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EQUIVALENCE OF GAMES AND MARKETS!

By MyrnA HorLTz WoODERS?

The author proves an equivalence between large games with effective small groups of
players and games generated by markets. Small groups are effective if all or almost all
gains to collective activities can be achieved by groups bounded in size. A market is an
exchange economy where all participants have concave, quasi-linear payoff functions. The
market approximating a game is socially homogeneous—all participants have the same
monotonic nondecreasing, and 1-homogeneous payoff function. Our results imply that any
market (more generally, any economy with effective small groups) can be approximated by
a socially homogeneous market.

Keyworps: Games, markets, market-game equivalence, small group effectiveness,
social homogeneity.

1. SMALL GROUP EFFECTIVENESS AND SOCIALLY HOMOGENEOUS MARKETS

THIS PAPER ESTABLISHES AN EQUIVALENCE between socially homogeneous mar-
kets with payoff-constant returns and large games with effective small groups of
players. Small groups are effective if all or almost all gains to collective activities
can be realized by the activities of groups of players bounded in absolute size. A
market is defined as a private-goods economy where all participants have
concave payoff functions that are linear in money. The market is socially
homogeneous if all participants have the same payoff function; the market
satisfies payoff-constant returns if the payoff functions are 1-homogeneous. The
market approximating a large game with effective small groups also has the
property that the payoff function is continuous. When the continuity assumption
is relaxed at the boundaries of the commodity space, an equivalence of large
games and markets holds with only the apparently mild requirement of per
capita boundedness of payoffs.> The economies to which the results apply
include ones with nonmonotonicities, nonconvexities, and consumption sets
unbounded from above and below. Also, the economies may have public goods,

! Previous versions of this paper include parts of C.O.R.E Discussion Paper No. 8842, “Large
Games are Market Games” (1988) and University of Toronto Department of Economics Working
Paper 1904 “Equivalence of Perfect Competition and Effective Small Groups” (1992).

2 The author gratefully acknowledges the support and hospitality of the Department of Mathe-
matics, Hebrew University, C.O.R.E., the University of Bonn through Sonderforschungsbereich 303,
and the Humboldt Foundation through a ‘Forschungspreis for Ausldndische Geisteswissenschaftler.’
She has also benefited from research support awarded by the Social Sciences and Humanities
Research Council of Canada, and by the University of Toronto, through a Connaught Fellowship.
The author is grateful to Robert J. Aumann, Mamoru Kaneko, Bob Anderson, and Joseph Ostroy
for stimulating discussions and helpful comments on an earlier version of this paper. She is also
grateful to an editor for advice which significantly improved the presentation of the paper, and to
Roma Jakiwiczyk, Martine Quinzii, Jean-Frangois Mertens, Roger Myerson, John Roemer, and Jian
Kang Zhang for helpful comments.

The condition of per capita boundedness was introduced in the study of large games in
Wooders (1979); see Kannai (1992) or Wooders (1992b) for a discussion of the model and the main
result. Small group effectiveness was introduced in Wooders (1992a).
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collectively consumed and produced goods, and other deviations from the
Arrow-Debreu model of an exchange economy.

Our results are obtained in the framework of a model of games with a finite
set of player types and side payments. A game consists of a set of players and a
function, called the characteristic function, which assigns an amount of surplus
to each group of players. The characteristic function is intended to provide an
abstract summary description of economic data and is not intended to describe
economic behavior; there is no presumption of cooperation.

Our first market-game equivalence result states that the class of large games
with effective small groups and the class of continuous, socially homogeneous
markets with payoff-constant returns are approximately equivalent. Our second
market-game equivalence result establishes that per capita boundedness suffices
to ensure the equivalence of large games and socially homogeneous markets
with payoff-constant returns. Note that with only per-capita boundedness, the
markets are not required to be continuous. Since games generated by markets
satisfy per capita boundedness, our result establishes that large markets are
approximated by socially homogeneous markets with payoff-constant returns.
We also establish that with thickness of the player set, bounding the percent-
ages of players of each type away from zero, per capita boundedness and small
group effectiveness are equivalent, thus relating our two conditions and our two
market-game equivalence results.

Since the conditions of continuity, social homogeneity, and payoff-constant
returns appear restrictive, our first market-game equivalence result indicates the
power of the condition of small group effectiveness. Since per capita bounded-
ness simply bounds average payoffs away from infinity and thus clearly permits a
variety of economic structures, our second market-game equivalence result
indicates the broad applicability of small group effectiveness.

In the approach of this author the set of marketed commodities is viewed as
endogenous. There may be many different definitions of commodities for a
market approximating a game. For example, for a game derived from an
economy, the commodities in an approximating market can be chosen to be the
same as those specified for the economy.* In this paper it is established that a
large game or a large economy, regardless of the number of types of commodi-
ties, is approximated by a market where the number of types of commodities is
no larger than the number of types of participants.

