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Abstract. We introduce price-dependent preferences, a form of exter-
nalities, into a general equilibrium model of an economy with short sales.
The condition of “no unbounded arbitrage,” a similarity assumption on
preferences and choice sets, is defined and shown to be sufficient for
existence of an equilibrium, for balancedness of the economy, and for

onemptiness of the core. These conclusions rest on the result that no
unbounded arbitrage is necessary and sufficient for compactness of the
set of individually rational and feasible allocations. We also show that
with additional assumptions on the model no unbounded arbitrage is
necessary and sufficient for these properties to hold. Finally, we show
that there is duality relationship between net trade conditions limiting
arbitrage and price conditions limiting arbitrage. Since all conditions
found in the literature fall into one of these two categories, our duality
result allows us to clarify how the various conditions are related.

1 Introduction: arbitrage in models of economies

In an economy with short sales, unlike the standard Arrow-Debreu-MacKenzie
general equilibrium model, there is no exogenous lower bound on consumption
sets. Even when standard assumptions of convexity of preferences are satisfied,
the potential for unbounded short sales poses problems for the existence of eco-
nomic equilibrium. If agents have sufficiently dis-similar expectations about future
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prices they may engage in arbitrarily large purchases of securities on one market
for immediate resale on another market in order to profit from a price discrepancy;
in other words, agents may engage in unbounded arbitrage. In a general equilib-
rium model, it is intuitvely clear that if the preferences for any two agents in the
economy are sufficiently dissimilar, then there may be no set of prices at which
the agents’ willingnesses to trade can be equated. At any set of prices, one agent
may be willing to sell an arbitrarily large amount of one commodity and another
agent may be willing to buy an arbitrarily large amount. As discussed even by the
classical economists, in order for any trade to take place there must be a mutual
coincidence of wants. For the existence of an equilibrium, this coincidence of wants
must be reconcilable by the trading process.

Using arbitrage conditions based on recession cones, a number of recent papers
have addressed the question of existence of equilibrium in models of economies
with short sales. Recession cones provide a very precise way of describing net
trades that are arbitrarily large and utility non-decreasing. The recession cone of
the preferred set of an agent describes the directions in which the agent will seek to
make unbounded trades. If two agents have diametrically opposed preferences, then
neither agent will ever cease to want to make yet further trades with the other agent;

-the potential for mutually advantageous trades cannot be exhausted. Hence there is
no equilibrium. Since the possibility of unbounded utility increasing trades creates
the possibly for nonexistence of equilibrium, the literature on models of economies
with short sales has focused on conditions limiting arbltrage opportunities stated
in terms of recession cones.

Arbitrage conditions characterizing competitive equilibrium have appeared in
several economic contexts. These contexts include (a) temporary equilibrium mod-
els,! (b) general equilibrium models of asset markets,? and (c) general equilibrium
models more broadly.2 Many of these authors consider both necessary and sufficient
conditions. Several papers also consider the core..

In the context of asset market models, it is natural to have preferences depend
on prices. Relative prices may well be taken as indicators of the desirability of assets
and may convey information about future asset returns. In fact, in their models
of asset markets, [18], [16], and [35] all allow price dependent preferences. In the
case of the general equilibrium models noted above, however, with the exception of
[36] and some brief remarks in [51] price dependent preferences are not permitted.

In this paper we extend the general equilibrium model of an economy to in-
corporate price-dependent preferences and price-dependent, convex, and possibly
unbounded choice sets (or consumption sets). The fact that choice sets are arbi-
trary and price dependent introduces new complexities that do not appear in [51].
We establish that no unbounded arbitrage, an arbitrage condition introduced in
[35], implies existence of equilibrium, compactness of the set of utility possibilities,
“balancedness” of the economy, and nonemptiness of the core.> Since mutually
compatible desires to trade can be equated by prices, we call economies satisfying

1For example, Green in [13] and Grandmont in [14, 15].

2For example, 18], [16], [33], [34], [35], [37], [7], [25], and [24].

3For example, (9], 26], [36], [11], [51], [32], [6], [38, 39, 41], [8], [29, 30], and [42].

4For example, [25] and [41].

5In fact, in the appendix, we show that no unbounded arbitrage is necessary and sufficient
for the compactness of the set of individually rational and feasible allocations. Boundedness of
the set of individually rational and feasible allocations underlies the existence of equilibrium in
models of convex economies with unbounded short sales. Kousougeras in [25] shows that Page’s
condition in [35] of no unbounded arbitrage implies this boundedness.
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our assumptions reconcilable. In “strictly reconcilable” economies,’® including, for
example, those in which agents have price dependent utility functions with indif-
ference surfaces containing no half lines, no unbounded arbitrage is necessary and
sufficient for these properties to hold.

In this paper, to limit the extent of arbitrage opportunities, we extend the con-
dition of no unbounded arbitrage to a general equilibrium setting with price depen-
dent preferences.” No unbounded arbitrage is a similarity assumption, ruling out
situations where any two groups of agents have diametrically opposed preferences
and choice sets. The condition implies that all opportunities for utility-increasing
trades can be exhausted by trades bounded in size.

In addition to presenting results on the connections between no unbounded ar-
bitrage, existence of equilibrium, compactness of utility possibilities, and nonempti-
ness of the core, we also present a careful discussion of the relationship between
no unbounded arbitrage and other conditions limiting arbitrage found in the liter-
ature. Our discussion is not exhaustive. For another treatment, focused on general
equilibrium models where preferences do not depend on prices, Dana, Le Van and
Magnien in [8] provide an excellent discussion (see also [29, 30, 31]).

Conditions limiting arbitrage in the literature generally fall into two broad
categories:

e conditions on net trades (e.g., [9], [18], [35], [33], [32], [41, 38], [24]);
e conditions on prices (e.g-, [13], [14, 15], [26], [16], [37, 36], [51], [6] ).

Here, using an elementary result due to ([47], Corollary 16.2.2), we show that
there is duality relationship between net trade conditions limiting arbitrage and
price conditions limiting arbitrage. Our duality result allows us to clarify how the
various conditions are related. For example, we show that, in strictly reconcilable
economies, Werner’s condition [51] limiting arbitrage is a price condition dual to
our condition of no unbounded arbitrage - a condition on net trades.

Necessary and sufficient conditions for nonemptiness of the core of a game have
appeared in a number of papers (cf., [5], [50], {19], and [23]). The results of
Bondareva and Shapley are immediately applicable to economies with quasi-linear
utilities (where all agents have utility functions of the form u;(z,£) = u;(z) + §)
while those of [19] apply to economies with coalition structures.® In the context
of economies without short sales, it follows immediately from [10] that existence
of equilibrium and nonemptiness of the core are equivalent. The study of the core
in models with unbounded short sales was initiated in [25]. Page and Wooders in
[41, 38, 39] demonstrate that no unbounded arbitrage is necessary and sufficient
for nonemptiness of the core. In this paper we define the core relative to given
prices; thus, in cooperative activities, individuals take prices as given.® Our main
result for the core is that in a strictly reconcilable economy with price dependent
preferences, no unbounded arbitrage is necessary and sufficient for nonemptiness.

8 An economy is said to be strictly reconcilable if it satisfies two conditions. Roughly, these
conditions are: the recession cones used to represent potential unbounded arbitrage opportunities
must be invariant with respect to the endowments and prices, and indifference surfaces must
contain no half lines.

"Page and Wooders in [38, 39, 41] use the same condition of no unbounded arbitrage as
[35] but for the case where preferences do not depend on prices.

8(Classes of economies corresponding to the class of games studied in [23] have not yet been
characterized.

