
ensure that agents can be partitioned into type optimal groups and that the core is
nonempty. Wooders (1989) showed that approximate cores converge to equilibrium
outcomes.
As we noted, another approach to a Tiebout Theorem may be to demonstrate
that in economies with local public goods, First and Second Welfare Theorems
hold. Since the equilibrium states are in the core, the First Welfare Theorem holds
for the model of Wooders (1976,1978). Scotchmer and Wooders (1987) provide a
Second Welfare Theorem for a closely related model (allowing variable intensity of
consumption). Barham and Wooders extend the Second Welfare Theorem to more
than two types of participants.
Wooders (1978) illustrated by an example that in the core and in equilibrium
agents of di®erent types might \mix" in the same jurisdiction but this would occur only if the agents all had the same \demands" for public goods and crowding.
Scotchmer and Wooders (1987) allowed variable intensity of the public good, and
provided another example showing that agents of di®erent types may mix in equilibrium if they have the same demands. Scotchmer and Wooders (1987) also state
a Second Welfare Theorem.
The price system of Wooders (1976,1978) is closer to an admission price system
than to a Lindahl price system{ it is trivial to aggregate the per unit prices and
participation prices into admission prices. Barham and Wooders introduce the concept of Lindahl equilibrium with participation prices into the anonymous crowding
framework and show that even if entrepreneurs may charge di®erent Lindahl prices
within the same jurisdiction, the only jurisdictions that will succeed in attracting
residents are those where all participants of the same jurisdiction pay the same
price. Barham and Wooders (1994) also extend the Second Welfare Theorem of
Scotchmer and Wooders (1987).
Other recent studies characterize the equilibrium outcomes in economies with
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anonymous crowding........Berglas and Pines (1981) showed that transportation costs
could a®ect the desirability of homogeneous jurisdictions.
Remark. With the purpose of informing the reader and stimulating debate, we note
that Scotchmer, in correspondence with a number of individuals and in various drafts of papers, states that the equilibrium concept of Wooders (1978) is
not price taking and the equilibrium concept of Barham and Wooders (1994),
which the authors view as that of Wooders (1978), is instead equivalent to
the equilibrium of Scotchmer and Wooders (1986) or (1987). Scotchmer has
also expressed the opinion that convergence of cores to price taking equilibrium outcomes was initiated in Scotchmer and Wooders (1987), and thus she
apparently reject eh earlier result. ¯nally, Scotchmer is of the opinion that the
equal treatment property of the core in economies with local public goods was
initiated in her joint work with Wooders (and thus apparently not in Wooders
(1976, 1978, Theorem 3 (i)).