The asymptotic equivalence of markets and economies with effective small
groups is suggested by a number of other results. One such suggestion was made
by Tiebout (1956), who argued that economies with local public goods are
“market-like.” More recently several papers have shown that cores of such
economies converge to price taking equilibrium outcomes.”> Moreover, core
convergence holds in exchange economies even when coalitions are constrained

*An application using this approach appears in Wooders (1992c).
5See also Buchanan (1965). Results on convergence of cores in economies with public goods are
reviewed in Wooders (1994).
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to be small relative to the total economy.® Recall that Shapley and Shubik
(1969) showed that large exchange economies have nonempty approximate
cores. Wooders (1983) shows that large games satisfying per capita boundedness
and with a finite number of types have nonempty approximate cores and
Kaneko and Wooders (1986) show that continuum games with small (finite)
coalitions have nonempty cores. Shapley and Shubik (1966) showed an equiva-
lence between the class of totally balanced games, those with the property that
the game and every subgame have nonempty cores, and the class of games
derived from continuous markets. The nonemptiness of approximate cores of
large games implies approximate balancedness and thus implies that large
games are approximately market games. Shapley (1964) first showed that
Shapley values of replicated exchange economies converge ta core payoffs. With
a strong form of small group effectiveness (boundedness of individual marginal
contributions to coalitions), Wooders and Zame (1987) show that Shapley values
of large games are in approximate cores.” Moreover, the following “market-like”
properties of large games with effective small groups are shown in Wooders
(1992b): approximate cores of large games converge if and only if small groups
are effective; approximate cores of large games with small effective groups
satisfy a game-theoretic analogue of the “Law of Demand” (an increase in the
percentage of players of any type does not cause an increase and may cause a
decrease in core payoffs to each player of that type); approximate cores of large
games with effective small groups and many players of each type have an
approximate equal-treatment property—a core payoff assigns most players of
the same type approximately the same payoff.?

The research noted above raises the possibility not only that large games and
economies with effective small groups behave like competitive markets but also
that these games and economies are competitive markets or close to them. Such
observations suggest our equivalence result, which explains the similarities
between markets and games.

Some relaxation of the finite-type and side payment assumptions of this paper
is possible. Using familiar techniques of approximating a compact metric space
of types/attributes by finite sets of types, extensions of all our results can be
obtained with a compact metric space of player types and with differentiated
commodity markets, as in Mas-Colell (1975) or Jones (1984), for example.’
Indeed, no topological structure on the set of player types is necessary to make
apparent the closeness between a large game with effective small groups and a

%See Anderson (1992) for a survey including research on convergence of the core with restric-
tions on coalition size.

We conjecture that this result holds under the milder condition of small group effectiveness.
Wooders and Zame (1987) provide further references to related literature on the Shapley value of
large games and economies.

8 Further references to related literature are provided in Wooders (1992b).
°In fact, the first version of this paper, C.O.R.E Discussion Paper No. 8842 (1988), used a
compact metric space of player types. The framework with a compact metric space of player types
and the assumption of small group effectiveness is further studied in Wooders (1992, 1993b). The
later paper contains some extensions of the results of this paper.
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market game.' The formulation with a finite number of types of players,
however, is fundamental and permits a number of other questions to be
addressed. An advantage of the formulation with a metric space of attributes
(either finite or infinite) is that it facilitates the study of the continuum limit.
The restriction to games with side payments can also be relaxed and some
analogues of our results still obtain.!!

The results in this paper obviously apply to the special case of games and
economies with bounded effective group sizes, those when all gains to improve-
ment can be realized by strict subgroups of the population. Games with
bounded effective group sizes and a finite number of types are basic to the
research of this paper and other related works since they are especially tractable
and since they approximate games with effective small groups. Some special
properties of games with bounded effective group sizes include that for all
sufficiently large games, all core payoffs have the equal-treatment property
(Wooders (1983, Theorem 3)). For a discussion of the special properties of
games with bounded effective group sizes and a unified presentation of a
number of results, see Wooders (1992b).

It should be observed that we are not concerned here with game-theoretic
justification for the price-taking hypothesis of perfect competition. Rather than
showing any equivalence of outcomes of solution concepts, we establish a
game-theoretic equivalence between large games and large markets themselves.
We return to this in the concluding section.

2. GAMES AND PREGAMES

There is a given finite number T of types of players. Let ZT denote the
T-fold Cartesian product of the nonnegative integers. A profile f = (f,,..., f;)
€ ZT is a group of players, described by the number f, of players of each type ¢
in the group. The profile describing a group consisting of only one player of type
¢t and no other players is denoted by y,. Note that if f is a profile and r is a
positive integer, then rf is a profile. Also, if f and g are profiles, then so is
f +g. Given a profile f, define ||f|l=L,f,, called the norm of f; the norm of f
is the total number of players in the group f. The support of a profile f is the
set {te{1,...,T): f,#0}. A partition of a profile f is a collection of profiles
(f*), not necessarily all distinct, satisfying ¥, f* =f. A partition of a profile is
analogous to a partition of a set except that all members of a partition of a set
are distinct.