9This is reasonable in “large” economies where small coalitions are effective but cannot
significantly influence aggregate outcomes, as in the literature on the f-core (cf., [17] and [20]).
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But in fact we show more: no unbounded arbitrage is necessary and sufficient for
the balancedness of the game derived from the economy. This implies nonemptiness
of the “partnered core,” introduced in [43] and [44, 45].1°

Finally, before proceeding, we note that there have been some recent devel-
opments in the study of economies without price dependent preferences. These
include (8], who introduce an arbitrage condition which implies existence of equi-
librium but is weaker than compactness of the set of feasible and individually ratio-
nal allocations. Their condition, however, implies compactness of the set of utility
possibilities and existence of equilibrium. Another condition limiting arbitrage
opportunities, called inconsequential arbitrage, was introduced in [42]. Inconse-
quential arbitrage is implied by compactness of the set of utility possibilities but it
is unknown if the opposite implication holds. More recently, Le Van and Magnien
[27] introduced a no arbitrage condition for economies with a continuum of agents.
The arbitrage conditions of these papers have not been studied in situations with
price-dependent preferences.

2 An economy with price-dependent preferences

Let E = (X;(-),ws,us(-,+)), denote an unbounded exchange ecomomy. For
each agent 7 there is given a set-valued mapping p — X;(p) specifying, for each
vector p of prices, the i*" agent’s choice set X;(p) C RE. The ith agent’s endowment
is given by w; € RL. The 4** agent’s preferences are specified via a utility function

u;(-,) : RE x RE — R.

We will maintain the following standard assumptions on the economy E =
(Xi(), wi, ui(-, )2, throughout the paper.

[A-1] For each agent i = 1,...,n, the choice correspondence p — Xi(p) is zero-
homogeneous (depends only on relative prices), convex-valued, lower hemi-
continuous with a closed graph and the endowment is in the interior of the
choice set X;(p) for each p.

[A-1.1] p — X;(p) is convex-valued and lower hemicontinuous with a closed

graph,'!

[A-1.2] for each p € RY and A > 0, X;(Ap) = X;(p), and

[A-1.3] for each p € R, w; € intX;(p), where “int” denotes interior.

[A-2] For each agent i = 1,...,n, the utility function u; (-, -) is continuous, preferred
sets are zero-homogeneous in prices, and preferences are locally non-satiated.

[A-2.1] u,(-,-) is continuous on RL x RL,

[A-2.2] for each (z,p) € RLx RL, the preference set

Pi(z,p) = {z' € RY : u;(2',p) > us(z,p)}
is convex, and for A > 0, P;(x,p) = P(z, A\p), and
[A-2.3] for each (z,p) € REx REL,
clPi(z,p) = {z' € R" : wi(2',p) > ui(z,p)}.

Remark 1. On the consumption set and preferences. Note that preferences are
defined over all of R* x RF instead of over the consumption set X;(p) for each
price p. While it is standard to define preferences only over consumption sets, in

10See also [1], [2], [3], [46], and [22] for related concepts, results and further discussion of
partnership. '

11X;(-) is lower hemicontinuous if, for every open set E C RL, the set {pe Rl : X;(p)NE #
0} is open. The graph of p — X;(p) is given by ['(X;(-)) = {(z,p) e RL x RL : z € X; (»)}-
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our context there is no reason to do so. In fact, there may be legal or tax restrictions
on consumption sets that make them different from the domain of preferences.

It follows from [A-1.2] and [A-2.2] that agents’ preferences.and choice sets are
sensitive only to relative prices. Thus, without loss of generality we can restrict
prices to be in the unit ball

B:={peR":|p| <1}

The local nonsatiation assumption [A-2.3| can be replaced by a weaker global
nonsatiation assumption without changing the results in the paper. This can be
accomplished via a technique introduced by Gale and Mas-Colell in [12] - see [42].

2.1 Individually rational and feasible allocations. The “at least as good
as” set of the ith agent, P;(x;,p), is the set of choices that are at least as desirable

as his endowment. Formally,
Bi(zi,p) = {z' € R* : us(2’,p) > wi(x:,p)}.

Given prices p and endowments w = (wy, ..., wy ), the set of all individually rational
and feasible allocations for the economy (X;(-),w;,ui(-,-))%, is given by

F(w,p) := {(z1,...,zn) € I, Xi(p) : Zmi = Zwi
i=1 i=1
and for each i, x; € ﬁi(wi,p)}.
Note that given [A-1.2] and [A-2.2], for all p € RE and for all X > 0, F(w,p) =
F(w, \p).
Let I'(F(w, +)) denote the graph of the individually rational allocation mapping

p — F(w,p) where p € 0B and d denotes the boundary, that is, 98 := {p’ ¢ RL :
7'l = 1}. Thus,

[(F(w,") = {(x1, .y Zn,p) ERL x--- x Rl X 8B : @)

(1.0 Zn) € Fw,p) }

The corresponding set of utility possibilities is given by

U(F(w,-)) = {(u1,...,un) € R" : for some (z1, ..., Zn,p) € T'(F(w,)),
u; = ui(z;,p) for each i = 1,...,n}.

(1)

2.2 Equilibrium. Given prices p € R¥, the cost of a consumption vector
z = (x1,...,zL) is

L
(x,p) = Zpl “Xe.
=1

Given prices p and endowment w;, the budget set of the it* agent is defined by
Bi(wi,p) = {z € R": (z,p) < (wi,p)}.

[D-1] Equilibrium. An equilibrium for the economy E = (X;(-), ws, ui(+, ), is an
(n + 1)-tuple of vectors (z7, ..., z}, p*) such that
(x3,...,z}) € F(w,p*) (the allocation is feasible);
p* € B\{0} (prices are in the unit ball and not all prices are zero);
and :
for each agent i,
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{z7,p*) = (wi, p*) (budget constraints are satisfied), and
Pi(z},p*) N Xi(p*) N Bi(wi,p*) = 0 (there are no affordable
preferred net trades). ,

2.3 Balanced economies and the core. Let C be a nonempty subset of
N = {1,...,n}, called a coalition. A collection of choice vectors (z; : i € C) is a
C—allocation given prices p € R if, for each i € C, it holds that z; € ﬁ(wi,p) N
Xi(p) and ), cc2i = 3, cowi

Let Fg(w,p) denote the set of all C'—allocations given prices p. Also, given
prices p, for each nonempty coalition C define the set

V(C;p) = {(u1,...,u) € R™ : for some C-allocation 3)
(z:i : i € C) € Fo(w,p), wi(zi,p) > u; foreachie C }.

Expression (3) defines a set-valued mapping
V(;p):2N\@ — subsets of R™.

If for each price vector p € R’ and coalition C, V(C;p) is nonempty and closed,

and if V(C;p) is bounded from above, then the pair (N, V(;p)) defines a game in

characteristic function form (in the sense of [48]) corresponding to the economy

E = (X;(-),w;, ui(-,-))™, and given prices p € RL.

[D-2] Balanced economies. Let 8 denote a balanced collection of subsets of N
with balancing weights éc for C € 8 and let 8(3) = {C € B : i is contained
in C}. Thus, ¢ > 0 for all C € B and for each i € M

Given a price vector p the economy E is well-defined and balanced relative
to pif (N,V(-,p)).is a well-defined game and for every balanced collection
B of subsets of N it holds that

(cesV(Cip) S V(N;p).

The economy is well-defined and balanced if for each p € OB the economy is
well-defined and balanced relative to p.