6.2 Di®erentiated Crowding
Models of di®erentiated crowding were studied in McGuire () and Berglas (,).
These authors discussed the problem of allocating individuals to jurisdictions from
the viewpoint of a social planner. The model of di®erentiated crowding that lead to
the framework with crowding types uses in this paper was introduced in Wooders
(1981). That paper, and several subsequent papers considered convergence of the
core and approximate cores to equilibrium outcomes in the presence of several public
goods and several private goods. Before discussing this work further, however, we
discuss the some unpublished research of Scotchmer and Wooders (1986).
Scotchmer and Wooders (1986) introduce the analogues of the equilibrium concepts presented earlier for the di®erentiated crowding case, where the prices depend
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on the \type" of the participant. They use a one public, one private good model and
assume a form of strict small group e®ectiveness. It is shown that the core, the Lindahl, and the admission equilibrium outcomes coincide. It is clear their results all
depend on the nonemptiness of the core. This is itself not a serious problem since, as
shown in Wooders (1979a,1983), Shubik and Wooders (1983a,b) and other papers,
the conditions on the model ensure that if agents can be appropriately partitioned,
then the core is non-empty and large economies of the sort studied in Scotchmer
and Wooders (1986) have non-empty approximate cores. The restrictiveness of the
model to one private and one public good and to strict small group e®ectiveness
appear to present more major problems.
The model developed in Wooders (1981,1988,1989,1993) is signi¯cantly less
restrictive than that in Scotchmer and Wooders (1986). In particular, in Wooders
(1981) it is shown if all participants take prices for private goods as given and
markets for public goods are \contestable" { ¯rms can enter and provide public
goods or consumers can \opt out" and provide the public goods for themselves
{ then the core converges to the set of equilibrium outcomes. Moreover, in the
proof of Wooders (1981) it is essentially shown that the core converges to set of
the Lindahl equilibrium outcomes as de¯ned in Scotchmer and Wooders (1986).
The convergence theorems of Wooders (1981,1989) involves the notion of coalition
formation costs. In Wooders (1993) the fact that Wooders (1981,1989) essentially
shows convergence to Lindahl equilibrium outcomes is presented as a Theorem.
Moreover, it is shown that even in these general circumstances, equivalence of the
Lindahl equilibrium, the admissions equilibrium, and the core obtains.
It is an immediate consequence of Wooders (1983, Theorem 3) that, in the
environments of the above papers, if small groups are strictly e®ective then the core
has the equal-treatment property. If in addition, utilities are quasi-linear, the equal
treatment, and asymptotic equal treatment results of Wooders (1979a,b,1994a) immediately apply.
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Some recent related work includes McGuire (1994), Brueckner (1994), ...
Remark. In correspondence with several researchers, Scotchmer has claimed that the
equal treatment property of the core of economies with public goods was ¯rst
shown in Scotchmer and Wooders (1986,1987). Scotchmer also sees the proof
of convergence of Wooders (1993) as originating in joint work of Wooders with
Scotchmer rather than in Wooders (1981). The authors of this paper agree
that Scotchmer and Wooders (1986) does contain an equal treatment result
and the proof of all the above convergence theorems are related.

6.3 Crowding Types
The crowding type model is introduced in Conley and Wooders (1994a). We
study admission price equilibrium for a transferable utility economy. We show that
the ¯rst welfare theorem is true but that the second welfare theorem is not. This is
mainly because the core may not exist in general. If the economy satis¯es SSGE,
then the core is equal treatment and is equivalent to the set of admissions price
equilibrium allocations.
In subsequent research, we ¯nd that the equivalence of the Lindahl equilibria
and core obtains only in a restricted class of economies. This is mainly because it is
not possible in every case to anonymously decompose admission price equilibrium
into per unit prices for public goods. This is somewhat surprising, since no such
di±culty is encountered in either the anonymous or di®erential crowding case. If
Lindahl prices exist, then it is immediate that they imply a set of admissions prices
that also decentralize the core. Also, when they exist, the Lindahl equilibrium
allocations are contained in the core.
The homogeneity properties of the core in the crowding type model are also
something of a surprise. Mixing of types within jurisdictions is optimal in general in
the di®erential crowding case because some agents may be complementary. Optimal
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symphony orchestras contain more than just violinists, for example. There is a
basic tension between segregating according to type in order to eliminate con°ict
over what public goods bundle should be produced, and mixing in order to take
advantage of the bene¯cial types of crowding. In the crowding types model, there
is no such tension. It is possible to have taste homogeneous jurisdictions that take
advantage of the full array of di®erent skills. In the example above, we would expect
that a symphony which agreed on the best number of concerts to give each year
would be able to provide it's members with more per capita utility than one in
which members had di®erent opinions.
Unfortunately, this turns out not to be true. Consider the following simple
matching problem. Suppose there are two crowding types, Smokers and Nonsmokers, denoted S and N , respectively. Also suppose there are two taste types, Lovers
and Haters of second hand smoke, denoted L and H, respectively. Assume agents of
all four possible types, denoted SL; SH; N L; and N H, appear in equal proportion
in the population. The utility functions are the following:
U H (fS; Sg) = 0;

U L (fS; Sg) = 10;

U H (fS; N g) = 5;

U L (fS; N g) = 5;

U H (fN; Ng) = 10;