Let ¥ be a function from the set Z” of profiles to R, with ¥(0) = 0. The
pair (T, ¥) is called a pregame with characteristic function ¥. The value ¥(f)
is the total payoff a group of players f can achieve by collective activities of the

10See Wooders (1993a).
1 See Wooders (1983) for the model of games without side payments, some relevant results, and
Wooders (1991) for further results and references.
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group membership. The pregame is superadditive if

(21)  ¥w(f)=max } ¥(g),

geP

where P is a partition of f and the maximum is taken over all partitions of f.

A game determined by a pregame (T, V), called simply a game or a game in
characteristic form, is a pair [n, V] where n is a profile, interpreted as a
description of the total player set in the game, and the characteristic function ¥
is restricted to subprofiles of n. Note that a pregame specifies payoffs for every
profile whereas a game specifies a total population, and the only relevant
profiles are those no larger than the population. A payoff for the game is a
vector x in R”. A payoff x is feasible if x-n < ¥(n), and it is Pareto optimal if
x-n=Y(n).

A pregame (T, ¥) satisfies small group effectiveness if it is superadditive and
if, given any real number ¢ > 0, there is an integer m,(e) such that for each
profile f, for some partition (f*) of f:

(22)  lIf¥ll<mg(e)  for each subprofile f* in the partition, and
(23)  P(f)- L¥(fY) <elfl;
K

for every profile f, almost all (within £ per capita) of the gains to collective
activities can be realized by aggregating collective activities within group of
participants bounded in absolute size.'?

When a pregame satisfies small group effectiveness we say that it has effective
small groups. Note that this condition does not rule out effective large groups,
although it does imply that only smaller and smaller increases in per capita
payoff can be achieved by the formation of larger and larger groups. Elsewhere
the condition has been called “inessentiality of large groups;” collective activi-
ties of large groups are not essential for the realization of almost all gains to
group formation. The term “group” is used instead of the more commonly used
term ‘“coalition” since “coalition” may suggest cooperative behavior. Small
group effectiveness is intended to be a condition on economic and game-
theoretic primitives rather than on behavior.'?

3. MARKETS AND PREMARKETS

A premarket consists of a finite number of commodity types and of partici-
pant types. A participant type is described by two characteristics, a payoff
function and an endowment. Formally, a premarket is a pair (RY, A) where RY

12 Note that the profile f in the definition may be arbitrarily large relative to the bound n(e).
Thus, in “very large” coalitions, almost all gains to collective activities can be realized as the
aggregate of activities of “negligible’”” groups of participants. This suggests the f-core approach,
introduced in Kaneko and Wooders (1986), where finite coalitions are effective in games with a
continuum of players. !

The condition of small group effectiveness is less restrictive than boundedness of individual
marginal contributions to coalitions, as in Wooders and Zame (1987) for example.
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is the commodity space and A is the set of types of participants. A commodity
bundle x is a vector x € RY. The set A={a" i=1,...,I} is a finite indexed
collection of triples, a' = (o', u’), where each ' is a commodity bundle, called
the endowment of a participant of type i, and each u' is a concave, monotonic
nondecreasing function from the set of commodity bundles RY to the reals,
called the payoff function of a participant of type i.'* Assume that payoff
functions are normalized so that u‘(w’) > 0 for all i. The premarket is continu-
ous if the payoff functions of all participants are continuous and the premarket
satisfies payoff-constant returns if the payoff functions of all participants are
1-homogeneous. The premarket (R, A) is socially homogeneous if there is a
function u such that for all participants i, u’ = u.

A market determined by a premarket (RM, A4) is a pair [n, A] where n is the
market population profile, a vector in Z ! listing the number of participants with
attributes @’ for each i=1,...,1. We refer to participants with the same
endowments and payoff functions as participants of the same “type.”

REMARK 1: Socially homogeneous markets enjoy particularly pleasing proper-
ties. Since all participants have the same concave payoff function, competitive
prices are determined by the subgradients of the payoff function. For almost all
distributions of total endowments the competitive price system is uniquely
determined (up to a normalization). Moreover, from these observations and
from convergence of approximate cores to limiting competitive payoffs it follows
that cores and in a certain sense, approximate cores, of large socially homoge-
neous economies are typically small. Since large games with effective small
groups are approximately markets, they inherit these properties. See Wooders
(1992b) for further discussion.