[D-3] The core. An allocation (z3,...,z%) is in the core of the economy E given
prices p if there does not exist a coalition C' C {1,...,n} of agents and an
C-allocation (z; : i € C) € Fo(w,p) at p such that for all i € C

ui(ziyp) > uz(x‘np)

We say that an economy has a nonempty core if for some p € 9B there exists
an allocation (21, ...,2,) € F(w,p) in the core of the economy given prices

D.

Remark 2. Note that in the above definition of the core coalitions take prices
as given. In large economies, if coalitions are relatively small and take prices as
given, this assumption may be natural. (See [17] and [20] for more motivation for
our approach to the core.) It would be interesting to consider a concept of the
core where coalitions take into account the effect of their behaviour on economic
aggregates, including prices. This is beyond the scope of the present paper.
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Remark 3. It is immediate from Scarf’s Theorem [48] that a balanced economy
has a nonempty core. From [44] and [38] it follows that a balanced economy has a
nonempty partnered core.

Remark 4. Note that the definition of the core above, standard in game theory,
is different from the standard economic defintion, where it is only required that

ui(2:,p) > ui(z;,p) for all ¢ € C and (%)
for at least one ¢ in C, w;(z;,p) > u;(x;, ).

In general these two definitions of the core are not equivalent. It is obvious that if
a subset of agents can all be better off in an improving coalition then (*) is satisfied.
Thus, the core defined by (*) contains the core defined by [D-3].

3 No unbounded arbitrage

In order to describe unbounded arbitrage for individual agents and for the
economy, we will utilize the notions of recession cone and increasing cone.'2

3.1 Recession cones, lineality spaces, and positive dual cones.

[D-4] Directions of recession and recession cones.
Given any convex subset S of RL, we say that y € RL is a direction of
recession for S if x4+ Ay € S for all A > 0 and for all x € S. We shall denote
by R(S) the set of all recession directions of .S, and we shall refer to R(S)
as the recesston cone corresponding to S.

It is easy to show that R(S) is a convex cone containing the origin. Moreover,

if S is closed then R(S) is closed and z + Ay € S for all A > 0 and some z € S
implies that y € R(S).
[D-5] Lineality spaces.

Given any convex subset S of RL, we say that y € RL is a direction of

lineality for S if  + Ay € S for all A € R. We shall denote by L(S) the set

of all lineality directions of S. Given the definition of the recession cone, it
is easy to see that for S convex, the lineality space L(S) of S is given by

L(S) = —R(S)[ | R(S).

[D-6] Positive dual cones.
Given any convex subset S of R%, the positive dual cone corresponding
to S is given by
D(S) = {p € RY : (y,p) > 0 for all y € S\{0}}.

If we think of the set S as a set of net trades and the corresponding positive
dual cone D(S) as a set of prices, then any price vector p € D(S) assigns a positive
value to any nonzero net trade vector y € S.

12Here we use the extended definition of the increasing cone, introduced in [40]. The increas-
ing cone was first used in an asset market model to show that Page’s [37] price conditon limiting
arbitrage is necessary and sufficient for the existence of equilibrium (see also [33]). In [41, 39],
the increasing cone is used to show that no unbounded arbitrage is necessary and sufficient for
existence, compactness of utility possibilities, and nonemptiness of the core.
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3.2 Arbitrage cones and strict increasing cones. Define

A @,p) =R (Xiw) ) Pia,p)) 4

We shall refer to the recession cone A; (z,p) as the i** agent’s arbitrage cone given
prices p and choice vector z. Note that a vector of net trades y is contained in
A; (z,p) if and only if

1. 2+ Ay € X;(p) for all A > 0 and

2. u;(z + Ay, p) > u;(x,p) for all A > 0.

A cone closely related to the arbitrage cone is the increasing cone, Z; (x, p),
defined as follows:

y € A;(z,p) : VA > 0,3N > X such that

7 (x,p) = (5)
ui(w + )‘,yap) > uz(x + )‘yvp)

We shall refer to the positive dual cone D (A; (x,p)) as the it* agent’s no arbitrage
price cone.

3.3 Individual arbitrage opportunities. Define
H(p)={y e R": (y,p) <0}.

Given prices p, H(p) is the i*" agent’s set of net trades that are at most costless.
If (y,p) = O then net trades y are costless to make and if (y, p) < 0 then the net
trades y generate a positive return.

[D-7] Individual arbitrage opportunities.
[D-7.1] From the perspective of the i*" agent, a nonzero vector of net trades
y € RE represents an opportunity for unbounded arbitrage given prices
p € RE and choice vector z; € X;(p) if and only if

y € H(p) N A; (z:,p) .

[D-7.2] From the perspective of the it* agent, a price vector p € RL does not
admit unbounded arbitrage at choice vector z if and only if

p,e D (A; (zi,p)) -

Thus, a vector of net trades y is an unbounded arbitrage for the i** agent given
prices p and choice vector x; € X;(p) if and only if the net trades y are at most cost-
less to make and y is contained in the i*" agent’s arbitrage cone A; (x;,p) . Given
a choice vector x;, a price vector p admits no unbounded arbitrage if and only if p
is a fixed point of the mapping p — D (A4; (z;,p)).

Note that if y € H(p) N A; (z,p) then y € H(\p) N A; (z, Ap) for all A > 0.
Thus, arbitrages are determined by relative prices. Moreover, if p € D (A; (z,p))
then Ap € D (A; (z, Ap)) for all X > 0.

3.4 No unbounded arbitrage. Given endowments and given any nonzero
vector of prices, no unbounded arbitrage rules out the possibility that any agent
can find a mutually compatible trading partner (or group of trading partners) with
whom to engage in unbounded and utility nondecreasing trade.

[D-8] No unbounded arbitrage. Given endowments (w1, ..., wy), the economy sat-
isfies no unbounded arbitrage if and only if

for each p € B\{0} if > ",y =0 and y; € A; (w;,p) for all i,

then y; = 0 for all 4. (6)
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In words, if for any price vector p € B\{0}, there is a set of mutually compatible
net trades (that is, if the y;, ¢ = 1,...,n are such that " , y; = 0) each of which
is feasible and possibly utility increasing on any scale (that is, each y;, i =1,...,n
is such that y; € A; (w;,p)), then these mutually compatible net trades must be
trivial (that is, y; = 0 for all 7).

It is important to note that no unbounded arbitrage does not rule out mutually
compatible bounded arbitrages. Thus, even if no unbounded arbitrage is satisfied
there may still be present in the economy arbitrages which can be exhausted via
bounded trades. (See [34] and [33] for a detailed discussion of bounded and un-
bounded arbitrage in asset markets.)

In an investigation of the irreversibility assumption in general equilibrium mod-
els with production and with choice sets and preferences independent of prices,
Debreu in [9] introduces a recession direction condition similar to our condition
of no unbounded arbitrage, but applied to choice sets only. Translating Debreu’s
condition to our model, we have,

n
for each p € B\{0} if Zyi =0 and y; € R (X;(p)) for all i,
i=1
then y; = 0 for all s.
Debreu’s condition is essentially an assumption concerning the degree of similarity
of agents’ choice sets, X;(p). Note that, within the context of our model, Debreu’s
condition implies our condition.