U L (fN; N g) = 0;

and the utility received from being in every other possible type of jurisdiction is
zero. This implies the following characteristic function for the associated game:
¡(fSL; SLg) = ¡(fNH; N Hg) = 20
¡(fSH; N Lg) = ¡(fSL; SHg) = ¡(fSL; N Lg) = 10
¡(fSL; N Hg) = ¡(fSH; N Hg) = ¡(fN L; N Hg) = 10
¡(fSH; SHg) = ¡(fN L; N Lg) = 0;
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and zero for every other jurisdiction type. Observe that any state which can be
improved upon can be improved upon by two person jurisdictions. Thus, if at least
two of every agent type appear in the population, SSGE is satis¯ed. Now consider
the case where the population consists of two of each of the four agent types. We
claim that one particular core state consists of one jurisdiction each with compositions: fSL; SLg; fN H; N Hg; and two jurisdictions with composition: fSH; N Lg.
Clearly, forcing the two heterogeneous jurisdiction to become homogeneous is Pareto
dominated. Thus, the core may be taste heterogeneous in general.

7. Market Games with Crowding Types

Some familiarity with the models and results discussed in preceding sections
may suggest that there are certain features common to all the models that drive
the results. These features are shared by models with coalition production, such as
those in BÄohm (1974) and Bennett and Wooders (1979) and also by private goods
exchange economies, such as Shapley and Shubik (1967). Roughly, the common features of the economies are superadditive and small group e®ectiveness (all or almost
all gains to collective activities can be realized by groups of participants bounded
in size of membership). Equivalently, when there are \many" commodities of each
type and many players similar to each player, then the common features can be
described as simply superadditive and boundedness of per capita payo®s. As shown
in increasing generality in a series of papers initiated by Wooders (1979a), with
the assumptions of superadditive and small group e®ectiveness, large economies,
including ones with coalition production, clubs, local public goods, and collectively
consumed and/or produced goods more generally, share familiar properties of exchange economies with concave utility functions.
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Tiebout's intuition was that whenever small groups can realize all or almost
all gains to collective consumption in economies with local public goods, then large
economies are competitive. The observations above leads to the intuition that,
in any economy, when small groups are e®ective then the economy `resembles' a
competitive market is the intuition behind the theory of large games and economies
with e®ective small groups. This theory builds on the work of Shapley and Shubik
(1967) most directly on large economies with private goods19 and on Shapley and
Shubik (1969), which relates markets to `totally balanced' games. The approach
initiated in Wooders (1979a) shows that when small groups are e®ective then large
economies are like competitive markets { there is some set of commodities such that,
relative to those commodities there is a (complete) price system satisfying virtually
all the properties of a competitive equilibrium in a private goods exchange economy.
In this section we review some of the main points of the theory of large games and
economies with e®ective small groups and indicate its extension to models satisfying
the anonymity properties introduced in Conley and Wooders (1994a).
Let us ¯rst consider an example of a game derived from an economy. We will
use the economic model with crowding types of this paper but with the assumption
of quasi-linear utilities.

Example We consider exactly the general model introduced above but with the additional assumption that the utility function of each agent is quasi-linear, that
is, ut (xi ; y k ; nk ) = xi + ht (y k ; nk ) where i 2 nk and y k is the quantity of

public good produced in jurisdiction nk . The cost in terms of private good of

producing y k public good for a jurisdiction with membership nk is given by
the function f (y k ; nk ). The maximum total transferable utility available to a
19 Of course numerous other papers on large private goods economies are relevant, but the path-

breaking work that is especially relevant for us in the paper is Shapley and Shubik (1967).
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jurisdiction with membership nk is
V (nk ) = max
yk

Ã
X
c;t

nkct !t ¡ f (y k ; nk ) +

X

!

nkct ht (y k ; nk ) :

c;t

Clearly, a feasible state (X; Y; n) 2 F is Pareto e±cient if and only if it maxiP
mizes k V (nk ).
Recall that a feasible state (X; Y; n) 2 F is in the core of the economy if it
cannot be improved upon by any jurisdiction. In the context of games with side
payments (N; V ) the core is described as a set of utility vectors. A utility vector u
is in the core of the game (N; V ) if there does not exist a coalition S such that
V (S) > u(S) :=

X

ui :

I2s

This illustrates the derivation of a game from an economy. The following discussion
is based on Wooders (1978b).