4. ASYMPTOTIC MARKET-GAME EQUIVALENCE

We establish an approximate equivalence between large economies with
effective small groups, modeled as abstract games, and continuous, socially
homogeneous markets with payoff-constant returns. Proofs are given in Sec-

tion 7.
Let (R™, A) be a premarket with | 4| =I. For each profile f=(f,....f) €
Z', define A(f) by

I fi
(41)  A(f)=max ¥, Y u'(x"),

i=1j=1
where the maximum is taken over the set of commodity bundles {x"} satisfying

I fi B 1 )
(4.2) sz”=.‘_;1f,.w’.

i=1j=1

. 4 For interpretation, we may think of the payoff function of trader i as defined by U'(x, £) =
u'(x) + &£, where ¢ is a real number, to be thought of as “final money balance.” The money plays no
formal role in this paper.
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The pair (1, A) is the pregame induced by the premarket (R™, A). Any pregame
which can be induced by some premarket is a market pregame. We say that a
premarket satisfies small group effectiveness if its induced pregame satisfies small
group effectiveness.A )

Let (T, ¥) and (T, ¥) be two pregames. The pregames (T, ¥) and (T, ¥) are
asymptotically equivalent if T=T and if, given any real number ¢ > 0, there is
an integer m,(¢) such that for all profiles f with || fll> n,(e)

(43)  |#(fH)-v(f)l<elfl

Asymptotic equivalence of two pregames implies that for any large profile the
per capita payoffs assignable to that profile by the two characteristic functions
are approximately equal. A pregame (T, ¥) and a premarket (RY, 4) are said
to be asymptotically equivalent if the pregame is asymptotically equivalent to the
pregame determined by the premarket. This requires, of course, that the
number | A| of types of participants in the premarket equals the number of types
T of players in the pregame. The following two Theorems lead to our first
market-game equivalence result.

THeOREM 1: A continuous, socially homogeneous premarket with payoff-con-
stant returns satisfies small group effectiveness.

THEOREM 2: A pregame (T, V) has effective small groups if and only if there is
an asymptotically equivalent, continuous, and socially homogeneous premarket
(RM, A) satisfying payoff-constant returns.

Theorem 1 states that continuous, socially homogeneous market pregames
satisfy small group effectiveness. Theorem 2 states that the class of pregames
with effective small groups is asymptotically equivalent to the class of continu-
ous, socially homogeneous market pregames satisfying payoff-constant returns.
The following conclusion is the main result of this paper.

THeoreM 3 (Market-Game Equivalence): The class of continuous, socially
homogeneous premarkets with payoff-constant returns and the class of pregames
with effective small groups are asymptotically equivalent.

A market with many participants is the basic model of a perfectly competitive
market. Among other properties, large markets satisfy nonemptiness of the core
and convergence of the core to the Walrasian equilibrium payoffs. Our result
shows that large games with effective small groups are asymptotically equivalent
to market games. This implies that for any large game with effective small
groups, a Walrasian outcome of an approximating market is an approximately
feasible payoff for the game. Therefore, for the game, there are Pareto optimal
payoffs that are “close” to Walrasian payoffs of an approximating market. Since
these payoffs are close to Walrasian payoffs we can regard them as “approxi-
mate competitive equilibrium” payoffs. When the number of participants is
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large, economies with effective small groups have approximate competitive
outcomes; there is some set of commodities and a price system for these
commodities that constitutes an approximate competitive equilibrium. This
remark holds even for economies with public goods, as in Wooders (1980) for
example.

RemARrk 2: The condition of payoff-constant returns in Theorem 1 is in-
cluded for symmetry with the conditions of Theorem 2; it is not required for the
conclusion of the Theorem. In the next section, we show that provided the
percentages of players of each type are bounded away from zero, without any
additional assumptions market pregames satisfy small group effectiveness. The
condition of social homogeneity in Theorem 1 is important in limiting the effects
of “scarce” player types, those appearing in the total player set in vanishingly
small proportions.

ReMARK 3: Small group effectiveness is a natural and powerful condition,
and applies to diverse economies. As we show in the next section, if we ignore
boundaries of the commodity space, small group effectiveness is equivalent to
per capita boundedness. Thus, the more restrictive the conditions on the
premarkets approximating pregames with effective small groups, the more
striking the result. In the above theorems the conditions on the premarkets are
chosen to be restrictive. It can be demonstrated that if either continuity of social
homogeneity is relaxed, Theorem 2 no longer holds. Our results in this paper
imply that any premarket with effective small groups is asymptotically equivalent
to a socially homogeneous premarket. Other conditions ensuring asymptotic
social homogeneity of markets and economies more generally are discussed in
Wooders (1993b).

5. PER CAPITA BOUNDEDNESS AND THICK MARKETS

Collections of profiles with the property that the percentages of players of
each type are bounded away from zero are called “thick.” Formally, let p > 0 be
a real number and define

1
P(p)={feZl:foreach t=1,...,T either (”f—”)f,>p

1
or |——|f,=0;.
(Ilfll )f ‘ }
The set P(p) is called the set of p-thick profiles.
A pregame (T, W) satisfies per capita boundedness if there is a constant A4
such that for all profiles f it holds that

| w(f)
GD

The per capita boundedness condition was introduced in Wooders (1979, 1983).

<A.
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When profiles are required to be thick, per capita boundedness is equivalent to
small group effectiveness.