In the analysis to follow, we will show that no unbounded arbitrage (6) is
sufficient for the existence of equilibrium, compactness of the set of utility possi-
bilities and nonemptiness of the core. Moreover, since we prove our results within
the context of a general equilibrium model in which agents’ preferences are price-
dependent and consumption sets are price dependent and possibly unbounded, our
model subsumes many of the models in the existing literature. Under additional
conditions on the economy, we will also show that no unbounded arbitrage is nec-
essary and sufficient for the existence of equilibrium, the compactness of the utility
possibilities, and nonemptiness of the core. The additional conditions we will need
are:

[A-3] Extreme desirability. Given any price vector p € B\{0} and choice vector
z € RY, each nonzero unbounded arbitrage opportunity y € A; (z,p) is
eventually utility increasing. Thus,

for all p € B\{0} and = € RE,
A; (z,p)\{0} = Z; (=, p)

[A-4] Uniformity of arbitrage cones. Each agent’s utility function and choice
correspondence is such that the set of unbounded arbitrage opportunities is
invariant with respect to the price vector p € B\{0} and the choice vector
z € RL. Thus,

Ai (CC,p) = A’L (x,7p,)
for all p and p’ in B\{0} and for all z and z’ in RT.

We shall refer to an economy in which agents’ utility functions satisfy assump-
tions [A-2]-[A-4] as a strictly reconcilable economy. (See [41].)

In Section 4 below, we construct an example of a strictly reconcilable asset
exchange economy. Besides providing an example, this allows us to more easily
discuss the conditions limiting arbitrage introduced by [18] and [16].
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3.5 Characterizing no unbounded arbitrage: the duality of condi-
tions on trades and conditions on prices. We begin by stating a general result
on the connection between conditions on net trades limiting arbitrage (such as no
unbounded arbitrage (6)) and conditions on prices limiting arbitrage. Theorem 1
below is obtained by specializing Corollary 16.2.2 in [47] to cover the exchange
economy developed here.

From the perspective of unbounded arbitrage, the lineality space corresponding
to the arbitrage cone A; (z;,p) is particularly noteworthy. Consider a vector of net
trades y € L (A; (x;,p)). For this vector of net trades, z; + Ay € X;(p) forall A € R
and more importantly, u;(z; + Ay,p) = u;(x;,p) for all A € R. Thus, given any
unbounded arbitrage opportunity y € L (A; (z;,p)), trading in y direction or the
—y direction is feasible and utility constant. To save writing we will sometimes let

L(A; (z;,p)) :=L; (zs,p) (7)

Theorem ([47]) The duality between conditions on trades and conditions on
prices. Let E = (X;(-),w;, ui(+,-))i=; be an economy satisfying [A-1]-[A-2]. For
any nonzero price vector p € R” and any n — tuple of choice vectors (z1,...,Zn) €
RL x .. x RL such that for all 4, A; (z;,p) \L; (zi,p) # 0, the following statements
are equivalent:

1. (a condition on net trades)

Zyi =0and y; € 4; (z;,p) foralli=1,...,n,
i=1

then y; € £; (z;,p) foralli=1,... ,n.

2. (a condition on prices)

Corollary to Rockafellar’s Theorem Characterization of no unbounded ar-
bitrage as the nonempty intersection of the no arbitrage price cones. Let E =
(Xi(+),wi, us(:,+))7, be an economy satisfying [A-1]-[A-2]. For any nonzero price
vector p € R and any n—tuple of choice vectors (z1,...,T,) € R x-- . xRE such
that for all ¢, £; (z;,p) = {0} and A; (z;,p) \L; (x;,p) # 0, the following statements
are equivalent:

1. > 7% i =0 and y; € A; (z;,p) for all i,then y; = 0 for all 4.
2. D (A; (z4,p)) # 0.

If in economy E agents utility functions are such that indifference surfaces con-
tain no half lines, then for any nonzero price vector p € RP and any
n-tuple of choice vectors (z1,...,x,) € RF x ... x RL it will be true that for
all i £; (z;,p) = {0}. It follows from Theorem 1 in [30], that the no half lines con-
dition is equivalent to [A-3] (extreme desirability). Thus, in view of the Corollary,
in economies satisfying the no half lines condition, no unbounded arbitrage (6) can
be stated equivalently as follows:

for each p € B\{0}, N:D (A; (w;,p)) # 0. (8)

Geometrically, N;D (A; (wi,p)) # ® if and only if all of the arbitrage cones
A; (wi,p), © = 1,2...,n lie strictly on one side of a hyperplane through the ori-

gin.
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4 The main theorems

In this subsection we state our main results. We note that parts of some of
the following Theorems are already proven in the literature for economies with
unbounded short sales and without price-dependent preferences. We discuss the
related results in a later section.

Theorem 1  No unbounded arbitrage is sufficient for existence of equilibrium,
compactness of the set of utility possibilities, balancedness of the economy, and
nonemptiness of the core. Let E = (X;(-),wi, u;i(+, )% ; be an economy satisfying
[A-1]-[A-2]. No unbounded arbitrage (6) implies the following:

1. E has an equilibrium.
2. The set of utility possibilities U(F(w, -)) is compact.
3. F is well-defined and balanced.

4. F has a nonempty core.

In the context of a strictly reconcilable economy, existence of a competitive equi-
librium, compactness of the set of utility possibilities, balancedness of the economy,
and nonemptiness of the core are each necessary and sufficient for no unbounded
arbitrage.!3

Theorem 2 In a strictly reconcilable economy no unbounded arbitrage is
necessary and sufficient for the existence of equilibrium, compactness of the set of
utility possibilities, balancedness of the economy, and nonemptiness of the core. Let
E = (X;("),w;, ui(+, )™, be an economy satisfying [A-1]-[A-4]. Then the following
statements are equivalent:

1. E satisfies no unbounded arbitrage.

For each p € B\{0}, N;D (A; (w:,p)) # 0.

FE has an equilibrium.

The set of utility possibilities U(F(w, -)) is compact.
E is well-defined and balanced.

6. F has a nonempty core.

Al o

Our next result shows that with fewer assumptions on the economy E no un-
bounded arbitrage is necessary for the existence of equilibrium.

Theorem 3 A necessary conditions for the existence of equilibrium. Let E =
(X;(-),ws, ui(+,+)), be an economy satisfying [A-1]-[A-3]. If (z7,...,z,p*) is an
equilibrium for the economy E then the following conditions hold:

1. If 3%, yi = 0 and y; € A; (zF,p*) for all 4, then y; = 0 for all i.

2. p* € D (A (z},p")) .

Consider now the following weakening of assumption [A-4] concerning unifor-
mity of arbitrage cones.

[A-5] Uniformity of arbitrage cones with respect to choice. Each agent’s utility
function and choice correspondence are such that for each price vector p €

13In fact all the results for strictly reconcilable economies hold if only n — 1 agents have
strictly reconcilable preferences - see [38] .
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B\{0}, the set of potential unbounded arbitrage opportunities is invariant
with respect to the choice vector € RE. Thus,

for p € B\{0}
Ai (x7p) = -Az (xlap)
and for all  and z’ in RT.

If, in addition to assuming [A-1]-[A-3], we assume [A-5], then we have the
following Corollary to Theorem 3.

Corollary 1 A stronger necessary condition for the existence of equilibrium.
Let E = (X;(-),ws, ui(-,-))%, be an economy satisfying [A-1]-[A-3] and [A-5]. If
(z7,...,z5,p*) is an equilibrium for the economy E then the following conditions
hold:

1. If %, yi = 0 and y; € A; (w;,p*) for all 4,then y; = 0 for all 4.

2. p* € NyD(A; (wi,p")) .

Note that in the Corollary we have replaced A; (z},p*) with A; (w;,p*). In a
temporary equilibrium setting, the condition p* € ;D (A; (w;, p*)) is equivalent to
the necessary condition given by [13]. (See also [15] and, for further discussion,
[16], [33] and [34] ).

5 Conditions limiting arbitrage in the literature

In this section we describe some of the other conditions limiting arbitrage found
in the literature, and we relate these conditions to the condition of no unbounded
arbitrage presented here. Our coverage is not exhaustive. We focus on the condi-
tions of [18], [16], and [51]. For a more complete treatment of conditions in general
equilibrium models, see [8].