For a game (N; V ) we can de¯ne an equilibrium where the equilibrium prices
are utility prices. A price vector ¹ is an equilibrium price systemif

¹ ¢ s ¸ V (s) for all subpro¯les s of n and
¹ ¢ n = V (n):
We may think of these prices as utility admission prices to groups. The price
¹t for a player of type t states the admission price/wage/pro¯t share required to
entice a player to type t to join a group. Note also that prices are linear functions
of amounts of players of each type.
We can view a (utility) price system as a complete price system in a market
where all participants have the utility function V (¢):20
20 In fact, this is precisely what Shapley and Shubik do. To show that a balanced game is equivalent
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De¯ne
V b (n) = min q ¢ n
q

where the minimum is over all vectors q satisfying q ¢ s ¸ V (s) for all pro¯les s · n:
The following Proposition is based on the Bondareva-Shapley result that a game
has a nonempty core if and only if is `balanced.'

Proposition. (Wooders 1979a), Theorem 3) A game (N; V ) has an equilibrium if
and only if one of the following two conditions is satis¯ed:
1. V b (n) = V (n);
2. the game (N; V ) has a nonempty core.
A necessary and su±cient condition for the existence of an equilibrium can
also be demonstrated in terms of properties of partitions of the total player set into
coalitions. This is a generalization of the famous \integer problem" of economies
with clubs and/or local public goods.
Proposition. (Wooders 1979a), Theorem 3). A price vector ¹ is an equilibrium
price vector if and only if there is a partition n of the total player set N into
coalitions nk such that
1. ¹ ¢ s ¸ V (s) for all subpro¯les s of N and

2. ¹ ¢ nk = V (nk ) for all groups nk in the partition.
In general, the equilibrium prices coincide with the equal-treatment core of the
game. Note that it is not required that small groups are strictly e®ective.

Proposition. (Wooders (1979a), Theorem 6). Let (N; V ) be a game. Then ¹ is an
equilibrium price vector for the game if and only if u is in the equal-treatment core
to a market they construct a market from the game. The market constructed is one where the
commodities are the player types and where all participants have the utility function (or payo®
function V ):
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of the game.21

7.1 Anonymous Market Games
There is an important question that needs to be addressed for the above results
to be applicable to anonymous pricing in public good economies. As discussed in
Wooders (1991), for any economy where all participants have quasi-linear utilities,
the payo® to a group of participants can be represented as a function of the number
of players of each type in the group (where `type' may be a vector of attributes,
including taste type) and the amounts of endowments of commodities owned by the
members of the groups. As pointed out, the crucial question is when the payo® to a
group of players in an economy as independent of the tastes of the members of that
particular group. If we can show that under some set of circumstances the payo®
to a group is independent of the utility functions of the members of the group,
then all the above results apply and the price system can be shown to have the
anonymity property. Moreover, if small groups are e®ective, all the above results
hold { nonemptiness of approximate cores, existence of approximate equilibrium,
convergence of cores to equilibrium outcomes, and so on.
Let us suppose now, for simplicity independence of crowding and taste types,
that is, letting c(s) denote the crowding pro¯le of a pro¯le of players s; it holds
that there is a valuation function W de¯ned on subpro¯les of N so that if p is an
equilibrium price system for the game (N; W ) then it holds that for any group s
with crowding pro¯le c(s) ; there is an equilibrium price system ¹ for the game
(N; V ) so that, for each type t;
21 Note that the above result does not depend on any assumption about the e®ectiveness of small

groups. Scotchmer (1994) provides an example of this result in the context of a club model. Also
observe (as is rather obvious) prices are linear functions with domain the space of pro¯les.
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max V (s) ¡ p ¢ c(s) = ¹t :
Independence of crowding and taste types may appear to be a strong assumption. As we show in Conley and Wooders (1994c), with a relatively mild assumption
on the economy, called type continuity, it holds quite generally. Since its formulation is complicated but the idea is easy, we note that type continuity ensures that
small groups of players can have only small e®ects on per capita payo®s of large
groups { type continuity is small group e®ectiveness stated in terms of the economic
variables underlying a game.
For large economies satisfying the type continuity condition all the properties
that have been shown for large games apply. These properties include:
1. Approximate cores are nonempty and the approximation can be made arbitrarily close as the economy becomes large. (Wooders (1978,1983), and numerous
subsequent papers, including Wooders (1992a,1994b)).
2. Approximate price-taking equilibria exist and equilibrium outcomes are in approximate cores.22 The equilibrium concept is one where the player crowding
types themselves are the commodities. The existence of such approximate
equilibria was ¯rst shown in Wooders (1978). Related papers include Shubik
and Wooders (1986), Wooders (1988,1992b,1994a,b), and Engl and Scotchmer
(1993).23
3. Core payo®s are monotonic { that is, if the abundance of one type of player
increases then the core payo® to that type does not decrease and may well
22 For exchange economies this result was ¯rst shown by Shapley and Shubik (1967).