\

THEOREM 4: Let (T, V) be a pregame and let € > 0 and p > 0 be given positive
real numbers. Then

(5.2) there is an integer n,(¢, p) such that:
for each profile fin P(p), there is a partition ( f*) of f with

Ilf*ll< m,(e,p) for each subprofile f* in the partition and

v(f)- %W(f")<s||f||

if and only if there is a constant A such that (5.1) holds for all f in P(p).

Let (T, ¥) and (7, 117)A be two pregames. The two pregames are asymptotically
quasi-equivalent if T =T and if for each p > 0 (4.3) holds for all p-thick profiles,
that is,

given any positive real numbers € > 0 and p > 0 there is an integer

n,(&, p) such that for all profiles f in P(p) with [l > n,(¢,p),

lw(f) = &)l <elfl.

We say that a premarket is asymptotically quasi-equivalent to a pregame if the
pregame derived from the premarket is asymptotically quasi-equivalent to the
pregame. Also, two premarkets are asymptotically quasi-equivalent if their in-
duced pregames are asymptotically quasi-equivalent.

The next two Theorems are analogues of Theorems 1 and 2.

THEOREM 5: A market pregame satisfies per capita boundedness.

THEOREM 6: A pregame (T, V) satisfies per capita boundedness if and only if
there is a socially homogeneous premarket (R, A) with payoff-constant returns
such that (T, V) and (RY, A) are asymptotically quasi-equivalent.

Theorems 5 and 6 illustrate that besides ensuring boundedness of per capita
payoffs, the role of small group effectiveness in our results is to ensure that
arbitrarily small percentages of players of “scarce types’ cannot have significant
effects on per capita payoffs of large groups. Our second market-game equiva-
lence result follows.

THeoreM 7 (Quasi-Equivalence of Games Satisfying Per Capita Boundedness
and Socially Homogeneous Markets): The class of socially homogeneous premar-
kets with payoff-constant returns and the class of pregames satisfying per capita
boundedness are asymptotically quasi-equivalent.
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REMARK 4: With a finite number of types of participants-(or of commodities),
the condition of per capita boundedness appears extremely mild and easy to
apply. Moreover, similar conditions have a long history in economy theory.
Small group effectiveness has the advantage that besides ensuring that there are
continuous approximating markets, it is applicable to situations where all
players /commodities may differ, for example, situations with a compact metric
space of attributes (Wooders (1992a, 1993b), for example) and ones with no
topology on the space of player types (Wooders (1993c)).

6. THE NUMBER OF COMMODITIES

To show that a pregame with effective small groups is asymptotically equiva-
lent to a premarket a particular premarket is constructed. This premarket is
itself of interest as it has a natural interpretation and permits the statement of
another result. In the premarket constructed the commodities are the players
and the derived markets can be interpreted as ones where players hire the
participation of other players in groups. This interpretation is especially suited
to economies with production, economies with clubs, labor markets, and at-
tribute games in general, where, as in the cost allocation literature, the players
of a game are interpreted as commodities or as attributes of economic partici-
pants. The payoff function is constructed as follows. Let (T, ¥) be a pregame
with effective small groups. Define a function u by

61)  u(x) =lxl tim L)
vowo  |If7l

where {f*} is any sequence of profiles with the properties that
lxlllim, 1/l f*IDf* =x. Provided that the pregame (7,¥) satisfies small
group effectiveness the function u is well-defined. Our final Theorem estab-
lishes that whatever the number of types of commodities in a premarket, the
premarket can be approximated by another premarket with the number of
commodities no larger than the number of types of participants and the payoff
function of all the participants can be taken as that given by (6.1).

THEOREM 8: Let (RM, A) be a premarket satisfying small group effectiveness
and let |A| = 1. Let (I, A) denote the derived pregame. Then there is an asymptoti-
cally equivalent socially homogeneous premarket (RM', A') satisfying payoff-
constant returns and with the number of commodities M' equal to the number I of
types of players in the premarket (RY, A).

An analogous result holds for premarkets and asymptotically quasi-equivalent
premarkets.
7. PROOFS OF THE THEOREMS

Small group effectiveness dictates that all or almost all gains to collective
activities can be realized by groups bounded in absolute size. This implies that,
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in a certain sense, the games can be approximated by ones with bounded
effective group sizes. Most results on large games with effective small groups
referenced in this paper were first proven for games satisfying the stronger
requirement. We proceed here also by first proving a result for games with
bounded effective group sizes.

Let (T, ¥) be a pregame. The pregame satisfies bounded effective group sizes
if there is an integer B such that for each profile f there is a partition (f*) of f
satisfying

(7.1)  lif¥ll<B for each k and
(72)  w(f) - Zk‘.‘l’(fk) =0;

all gains to collective activities can be realized by groups bounded in size by B.