In order to sensibly discuss the conditions limiting arbitrage introduced by [18]
and [16], we begin by constructing an asset markets example.

5.1 An asset markets example of a strictly reconcilable economy.
Consider an asset exchange economy E = (X;(-),w;, ui(+,-))% in which n agents
have expected utility over portfolios given by

wle,p) = [ wl@r)dutdr |9

R
and portfolio choice sets X;(p) for each price vector p € RE. Here

° Rf’_ denotes the nonnegative orthant,

e 7;(-) : R — R is the i** agent’s utility function,

e 4;(- | p) is a probability measure defined on the Borel subsets B(R%) of RY
and represents the i*" agent’s probability beliefs concerning asset returns
given prices p,

o (z,7):= Zf;l x¢ - ¢ where, for £ =1, ..., L,

z, is the number of shares of asset £ held in portfolio z € RE, and
r¢ is the gross return on one share of asset £.

Let S[ui(- | p)] denote the support of the probability measure p;(- | p) and let

si(+) = lim, o0 Mécfl and

dvi(c)

8i(—) = limey -0 =
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Thus, s;(+) and s;(—) are the asymptotic derivatives of the i** agent’s utility
function.

Now consider the following list of assumptions concerning each agent’s utility
function and probability beliefs:

[a-1]: the choice correspondence p — X;(p) satisfies [A-1],

[a-2]: v;(-) is concave, increasing, and everywhere differentiable with s;(+) <
si(—),

[a-8]: the mapping p — p;(- | p) is weakly continuous and positively homoge-
neous of degree zero,'4

[a-4]: S[ui(- | p)] is bounded,

[a-5]: if, given asset prices p, net trades y; generate a nonnegative gross return
with probability 1 (i.e., if y; is such that u;({r € R% : (y;,7) > 0} | p) = 1),
then y; € R (X;i(p)),

[a-6]: assets are desirable, that is, RL N ke{S[u:(- | p)]} # @ (here, RE
denotes the positive orthant of RVand kc{S[u:(- | p)]} denotes the convex
cone generated by the support of the it" agent’s probability beliefs concern-
ing asset returns),

[a-7]: there are no redundant assets, that is,

int ke{S[ui(- | p)I} # 0,

(“int” denotes interior),
[a-8]: the it* agent is sufficiently risk averse. That is, either

(a) forallce R, 0 < si(+) < dv(;ic) < 8i(—) < o0,
or
(b) si(+) =0 and/or s;(—) = 400,

[a-9]: the closed, convex cone kc{S[ui(- | p)]} generated by the i** agent’s
probability beliefs concerning asset returns is invariant with respect to p €
B\{0}.

If assumptions [a-1]-[a-6] hold, then the asset exchange economy F satisfies [A-

1] and [A-2]. If assumptions [a-1]-[a-5] and assumptions [a-7] - [a-9], hold then the
economy is strictly reconcilable (i.e., satisfies [A-1]-[A-4] - see [33, 34, 35, 37]).
Note that since v;(-) is concave, assumption [A-5] - uniformity of arbitrage cones
with respect to (portfolio) choice - holds automatically.

5.2 Asset market models: the no unbounded arbitrage conditions of
(18] and [16]. Having introduced the basic ingredients used in general equilibrium
models of asset markets, we are now in a position to state the conditions limiting
arbitrage introduced by [18] and [16].

Hart’s asset exchange model is essentially identical to the model given in Section
4 under assumptions [a-1}- [a-6]. Hart in fact assumes that each agent’s choice
set is a closed, convex subset of RL independent of asset prices. Thus, in Hart,

A; (wi,p) = R (Xi N E(wi,p)). As shown in [18], the following no unbounded

14That is, for any bounded continuous function f(-) : RL — R, the function p —
fRL f(r)dp;(dr | p) is continuous, and for each Borel subset E € B(R ), wi(E | p) = ui(E | Ap)

for all A>0.
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arbitrage condition, suffices for existence of equilibrium:
for each p’ € B\{0}, if >, y; =0 and y; € A; (w;,p’) for all i,
then, for all 7 and p in some neighborhood of p’, (9)
pi({r eRY : {yi,r) =0} | p) = 1.
Note that because agents’ utility functions v;(-) are concave, [A-5] holds auto-
matically. Thus,

A; (wiyp) = A; (z3,p) for all z; € RE.

Note also that [a-5] and [a-6] together imply that for any nonzero price vec-
tor p € RL and any n — tuple of choice vectors (z1,...,z,) € RE x --- x RL,

Finally, note that if, given asset prices p, net trades y; generate zero gross
return with probability 1 (i.e., if y; is such that p;({r € R% : (y;,7) =0} | p) = 1),
then y; € L; (z;,p) for all z; € RL.

By Proposition 5.1 in [35], if there are no redundant assets (i.e., if [a-7] holds),
then Hart’s condition reduces to

for each p € B\{0}, if >_; , % =0 and y; € A; (w;,p) for all i,
then y; = 0 for all .

Thus, under [a-7] Hart’s condition reduces to our condition of no unbounded arbi-
trage (6).

If in addition to satisfying [a-1]-[a-5] and [a~7], the model also satisfies and [a-8]
(sufficient risk aversion), then by Corollary 2 (see also [33], Proposition 5), Hart’s
condition is equivalent to

for each p € B\{0},():D (A; (z:,p)) # 0. (10)

Moreover, under [a-1]-[a-5] and [a-7]-[a-8], it follows from Lemma 5 in [33] that
A; (z;,p) \{0} = Z;(z;,p) - i.e., [A-3] holds. If [a-1]-[a-5] and [a-7] and [a-8](b)
hold, then (10) reduces to Hammond’s overlapping expectations condition given by

for each p € B\{0} ﬂiint ke{S[pi(- | p)]} # 0. (11)

Thus, under assumptions [a-1]-[a-5] and [a-7] and [a-8](b), the conditions of Hart
and Hammond are equivalent to our condition of no unbounded arbitrage. More-
over, if in addition assumption [a-9] holds, then it follows from our Theorem 2 that
the conditions of Hart and Hammond are necessary and sufficient for the existence
of equilibrium, compactness of utility possibilities, and nonemptiness of the core
for the asset exchange economy E.

5.3 Abstract general equilibrium models: the no unbounded arbi-
trage conditions of Page [36], Werner [51], and Nielsen [32]. Werner in
[51] considers a general equilibrium model, E = (X;,w;, u;(-))7-;, without price
dependent preferences in which agents’ choice sets are arbitrary closed, convex
sets. Thus, in Werner arbitrage cones are given by A; (z,p) = R (X,- N ﬁz(a:))

With the exception that [51] requires uniformity of arbitrage cones ([A-4]), the
conditions on his economic model are weaker than ours.!® Let A; denote the ith

15We do not require uniformity to show that no unbounded arbitrage is sufficient for existence.
Uniformity means that the set of potential arbitrage opportunities available to the agent is the
same no matter what the agent’s starting point z and no matter what the prices p. See also
Remark 5.
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agent’s arbitrage cone and let £; denote the corresponding lineality space (under
[A-4], A; (z,p) = A, for all (x,p) € RY x REF). Werner’s nonsatiation assumption
is

[W-1] for all i, A;\LC; # 0

(see assumption A.4 in [51]).!® By our Theorem 4, Werner’s price condition limiting
arbitrage, given by

(D (A\L:) #6, - (12)

is weaker than no unbounded arbitrage. Finally, Werner’s assumptions on endow-
ments is given by

[W-2] for all ¢, {w;,p}) > inf{(z,p):2z€ X;} forallped {ﬂiD (Az\ﬁz)} ,
where “cl” denotes closure.