23 A full discussion of concepts is beyond the scope of this paper. We note, however, that the hedonic

core equivalent (in the case of games with indivisible players) to the prices for player types of
Shapley and Shubik (1969) and Wooders (1978) and the equilibrium prices for the commodities in
the markets representing games and economies in Wooders (1988,1991a,b,1994a,b). It is a distinct
idea from that of the attribute core of Wooders (1992).
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increase. (Scotchmer and Wooders (1986), Wooders (1994b), Engl and Scotchmer (1993).
4. Approximate cores converge to equilibrium outcomes Wooders (1979), Wooders and Zame (1987), Wooders (1991a,1992,1994b), and Engl and Scotchmer
(1993).24
5. Approximate cores are asymptotically equal-treatment. This was ¯rst shown
in Wooders (1979), and also in the 1982 Discussion Paper version of Shubik
and Wooders (1986); the result is made more accessible in Wooders (1994b).
Engl and Scotchmer (1993) present a di®erent formulation (aggregating over
groups) of a closely related result.
6. When small groups are strictly e®ective then the core has the equal treatment
property; see Wooders (1979a, 1983,1994b), Scotchmer and Wooders (1986)
and other papers.
The above results all hold for economies with quasi-linear utility functions. A
number of the results also hold for economies modeled as games with nontransferable
utilities, cf. Wooders (1983).

25

The representing markets studied in prior research are ones where the commodities of the market are the player types and the pricing system prices the players
themselves. Alternatively, one can take the payo® function as depending on the
player types and on the observable characteristics and endowments of commodities
of participants in the economy. The important question is when we can represent
24 Wooders and Zame (1987) used a strong form of small group e®ectiveness but in Wooders (1991a,1994b)

it is shown that the Wooders and Zame argument extends to hold with simply per capita boundedness and \thickness", bounding the percentage of players of each type away from zero. While Engl
and Scotchmer considered core convergence in earlier versions of their papers, they ¯rst obtained
such results with per capita boundedness in 1993. Their results partially extend the results of
Wooders (1992a), in that Engl and Scotchmer allow divisible commodities.
25 Other research and work in progress (Kovolenkov (1994)) indicates that all the above results

extend and extend with remarkable generality. Indeed, there is in general no need to impose the
requirement that there is a ¯nite set of types of players and commodities. (or even that there
is a topology on the set of player types) (cf, Wooders (1993a,b) and Wooders, Zhong, and Chen
(1994)) for core convergence).
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the economy by a game (or by another economy) where the utility functions of
the players do not enter into the valuation function (the payo® or worth function
of the game). In other words, given an economic model with T preference types,
described by concave utility functions ut over commodities and C crowding types
(which are special sorts of commodities), when can we represent the economy by
a game where the payo®s to a group depend only on the crowding pro¯le of the
group and the endowment of the group members of (other) commodities? When
such a representation is possible then, with a commodity space consisting of commodities and observable characteristics of participants, there is a ¯rst best price
taking equilibrium.26

7.2 Shapley-Shubik Prices for Player Types, Subsidy-Free Prices, and the Hedonic and Attribute Cores
In the following subsection we discuss the \hedonic core", which is closely
related to the equilibrium in utility prices discussed above and subsidy-free pricing
and contrast the hedonic core with the attribute core, a distinct concept.
Let (RM
+ ; A; m); be a market. De¯ne the function w as follows:
w (x; s) = max