We will use the observation that from concavity, the value of the maximum in
(4.1) is unchanged when the allocation {x*} is required to have the equal-treat-
ment property, that is, for each i and for all j and j’, x¥ =x%/",

LemMA 1: Let (T, ¥) be a superadditive pregame with bounded effective group
sizes. Let {f*} and {g"} be sequences of profiles with the properties that

(7.3)  llf’ll>o and |lig”ll— = as v becomes large and
. 1 14 H 1 v

o i = ()

Then
;- 1 v 7 14

a5 fim (w0 = (i e,

Proor oF LEmmMA 1: We prove the result by contradiction. Suppose that
(T, W), {f*}, and {g"} satisfy the conditions of the Lemma. Let B denote a
bound on effective group sizes. Define 4 = max ¥(f), where the maximum is
taken over all profiles f with || f|l < B. Since (¥ (4) /||Al) <A for all profiles 4 it
holds that the sequence {¥(f*)/Ilf*} has a converging subsequence. Suppose
the sequences {¥(f*)/If*I} and {¥(g*)/llg"I}} both converge and there is a
positive real number & > 0 such that

W) ()
(7.6) 1/11—1330 & > Vll_l;l‘:o el +24.

Define f:=1lim,_ (1/lf*IDf*=1lim,_ . (1/lig”IDg”. Define the sequences of

profiles {#*} and {I*} by

(7.7 hy=fy if f,#0,
(78) h;=0 if f,=0, and
(19)  I=fr—h.
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From boundedness of effective group sizes it follows that
v(f*)—¥(h") <ABII|
and therefore, since (II”ll/IIf*I) =0 as v = o, lim,  (P(f)/If"ID=
lim, _, (P(h") /IR ]D.
Define L = lim,_, (Z(f*)/lf*ID. Let v, be sufficiently large so that for all
v > v, it holds that
(7.10 PR L-6
. ——>L -6.
) T
From (7.4) we can suppose without loss of generality that the support of #” is
contained in the support of g¥ for all » and v’ (that is, AY # 0 implies g; # 0).
It follows that there is an integer v, > v, such that for all sufficiently large terms
v, for some integer r,,
g’ >=r,h" and
(any DAL L2
. > ,
llg”ll L-6

that is, g” permits r, copies of 4”1, with only a small percentage of “leftovers.”
From superadditivity, (7.10) and (7.11),
V(g r,(h*) rle v(fr
(V) (V)' ” >(L—25)=lim——-—(fv)
llg”ll rdRl gl v |7l
for all v >v,, a contradiction to (7.6).

The result now follows from the fact per capita payoffs are bounded. Thus, in
general, the sequences {¥(f*) /Il f*I}} and {¥(g”)/llg”|l} have converging subse-
quences. Since any pair of converging subsequences converge to the same limit
both sequences must converge to the same limit. QO.E.D.

- 26,

=

LemmMma 2: Let (T, V) be a pregame satisfying small groups effectiveness. Let
{f*} and {g"} be sequences of profiles satisfying (71.3) and (7.4). Then (1.5) holds.

Proor oF LEMMA 2: We prove the result by contradiction. Suppose that
(T, w), {f"}, and {g"} satisfy the conditions of the Lemma but not (7.5). Since
small group effectiveness implies per capita boundedness (which is easy to
show), we can suppose without loss of generality that the sequences
{A/1f*ID¥(f*)} and {(1/11g*ID¥(g*)} both converge and that for some positive
real number ¢, > 0, for all terms f” and g" in the sequences,

1 1

From small group effectiveness we may choose an integer B with the property

that for each profile 4 there is a partition (h*) of h satisfying

llh*|| < B for each k and
Y(h) — L w(h*) <sliAll.
k

> 3g,.
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We next construct a pregame with effective group sizes bounded by B. For
each profile f define I'(f) by

I'(f) = max %q’(f"),

where the maximum is taken over all partitions (f*) of f with ||f*||<B for
each k. Note that for the choice of B it follows that ¥(h) — I'(h) < g,llAl| for all
profiles s. Then, by Lemma 1, there is an integer v sufficiently large so that,
for all v > v,

V() (g

£ llg”ll
Y1) LU | |TUY) T | | T ¥(s”)
NETA (§ad| (Fd| llg”ll llg”ll llg”ll
< 3gg,
a contradiction to (7.12). Q.E.D.

It is convenient to prove Theorem 4 next.