To summarize, within the context of an exchange economy, (X;,w;,u:(-))T-,
without price dependencies satisfying assumption [A-1.1], [A-2.1], [A-4] (unifor-
mity), [W-1] (A4;\L; # 0), and [W-2] (endowments), Werner shows that his price
condition limiting arbitrage, N;D (A;\L;) # 0, is sufficient for the existence of an
equilibrium. Werner also notes that his condition (12) is necessary for existence
provided indifference curves contain no half lines. Since in the no half lines case
L; = {0}, it follows from our Corollary 2 that for this case, Werner’s condition
(12) is equivalent to our condition of no unbounded arbitrage (6). Moreover, the
no half lines assumption, along with Werner’s assumption of uniformity implies the
economy, (X;,w;,u;(:))}=1, is strictly reconcilable.

Remark 5. In the conclusion of his paper, Werner in [51] remarks that his
results can be generalized to treat price dependent preferences so long as the re-
cession cones of the “at least as good as” sets do not depend on prices and utility
functions depend continuously on prices. As he also notes, uniformity assumptions
have a long tradition in the theory of concavifiable preference orderings (see [21]).
As we have noted, our sufficiency results do not require uniformity — arbitrage cones
may vary as prices vary.

Page in [36] considers the question of existence of equilibrium within the context
of an exchange economy with price dependent preferences in which agents’ choice
sets are all of RL. In [36], the economic model is given by a triple, (RL, w;, u;(+,))2_,
satisfying [A-1] and [A-2|. Thus, in [36] arbitrage cones are given by A; (w;,p) =

R (18, (wi, p)) Page in [36] shows that the price condition

for each p € B\{0}, ﬂ ;D (’R (f’,(w,,p))) # 0. (13)

is sufficient for the existence of equilibrium.
For the sake of comparisons, Werner’s condition (12) can be rewritten as

N2 (R (N B@)\E (R (N Biwn))) #0. (14)

16Recall that our results continue to hold even if we replace our local nonsatiation assumption
[A-2.3] with a weaker global nonsatiation assumption. However, the relationship between the non-
satiation condition 4;\C; # @ and global nonsatiation in economic models satisfying uniformity
is an open question.
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If in [36] utility functions are not price dependent and if in [51], X; = R and
L (’R (X i N ﬁ(wz))) = {0} (e.g., if indifference surfaces contain no half lines), then

the price conditions of [36] and [51] are equivalent.
In a general equilibrium model without price dependences in which agents’
choice sets are arbitrary closed, convex sets, [32] shows that the condition

n
if 3 =0and y; € R(X:[ ) Pi(wy)) for all 4
i=1

(15)
then y; = 0 for all 7,

is sufficient for the existence of equilibrium. Nielsen’s economic model is similar to
the model presented here, but without price dependencies. As Nielsen notes, the
condition in [32] can be viewed as a variant of Page’s condition in [35].

We close this section by noting that it follows from Corollary 2 that in a strictly
reconcilable economy without price dependencies and choice sets given by all of RE,
the conditions limiting arbitrage given by [36], [51], and [32] are all equivalent.

5.4 Comments on Green [13], and Grandmont [14, 15]. It follows from
Lemma 2.5 in [13] that, in a temporary equilibrium model, overlapping expecta-
tions is necessary for the existence of equilibrium.!? Also in a temporary equilib-
rium setting [14, 15] shows that if the economy satisfies conditions analogous to
those needed to guarantee strict reconcilability in an asset market model, then the
overlapping expectations condition is necessary and sufficient for the existence of
a temporary equilibrium. Grandmont in [14, 15] makes an assumption similar to
that of [51] for the case of price dependent preferences. It may be that our ap-
proach, using the result in [49], could be applied to temporary equilibrium models
to treat a broader class of economies.

5.5 Comments on Kousougeras [25]. Kousougeras in [25] was the first to
study the core in models with unbounded short sales. Kousougeras uses the no
unbounded arbitrage condition of [35] to show that the set of individually rational
and feasible allocations is bounded and then appeals to Scarf’s Theorem [48] to
prove that no unbounded arbitrage is sufficient for the nonemptiness of the core.
This nonemptiness also follows from existence of a competitive equilibrium and is
shown for the partnered core in [39] by appealing to the [46] result on the partnered
core of a game without side payments.

6 Conclusions

We conclude this paper with some remarks on the core and the partnered
core. Even in situations without externalities, the competitive equilibrium may be
subject to asymmetric dependencies between groups of players.. If an allocation is
in the core, it still may be the case that one player is dependent on another player
— one player may need the cooperation of another player but the second player may
not need the cooperation of the first. Similarly, a group of players may need the
cooperation of another group. The partnered core, introduced in [43] and [46], is
not subject to such asymmetric dependencies. Using the Reny and Wooders result,
Page and Wooders in [39], and [38] show that the partnered core of a balanced
economy is nonempty. From our result showing balancedness of an economy with

17"The Green condition is sometimes referred to as common expectations (see [13], p. 1114).
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price dependent preferences and satisfying no unbounded arbitrage it follows that
the partnered core of the economy is nonempty.

In general, the competitive equilibrium payoff is not partnered. In strictly
reconcilable economies, however, the partnership property of the competitive payoft
was shown by [3]. It is immediate from our results in this paper and [38, 39]
that in strictly reconcilable economies no unbounded arbitrage is necessary and
sufficient for the nonemptiness of the partnered core and for existence of partnered
competitive equilibrium.

7 Appendix: proofs

First, note that it follows from [A-2] that for each agent ¢ the preference corre-
spondences

(z,p) — Bi(z,p) := {2’ € RL : u;(2',p) > us(z,p)}
(z,p) = Pi(z,p) := {z' € RY : uy(a’,p) > ui(x,p)}

exhibits the following continuity properties:

1. (z,p) — ﬁ(a:, p) is continuous and, in particular, for each r € RL, p —
P;(z,p) is continuous,
2. the graph of P;(-,-) is open relative to (RZ x B) x RE.

7.1 Preliminary lemmas. We begin with some preliminary lemmas.
Lemma 1 is from [35].

Lemma 1 Let A(-) be a set-valued mapping defined on B C R’ with
nonempty convex values. Suppose A(-) is lower hemicontinuous (lhc) with a closed
graph. Let {(px,zx)}x C BxRE be any sequence with py — p* € B and z1, € A(px)
for all k. Further, let {\x}x be any sequence of positive real numbers such that

Ak | 0. Then any cluster point of the sequence { Az}« is contained in the reces-
sion cone R{A(p*)).

The next Lemma can be proven using elementary facts concerning sequences.

Lemma 2 Let {Z1k,...,Znk }x b€ a sequence such that .-, ||z:|| — oo as
k — oo. Then for any cluster point (yi,...,yn) of the sequence {AgZ1k, ..., AkTnk }&

where A = (7, [lzix]) ™" it holds that 3.7, 4 =0 and 37, [lus]| = L.