X

ut (xtq ; s)

tq

where the maximum is taken over the set of allocations of commodities fxtq : t =
1; :::; T; q = 1; :::; mt g such that
X

xtq = x:

tq

Now, for any pro¯le s · m de¯ne e(s) =

P

t st e

t

; e (s) is the total endowment of a

group s with pro¯le s:
26 This question was posed also in Wooders (1991b). More generally, each crowding type could be a

point in some vector space.
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We will now de¯ne a (market) game in characteristic form by (N; w) where the
characteristic function is given by
w(s) = w (e(s); s):
Now let W be the concave and continuous utility function de¯ned as in Shapley
and Shubik (1967) and with domain RM £ RT . The equilibrium payo®s coincide
with the equal-treatment core of the game (Wooders (1979a); see Appendix A of
this paper ).
Given W and m; a vector q is in the hedonic core if
1. W (e(m); m) = q ¢ (m; e(m)) and
2. W (s; e(s)) · q ¢ e(s) for all subpro¯les s of m:
It is important to note that only coalitions of participants may improve upon a
payo®; we restrict (2) to subpro¯les of m. It is apparent that the hedonic core is
very similar to the equilibrium price system of Wooders (1978) and hedonic core
payo®s are also the equilibrium prices for players of the canonical representation of
a game as a market in Shapley and Shubik (1969). The environment that considered
here is somewhat more general since the players may be characterized by a vector
of attributes. When the commodities are the player types, the framework is exactly
that of Shapley and Shubik (1967), except that divisibility and monotonicity are
not required.

Proposition. Let p be an equilibrium price system for an economy with pro¯le
of participants m and where a participant of type t has the endowment of 1 unit
of the tth commodity (his player type) and where all participants have the utility
function W . Then p is in the hedonic core. Moreover, if q is in the hedonic core,
then q is an equilibrium price system.
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Note that the Shapley-Shubik price system and the hedonic core place constraints on trade. This is apparent when we compare these concepts to the prices
for players of Wooders (1992b). We now turn to another equilibrium concept for
economies modeled as games in characteristic form (with divisible or indivisible
players). For this concept, the commodities/observable attributes of players are
themselves the players of the game. For example, a player may put his money into
a coalition called a mutual fund, and he may put his leisure time into a tennis club.
Unlike the situations modeled by subsidy-free pricing and the hedonic core, players
do not put their total endowment into one coalition.
Let ² ¸ 0 be given and let z be an endowment. Let ¤ be a superadditive
function mapping vectors of attributes/commodities into R+ : (Recall our footnote
above about superadditive.) When we interpret the endowment z as the description
of the player set of a game with zq players of type q, then the endowment determines
a game, called an attribute game. A vector p 2 RQ
+ is in the attribute ²-core (given
the total endowment z) if

Q 0
p ¢ z 0 ¸ ¤(z 0 ) ¡ ²kz 0 k for all z 0 2 Z+
; z · z and

p ¢ z · ¤ ¤ (z):
The following example illustrates the di®erence between the Shapley-Shubik notions,
subsidy free prices and the hedonic core and the attribute core, where the players
are units of commodities. (This example also appears in Wooders (1992b)).
Example: Let (2; ¤) be the technology given in Example 1. Let f(N º ; eº )g be a sequence
of economies where N = f1; :::; º + 1g,
eº (1) = (2 º; 0) and
eº (i) = (0; 1) for i 2 N º ; i ¸ 2:
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Player 1 is assigned 2º units of the ¯rst attribute and zero units of the second, while
all the other players are each assigned one unit of the second attribute.
The (equal-treatment) core of the economy (N º ; eº ) is the set

f(x1 ; x2 ) : x1 ¸ 0; x2 ¸ 0; x1 + º x2 = ºg;
the attribute core is the set

f(p1 ; p2 ); p1 = 0; p2 = 1g;
while the set of hedonic core payo®s (or, equivalently, subsidy-free prices) is