Proor or THEOREM 4: Let (T,¥) be a pregame with bounded per capita
payoffs and suppose that the conclusion of the Theorem is false. Then there are
real numbers p, and ¢, and a sequence of profiles {f*} such that

lf¥Il— oo as v —> o,

f?eP(p) foreachv,and
for each f7, for every partition (f**) of f* with || f**|| <» for each k, it holds
that

(7.13)  ¥(f) = LU(f) > 2ell£l.
k

Without loss of generality we can assume that for some Q< T, f” €RY,
x{0}7\2 for each v. By passing to a subsequence if necessary, we can suppose
that the sequence {(1/lf*IDf*} converges, say to f€ RY, X{0}"\2. Again pass-
ing to a subsequence if necessary, from per capita boundedness we can suppose
that the sequence {¥(f*) /I f*I} converges, say to the real number L. Since the
sequence {¥(f*)/IIf"I} converges, there is an integer v, sufficiently large so
that

v(f™)
£l
and for all v > v it holds that
V() W)
Il >l

<L +¢,

80.
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Let v, be sufficiently large so that for each v > v, for some integer r, and
profile m” it holds that

fr=r,f""+m”, and
llm” |l
&l (L +ep) <é&p;

this is possible since each term f? is in P(p). (A proof of this fact is provided in
Wooders and Zame (1987).) From the above inequalities, for all v sufficiently
large we obtain the estimate:

() W)

TE T
() P "I’(f”") ¥
NETE T T
(o) llml

<eg+ — T
SO el

llm”|
<£0+ (L +50)W < 280.

This yields a contradiction to (7.13) since for all » sufficiently large it follows
that

V() —r, L P(f0) - Xmi¥(x') <2&llfI
k t
We leave the other direction to the reader. Q.E.D.

Proor oF THEorReM 1: Let (I, A) be a market pregame derived from a
premarket (RY, 4) with I types of participants and where all participants have
the same 1-homogeneous and continuous payoff function, denoted by u. Sup-
pose (I, A) does not satisfy small group effectiveness. Then there is a positive
real number ¢, and a sequence of profiles {f”} with the property that for any
partition (f**) of f* where, for each k, || f**|l<v it holds that

(7.14)  A(f”) = LA(f) > 3ellf”Il.
k

Suppose, without loss of generality, that there is a vector f in R’ such that
@/lf*IDf* converges to f. Define the sequences {#”} and {/”} by equations
(7.7), (7.8), and (7.9). Since the sequence {h”} has the property that the
percentage of players of each type (that appears in the profiles) is bounded away
from zero, from Theorem 4 there is an integer B such that for each v, for some
partition (#*%) of h” with [|h*¥|| < B for each k,

(7.15)  A(R*) = L A(R%) <glin”Il.
k
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Note that since u is concave, for any profile g it holds that A(f) = u(L; g;@").
From Rockafellar (1972, Theorem 10.4), u is Lipschitzian on the simplex. Since
both u and A are 1-homogeneous, there is a constant A such that for each
integer v
S AR o

[Fdl 1Al ||f | |Ih I

Select an integer v suﬂiciently large so that

(7.16) <Al rll.

Allz ||f - ||h"||hv”

From superadditivity, (7.15) and (7.16), and the fact that ([2”ll/lIf*ID —> 1 as 7
becomes large, it follows that for all sufficiently large v

A A
(Nad! ez~ °
It now follows that for all sufficiently large v,

A(F") = TAR™) = TEACx)

<IA(F*) = AGR) | +|A(R) = TAG)

< 350“]‘””,
which is a contradiction. Q.E.D.

ProorF oF THEOREM 2: Let (T, ¥) be a pregame. From Lemma 2 the function
u, given by (6.1), is well-defined and continuous. Since it is 1-homogeneous and
superadditive, u is concave.

Now consider the premarket (R”, A) where |A| =T and

a'=(x,u)
for each t=1,...,T. The pair (R%, A) is a continuous, socially homogeneous
premarket with payoff-constant returns. From the constraints of u it follows
that the pregame (T, ¥) is asymptotically equivalent to the pregame derived
from (R”, A); we leave the details to the reader. This proves one part of the
Theorem.

Next, let (R¥, 4) be a socially homogeneous premarket with derived game
(T,A) and with the property that (T, A) and (T, ¥) are asymptotically equiva-
lent. Let u denote the payoff function of the participants in the premarket.
From Theorem 1 (7, A) has effective small groups. Thus, given & > 0 there is an
mteger no(s) such that for each profile f there is a partition of f, say (f*:
k= , K), satisfying

(7~17) lf¥kll < mp(e) and
(7.18)  A(f) — LA(f*) <elfll.
P
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From asymptotic equivalence there is an integer m,(e) > ny(e) such that for
each profile f with

(719) Il mn,(e)

it holds that

(7.20) 1¥(f) —A(H)l <éellfll.

The following Lemma leads to the conclusion of the proof.