7.2 Bounded economies. Let {rx} be a sequence of positive numbers such
that r, — oo and let S(k) C R’ be a closed ball of radius 74 centered at the
origin. The sequence {S(k)}, is an increasing sequence of closed balls. Suppose
now that for each agent i, w; € intS(k) for all k. Consider the k-bounded economy
E* := (Xik(),ws, ui(:,-)); where, for each price vector p,

Xik(p) == S(k) [ ) Xi(p)-

Given prices p and endowments w = (wy,...,wy ), the set of all rational alloca-
tions for the economy E¥ is given by

Fi(w,p) :=={(z1, ..., zn) € [[ 1=1 Xir(p) : sz = sz'
t=1 =1

and for each i, z; € P;(w;,p)}.
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LetI'(Fi(w, -)) denote the graph of the rational allocation mapping p — Fi(w,p)
for prices p € 8B. Thus,

['(Fx(w,-)) = {((z1,..-,Zn,p) e RE x - .. x RE x OB :
(xly ) m'n) € Fk(w7p)}‘

Proposition 1 Nounbounded arbitrage is necessary and sufficient for compact-
ness of the graph of the rational allocation mapping. Let E = (X;(-),ws, ui(:, )%y
be an economy satisfying [A-1] and [A-2]. The following statements are equivalent:

1. For each p € B\{0}if 3.7, 4 = 0 and y; € A; (w;, p) for all i, then y; = 0

for all ¢ (there is no unbounded arbitrage).

2. T'(F(w,-)) is compact.

Proof The graph I'(F(w,-)) of the rational allocation mapping p — F(w,p)
is contained in the space

RL x..-xRL = RL(n+1)
Equip RY(™*1) with the norm |-|| ; defined as follows: given

(z',p') = (2, ..., zh,p') € RF™Y) and (z,p) = (1, ..., Tn, p) € REMFD),
(@', p') = (=, p)llg = lIp" — Il + 205, =i — =il
where ||-|| is the usual norm in RZ. It is easy to check that I'(F(w,)) is a closed
subset of RE(™+1) under the |||| ; norm. Moreover, for each k, I'( Fi (w, -)) is closed
in RE("+1) in the topology induced by ||| -

We will in fact prove the following: If the economy E = (X;(-),w;, u; (-, )2,
satisfies [A-1] and [A-2], then the following are equivalent:

(i) For each p € 0B, if Y i, ¥ =0 and y; € A; (w;,p) for all 4, then y; = 0 for

all 2.
(ii) There exists an integer ko such that I'(F(w,-)) = T'(Fk(w, ) for all k > k.

If (ii) holds then I'(F(w,-)) is ||-|| ;-bounded and thus (i) holds. To see that
(i) implies (ii), consider the following: Let {(Z,,,...,%,,,Px)}x be a sequence con-
tained in I'(F(w,-)) and satisfying the property that for each %, (Z,,,...,T,,,Px) ¢
['(Fk(w,-)). Thus, for each k, there is some ¢ such that Z,, ¢ S (k) sothat 3 o, ||Z,, ||
— 00 as k — 00. '

Let (F,,-,¥n,P) € RY x .-+ x RL x 0B be a cluster point of the sequence
{(MT sy ARZ,,, D) bk where Ay = (30, [IT.. ||)—1' Note that the set-valued
mapping p — X; (p) N ﬁ,-(w,-,p) is convex-valued, lower hemicontinuous, and has
a closed graph. Thus, since for each %, Z,, € X, (p,) N P, (wi, By,) , it follows from
Lemma 1 that j, e R (X,- (@) N B, (wi,z“))) = A; (w;, p) for each agent i. By Lemma
2, > 19, =0and >, ||5;]l = 1. Thus, for some agent ¢, §; # 0 and thus the no
unbounded arbitrage condition fails to hold, a contradiction. O

Let T'(Fc(w,-)) denote the graph of the rational, C-allocation mapping p —
Fc(w,p) for p € 8B. The following is an easy corollary of Proposition 1.

Corollary Let £ = (X;(-),w;, u;(-,-)), be an economy satisfying [A-1] and
[A-2]. The following statements are equivalent:
1. For each p € B\{0} if > -, v; =0 and y; € A; (w;,p) for all 4, then y; = 0
for all ¢ (there is no unbounded arbitrage).
2. For any coalition C € 2V, T'(Fo(w, -)) is compact.
An equilibrium for the k—bounded economy (X (), w;, ui(:,-))%, is an (n+1)-
tuple of vectors (z3, ..., z%,p*) such that
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1. (z%,...,2}) € F(w,p*) (the allocation is feasible);
2. p* € B\{0} (prices are in the unit ball and not all prices are zero); and
3. for each agent 1, :

(a) (zF,p*) = (ws,p*) (budget constraints are satisfied), and
(b) Pi(z},p*)NXuk(p*) N B;i(w;,p*) = 0 (there are no affordable preferred
net trades).

For each k and (z,p) € S(k) x B define the constraint correspondences
H; (k7wi,p) =X (p) N B; (wivp) ns (k) , 1=1,2,..,n.
and the preference correspondences

P;(k,z,p) :== Py(z,p)N S(k), i=1,...,n and
Pz-(k,:r,p) = Pi(.’n,p) n S(k), 1=1,...,n.
Note that
H; (00, w;, p) := Hi (wi, p) := X; (p) N B; (ws, )
P,-(oo,:c,p) = P,-(.’I:,p)

and
R-(oo,x,p) = R(xvp)
The correspondences H; (k,w;,:), Pi(k,-,-) and Isi(k, -, ») have the following prop-
erties:
1. Given [A-1], foreachi=1,..,nand k=1,2,...

b— H‘z (k,w‘i’p)

is continuous with nonempty, closed convex values.
2. Given [A-2], for each i =1,2,..,nand k = 1,2,...

(x,p) — Pi(k,z,p)

has nonempty, convex values in S(k) and an open graph relative to [S(k) X
B] x S(k). Moreover, for each i =1,2,..,nand £k =1,2, ...

p — P(k,wi,p)

is continuous.

Proposition 2 Eguilibrium for the k-bounded economies.
Let E = (X;(:), ws, ui(+,-))%_, be an economy satisfying [A-1] and [A-2] and consider
the sequence of k-bounded economies E* = (X (-), w;, u;(+,-))%,, k = 1,2.... Each
k—bounded economy has an equilibrium (7., ..., 2}, p}) with p; € 0B.

Given observations 1. and 2. above, the proof of Proposition 2 follows directly
from [49].

Now we have two important observations concerning the k— bounded equilibria:

1. If (z34,...,x}k, p}) is an equilibrium for the k-bounded economy E*_ then
for each agent i = 1,2,...,n, 2, € Xi(p;) N E(wi,p;).

2. If (z%,,...,z*,,p}) is an equilibrium for the k-bounded economy E* such
that for each agent i = 1,...,n, =}, € intS(k), then (z},..., T . P;) is an
equilibrium for the economy E = (X;(-),w;, ui(+,+))%,.
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7.3 Proof of Theorem 1. Consider an economy E = (X;(),ws, u;(:, )%,
satisfying [A-1] and [A-2].

1. No unbounded arbitmge implies the existence of equilibrium. Consider a
sequence {(xy, ..., Thy, Pk) }owq Of equilibria for the bounded economies E®,
with p}, € 0B. Suppose that for each k, z}, ¢ intS(k) for some agent i. Thus,
>y &kl = coask — oco. Let (37, ..., 4%, p*) € REx-. REx3B be a cluster
point of the sequence {(Axz3;, ..., \ezl s, pi) }x Where A = i, ”%k”)_l
Again, note that the set-valued mapping p — X;(p) N P (w;, pk) is convex-
valued, lower hemlcontmuous and has a closed graph. Thus, since for each k
and i, z;, € X;(p%) NP i (wi, k), it follows from Lemma 1 that for each agent

i, ¥; € R(Xz(p )an(wz)p )) = A; (wiap ) By Lemma 2, Zi:l v =0

and -7, |lyf| = 1. Thus, for some agent i, y* # 0, contradicting the
condition of no unbounded arbitrage.