f(p1 ; p2 ) : p1 ¸ 0; p2 ¸ 0 and 2ºp1 + ºp2 = ºg:
Note that (p1 ; p2 ) = (1=2; 0) is a subsidy-free equilibrium price system and
p1 eº (f1g) = º. Also (p1 ; p2 ) = (0; 1) is an equilibrium price system and for this price
system p1 eº (f1g) = 0, indicating that the set of subsidy-free equilibrium payo®s
coincides with the core of the limiting market. Note also the non-convergence of
approximate and exact cores to competitive payo®s. The fact that in the de¯nition
of the hedonic core the constraints on the hedonic prices (linear functions on the
space of attributes) are coalitional constraints where the coalitions are coalitions of
players places constraints on trades.
As shown in Wooders (1992b) when small groups are e®ective then the attribute
core payo®s to participants and the hedonic core payo®s to participants converge
to the same limits. This is, of course, a consequence that the Walrasian prices for
the markets where all individuals have the utility function given by ¤¤ are equal to
the attribute core payo®s, contained in the set of hedonic core payo®s, contained
in the core. Thus, when small groups are e®ective, convergence of the core to the
Walrasian prices ensures that all three concepts have the same limiting payo®s to
players.
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Remark. In private discussions with Karl Vind, he has expresses the view that the
attribute core is a notion closer notion to Edgeworthian competition than the core
(or the hedonic core). According to Vind, Edgeworth seemed to have the view that
agents could enter into multiple contracts and make di®erent contracts for di®erent
goods with di®erent agents.

Remark. Scotchmer has a very di®erent viewpoint than Vind. She has expressed
the opinion, quite strongly, that the attribute core is the same as the hedonic core
and was mis-appropriated from the work of Engl and Scotchmer. She has also made
a number of claims concerning the equal treatment property of the core with strictly
e®ective small groups and prices for players (in Wooders (1988,1979a)). Again, to
stimulate discussion and to avoid any unfair presentation of ideas, we bring these
claims to the attention of the reader. Scotchmer claims that
1. The price system of Wooders (1988b), (and implicitly, therefore the price system associated with the market constructed in Wooders 1994a) was taken from
joint work with Scotchmer. The pricing system in Wooders (1988) is a price
system for a di®erentiated commodities market as in Mas-Colell. Moreover, in
the ¯nite-dimensional case it is exactly the price system of the canonical market
in Shapley and Shubik(1969) and indeed it is the Walrasian price system of the
market in Shapley and Shubik (1969). Thus, the authors of this paper, while
recognizing that the reader may have a di®erent opinion, choose to attribute
the equilibrium of such markets to Walras, Shapley, and Shubik rather than
Scotchmer and Wooders (1986).
2. The fact that Wooders' (1979,1983) results ensured that large games were approximately market games was noted in Shubik and Wooders (1986) and its
1982 Discussion paper version. We remark that in none of the papers of this au46

thor originality is not claimed for the price system.27 Also, recall our discussion
of the price system of Wooders (1979) and Bennett and Wooders (1979).
3. That Wooders (1992b) has mis-appropriated the hedonic core from Engl and
Scotchmer. The attribute core is clearly a distinct concept, as illustrated by
our example. It is the case that, if small groups are e®ective, then under
the assumption of small group e®ectiveness the core converges to the competitive payo®s of the representing market. (A version of this was ¯rst shown in
Wooders (1979a)). It is indeed the case that the original version of the EnglScotchmer paper predates Wooders (1992b) and of course this is noted in the
later paper.
4. That the equal treatment and asymptotic equal treatment results of Wooders
(1992b,1994b) are derivative of unpublished research of Scotchmer and Wooders (1986). It is the case, however, that these results initially appeared in
Wooders (1979a,1979b) and in fact the asymptotic equal treatment Wooders
(1992b,1004b) is exactly copied from the earlier work. (In particular, a version
of the asymptotic equal treatment result of these papers also appears in the
Cowles Discussion Paper version of Shubik and Wooders (1986), and the result
in Wooders (1994b) is simply copied from that source.)
Another issue arises with resect to Engl-Scotchmer (1993) and Wooders (1992b),
which should be pointed out. In versions of their paper prior to (1993) Engl and
Scotchmer required stronger assumptions than just the mild assumptions of Wooders (1979b,1992b) and several other papers. Thus, their (except for the feature that
Engl-Scotchmer allow divisible players/commodities) their core convergence results
and asymptotic equal treatment were weaker than those of Wooders (1991a), themselves based on earlier results of Wooders and Zame (1987) and Wooders (1979b).
27

The man purpose of these papers is to explain that large games in general behave like markets.
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8. Conclusions
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