Lemma 3: Let f be a profile and let (f*: k=1,...,K) be a partition of f
satisfying (7.17) and (7.18). Then there are integers 0 =my<m,; < ... <m, <
... <mgy =K such that, for each q=0,...,0 —1,

mgi

m(e) <l X fHl<4n(e).

k=mg+1

Proor oF LemMma 3: Suppose ||fll < 4n,(e). In this case, the partition (f)
satisfies the required properties. Therefore we suppose that || f]|> 4m,(e). Let
(f*) be a partition of f satisfying (7.17) and (7.18). There exists an integer m,
such that

m;—1

'Y f“ll<mn(e) and
k=1

LY F4I> mi(e).
k=1

It follows that

m m;—1
Y = T FEl+lfmll<m(e) +mo(e) <2my(e) and
k=1 k=1

K m

X A=A X ] = 4n(e) — 2my(e) =2my(e).
k=m;+1 k=1

Case I: If 27my(e) <ITE_,, +1 fAll<4ne) let g'=%71, and let g?=
ZIIc<=ml+1fk'

Case 2: If IC§_,, + f*Il> 4n(e), then there is an integer m, such that

r f*

k=m,+1

K
r f*

k=m,+1

vi(e) < <2n,(¢) and

>2my(e).
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m my

In this case, define g!= Y f* and g2= Y f~
k=1 k=m;+1

Next consider £f_,, ., f* Depending on whether

K K
Y f* r f*

k=m,+1 k=my+1

<4my(e) or > 4my(¢)

proceed as in Case 1 or 2 to determine m, and define g> =X m,+1 r*,
satisfying the required conditions.

We can argue repeatedly as above to determine integers m,,...,m, and
profiles g,..., g2 such that
m
gt =X rk
k=1
my
g*= Y f%..., and
k=m;+1
K
g= X fK
k=mQ-1+l

where 7,(¢) <llg?ll < 4n,(e) for all g=1,...,m,. This completes the proof of
the Lemma. O.E.D.

To complete the proof of the Theorem, from superadditivity, (7.17) and
(7.18), and Lemma 3 it now follows that

0
v(f)-L¥(g)

<|®(f) -AN) |+

Qo
NOEPWITD

+

0 0
4‘_:1/1(5"’) - X ¥(gY

g=1

< 3ellf1l,

where {g?} is defined as in the proof of Lemma 3. Thus, given any & > 0 the
integer 47,(¢) satisfies the properties required in the definition of small group
effectiveness applied to the pregame (T, ¥). This completes the proof of the
Theorem. O.E.D.

Theorem 5 is a standard result. With the appropriate construction of a
premarket from a pregame satisfying per capita boundedness, the proof of
Theorem 6 is essentially the same as the proof of Theorem 2. We note only that
for any x in RZ, the definition of the payoff function for the premarket
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approximating the pregame can be taken as that given by (6.1) with the
approximating profiles taken to have the same support as the commodity
bundle.

Theorem 8 was proved during the course of the proof of Theorem 2 so we
have reached the conclusion of this section.

8. DISCUSSION

Economic models with effective small groups may include ones with multiple
marketplaces, firms, communities, or clubs. Small group effectiveness ensures
that when there is in total a large number of participants, then there are, at
least potentially, “many” groups. The intuition underlying our results is that in
economies with effective small groups, competition within groups for shares of
the surplus generated by the group, and competition between groups for
participants, lead to a competitive outcome. This intuition emerges especially
from the study of economies with collectively produced and/or consumed
goods, such as ones with local public goods (see, for example, Tiebout (1956)
and Wooders (1980)). It follows from the results of the current paper that one
set of commodities for which an economy is approximately a market is the set of
participants themselves. Intuitively, participants sell their participation in groups
in return for a share of the surplus generated by the group.

Our concepts and results can be applied in a variety of contexts, for example,
in investigations of the “Coase Theorem” (Coase (1960)). One such investiga-
tion of the effects of property rights assignments is carried out in Wooders
(1992¢). Provided that assignments of property rights are bounded, small group
effectiveness of pregames (called “technologies” in this application, as in
Wooders and Zame (1987)) ensures convergence of approximate cores to
competitive prices for attributes of players and to approximate attribute core
payoffs. Other applications include ones to economies with collective production
and to economies with local public goods or shared goods more generally; some
such applications are reviewed in Wooders (1992b). Another application may be
to financial markets with unbounded short sales.

The approach of this paper is quite distinct from established theories of
competitive markets. Three major theories are Cournot’s noncooperative equi-
librium theory, Edgeworth’s contract theory, and Clark’s marginal productivity
theory, revived in Ostroy’s no-surplus. theory.!® The equivalence result of this
paper suggests that small group effectiveness may be a powerful condition for
the study of these theories; the theories have been applied to markets, and
asymptotically economies with effective small groups are markets. Some results

15 These ideas have been a reoccurring theme in the research leading to this paper. Ostroy (1984)
also stresses prices for participants.

16See Cournot (1938), and more recently, Shubik (1973), Hart (1979), and Novshek and
Sonnenschein (1978) for the Cournotian theory, Anderson (1992) for a survey of research on
Edgeworth’s contract theory and the equivalence of cooperation and equilibrium outcomes, and
Ostroy (1980, 1984) for the marginal productivity theory.
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in these directions include Hammond, Kaneko, and Wooders (1989) on the
equivalence of the core and the competitive outcomes in large economies with
widespread externalities and effective small groups (finite coalitions in the
continuum).

Dept. of Economics, University of Toronto, 150 St. George St., Toronto,
M55 1A1 Canada

Manuscript received July, 1989; final revision received December, 1993.
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