2. No unbounded arbitrage implies that U(F(w,-)) is compact. By Proposition
1, no unbounded arbitrage implies that I'(F(w,-)) is compact. The com-
pactness of U(F(w,)) then follows directly from assumption [A-2.1] that
the utility functions u;(-, ) are continuous.

3. No unbounded arbitrage implies that E is well-defined and balanced. It fol-
lows from the definition (see expression 3) that V(C,p) is nonempty for any
price vector p € OB and any coalition C € 2V. By [A-2.2] (the quasi-
concavity of preferences), V(C,p) is convex for any C € 2N and p €
OB. Finally, since no unbounded arbitrage implies that I'(F(-,w)) is com-
pact for any coalition C, V(C,p) is closed and bounded from above for any
coalition C and p € 8B. Thus, for each p € B the characteristic form game
(N,V(-,p)) corresponding to the economy E is well-defined.

To see that the game is balanced, consider the following: Let 3 be a balanced
collection of nonempty subsets of N with balancing weights d¢ for C € 8.
Thus, dc > 0 for all C' € B and, for each i € N,

Given p € 9B, let (u1,...,us) € NeepV (C,p). It follows that for each C € 8
there is a individually rational C-allocation (z{ : i € C) € Fo{w,p) such
that '

Uz‘(ﬂ?io,p) > u; for each i € C. (%)
For each i € N, let
> doaf,
CepB(i)

and observe that

Sa=Y Y seaf=Yu

i€EN iEN CeB(4) iEN

By inequality (*) and the quasi-concavity of u;(-,p) we have for each i € N

= Z dcu; < Z JCui(sz’p)Sui(mi?p)'

Cep(i) Cep(i)
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Moreover, since (z¢ : i € C) € Fo(w,p), we have for each ¢ € N,

u;(wi, p) = Z dcui(wi, p) < Z Soui(xy,p) < wi(%i, ).
Cep(s) Cep(s) ’

Thus, (z1,...,Zn) € F(w, p) and we can conclude that (uy, ....,un) € V(N,p).
This implies that the game (N, V (-, p)) corresponding to the economy is well-
defined and balanced for each p € 0B.

4. No unbounded arbitrage implies that E has a nonempty core. By part 1, no
unbounded arbitrage implies that E has an equilibrium, say (73, ..., 2%, p*),
with p* € 0B. We will show that (z7,..., ;) is in the core given p*. Suppose
not. Then for some nonempty coalition C there is a rational C-allocation
(z;:1 € C) € Fo{w,p*) such that

w;(z;,0*) > u;(z},p*) for all agents i € C. (xx)

Since Y ;co @i = Yo wis it holds that (3, .oz, p*) = (Ticowsi,p*)-
However, given (xx), (z},p*) > (w;,p*) for all i € C. Therefore

<Z xi,p*> > <Z wz-,p*> :
ieC ieC

a contradiction. O

7.4 Proof of Theorem 2. Consider a strictly reconcilable economy E =
(Xi(:),ws, ui(+,+))™ 4. Thus, in addition to satisfying [A-1] and [A-2] the economy
satisfies [A-3] and [A-4]. First, note that the equivalence of (1) and (2) follows
immediately from the Corollary to Rockafellar’s Theorem.

1. The existence of an equilibrium implies no unbounded arbitrage.

Let (z3, ...,z ,p*) be an equilibrium for the economy E. If no unbounded
arbitrage fails to hold then by the Corollary to Rockafellar’s Theorem we
have for some p’ € 8B, N;D (A; (w;,p")) = 0. This implies via assumption
[A-4] (the uniformity of arbitrage cones) that N;D (A; (z},p*)) = 0. Thus,
for some agent ¢, there is a nonzero vector of net trades y; € A; (¢}, p*)
such that (y;r,p*) < 0. By assumption [A-3] (extreme desirability}, for some
N >0 up(zh + Nyir,p*) > ui (x5, p*). Thus for X,

:L';‘/ —+ Xy,-/ € Py (x;‘/,p*) N Xir(p*) N B, (w,-',p*),

contradicting the fact that (3, ..., ), p*) is an equilibrium.

2. Compactness of the utility possibilities set U(F(w,-)) implies no unbounded
arbitrage. Suppose that U(F(w,-)) is compact and no unbounded arbitrage
fails to hold. Then for some p’ € 9B, there exists (v, ..., y,) # (0, ..., 0) such
that

Zy{ =0 and y, € A; (w;,p’) for all 4.

i=1
By the uniformity assumption [A-4], for any (1, ..., Zn,p) € I'(F(w,-)), ¥; €
A; (z;,p) for all ¢ and (z1 + Ayy, ..., n + AYL,p) € T'(F(w,-)) for all X > 0.
Now let § = (4y,...,0,) be a vector in R™ with strictly positive components
and let uw = (uy, ..., ) € U(F(w,-)) satisfy

(6,w) = max{(d,u) : u € U(F(w,-))}
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Since U(F'(w, ) is compact such a u exists. Suppose (Z1, ...,Zn,P) € I'(F(w,))
is such that u; = u;(Z;, p) for each i. By the extreme desirability assumption
[A-3], we have for some X' > 0,

Z‘S uz(mz qu_ ) > Zé ui (T, D) = 26 w; = (0,7)

= ma,x{((s u):u€ U(F(“’, N}

But since (u1(Z1 + Ay}, +); s Un(Tn + AL, *)) € U(F(w,) for all A >0, we
have a contradiction. ' O

3. Well-definedness and balancedness imply no unbounded arbitrage. If the
economy E is well-defined and balanced then E has a nonempty core. Let
(%1, ..., Tp,P) € I'(F(w, ")) be such that (Zi,...,Zy) is in the core. Suppose
no unbounded a.rbitrage fails to hold. Then for some p’ € 3B, there exists
(%1, -+ ¥n) # (0, ...,0) such that

Zyt’- =0 and ¢} € A; (w;,p’) for all 4.

i=1
By the uniformity assumption (i.e., [A-4]), y; € Ay(Z;,p;) for all i and
(T1 + MY, -y Tn + MY, D) € T(F(w,-)) for all A > 0. By the extreme desir-
ability assumption (i.e., [A-3]), there exists X' > 0 such that u;(Z;+ X'y}, D) >
u;(Z;,p) for any agent i such that y # 0. Thus, the individually rational
allocation (Z1 + Ny}, ...,En + AN'y1) € F(w,P) Pareto dominates the individ-
ually rational allocation (:vl, ,&n) € F(w,DP), contradicting the supposition
that (%1, ..., Zn) is in the core.

4. Nonemptiness of the core implies no unbounded arbitrage. The proof follows

from the arguments given in (3) above.

7.5 Proof of Theorem 3. Let (X;(),w;,ui(-,-))~, be an economy satis-
fying [A-1]- [A-3] and let (z7,...,z},p*) be an equilibrium for E. Suppose p* ¢
N:D (A; (z},p*)) . Thus, for some agent i, there is a nonzero vector of net trades
yir € Ay (x2,p*) such that {yi,p*) < 0. By assumption [A-3] (extreme desirability),
uy (x3 + Nyir,p*) > uw(xh,p*) for some X' > 0. Thus, for any X',

(L':, + A,y'i’ € P’i’ (:c’{,,p*) N X’i' (p*) N Bi’ (w'i’vp*)’
contradicting the fact that (x},...,z},p*) is an equilibrium. The fact that the

condition

if Z y; = 0 and y; € A; (z},p*) for all i, then y; = 0 forall 4,

i=1

holds if (x%,...,z%,p*) is an equilibrium now follows from the Corollary to Rock-

afellar’s Theorem. O
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