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Lq wklv sdshu zh ghyhors d qhz prgho ri d uhsolfd hfrqrp| zlwk foxev/ zlwk
furzglqj rqo| lq surgxfwlrq/ dqg zlwk pxowlsoh sulydwh dqg sxeolf jrrgv1 Hdfk
djhqw pd| ehorqj wr pdq| foxev1 Rxu pdlq uhvxow lv wkdw xqghu dssduhqwo|
plog frqglwlrqv rq wkh prgho/ hfrqrplhv jhqhudwh jdphv vdwlvi|lqj shu fdslwd
erxqghgqhvv +�qlwhqhvv ri wkh vxsuhpxp ri shu fdslwd sd|r�,1 Wkxv/ wkh uhvxowv
ri Zrrghuv +4<:</4<;3e, fdq eh dssolhg wr vkrz wkdw +d, iru doo vx!flhqwo| odujh
hfrqrplhv/ wkh jdph jhqhudwhg e| wkh hfrqrp| lv dssur{lpdwho| d pdunhw jdph/
dqg +e, dssur{lpdwh fruhv duh qhduo| htxdo wuhdwphqw lq wkh vhqvh wkdw prvw
djhqwv zkr duh lghqwlfdo duh wuhdwhg dssur{lpdwho| lghqwlfdoo|1 Zkhq doo jdlqv wr
froohfwlyh dfwlylwlhv fdq eh h{kdxvwhg e| jurxsv ri djhqwv erxqghg lq vl}h/ wkhq
vwurqjhu uhvxowv duh rewdlqhg= +f, iru doo vx!flhqwo| odujh jdphv/ doo sd|r�v lq
wkh fruh kdyh wkh htxdo wuhdwphqw surshuw| dqg +g, dssur{lpdwh fruhv frqyhujh
wr fruhv ri dvvrfldwhg �edodqfhg fryhu� jdphv1 Lq dgglwlrq/ d glvfxvvlrq ri wkh
lvvxhv lqyroyhg lq prgholqj hfrqrplhv dv pdunhwv lv surylghg dqg/ vlqfh pxfk
uhodwhg uhvhdufk kdv ehhq fduulhg rxw vlqfh wkh fxuuhqw sdshu dsshduhg dv d 4<;5
Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu/ zh surylgh vrph uhodwlrqvklsv wr wkh pruh
uhfhqw olwhudwxuh1

WWklv sdshu ruljlqdoo| dsshduhg dv Frzohv Glvfxvvlrq Sdshu Qr1 98: +4<;5f,1 Wkh qrqhpswlqhvv
uhvxow lv sxeolvkhg lq Vkxeln dqg Zrrghuv +4<;9,1 Wkh uhvxowv uhsruwhg lq wkh fxuuhqw yhuvlrq ri wkh
sdshu duh lghqwlfdo wr wkrvh lq wkh 4<;5 Glvfxvvlrq Sdshu1 Zh kdyh xsgdwhg uhihuhqfhv dqg uhylvhg
dqg vkruwhqhg vrph ri wkh h{srvlwlrq1 Dovr/ surriv iurp Zrrghuv +4<:</4<;3e,/ dydlodeoh hovhzkhuh
+fi1 Zrrghuv 4<<7d/e ru wkh ruljlqdo sdshuv/ dydlodeoh rq wkh lqwhuqhw,/ kdyh ehhq uhpryhg1



41 Lqwurgxfwlrq

4141 Pdunhw Jdphv

Wkh pdunhw jdph/ erwk lq lwv vlghsd|phqw dqg qrvlghsd|phqw yhuvlrqv/ kdv sur0
ylghg d ydoxdeoh wrro iru wkh xwlol}dwlrq ri jdph wkhruhwlf dqdo|vlv iru wkh vwxg| ri
h{fkdqjh hfrqrplhv1 Lw lv nqrzq wkdw h{fkdqjh hfrqrplhv pds lqwr wrwdoo| edodqfhg
jdphv4 iru erwk vlghsd|phqwv dqg qrvlghsd|phqwv1 Lq dgglwlrq/ wrwdoo| edodqfhg
vlghsd|phqw jdphv pds lqwr h{fkdqjh hfrqrplhv dqg/ zlwk vshfldo dvvxpswlrqv rq
frqvxpswlrq vhwv/ wrwdoo| edodqfhg qrvlghsd|phqw jdphv dovr pds lqwr h{fkdqjh
hfrqrplhv15 Fohduo| wkh pdsslqjv duh qrw rqh wr rqh lq erwk gluhfwlrqv/ dv wkh pdu0
nhw jdph frqwdlqv idu ohvv lqirupdwlrq wkdq grhv wkh h{fkdqjh hfrqrp|1

Wkh lqwlpdwh uhodwlrqvkls ehwzhhq h{fkdqjh hfrqrplhv dqg wrwdoo| edodqfhg jdphv
jlyhv qr lqwlpdwlrq ri wkh uhodwlrqvkls ri wkh frpshwlwlyh htxloleuld wr olplw srlqwv ri
wkh fruh1 Lq rughu wr vwxg| wklv surshuw| zh qhhg wr eh deoh wr gh�qh d vhtxhqfh
ri h{fkdqjh hfrqrplhv dqg d uhodwhg vhtxhqfh ri wrwdoo| edodqfhg jdphv1 Wkh uhvxow
wkdw zh fdq gh�qh d uhsolfdwlrq vhtxhqfh ri h{fkdqjh hfrqrplhv dqg dvvrfldwh zlwk lw
d vhtxhqfh ri wrwdoo| edodqfhg jdphv iru zklfk fruhv frqyhujh wr frpshwlwlyh sd|r�v
lv dq hfrqrplf uhvxow dulvlqj iurp kdylqj xwlol}hg wkh hfrqrplf gdwd wr frqvwuxfw wkh
vhtxhqfh ri jdphv1

4151 Wkh sxusrvh ri wklv sdshu

D qdwxudo txhvwlrq wr dvn lv/ duh wkhuh rwkhu hfrqrplf skhqrphqd zklfk jlyh ulvh wr
pdunhw jdphv ru �qhdu0pdunhw jdphv� dqg iurp zklfk rqh fdq frqvwuxfw d vhtxhqfh
ri jdphv zklfk h{klelwv fruh frqyhujhqfh1 Lq wklv sdshu zh frqvlghu wkh uhodwlrqvkls ri
pdunhw jdphv dqg qhdu0pdunhw jdphv wr hfrqrplhv zlwk frpsoh{lwlhv eh|rqg wkdw ri
wkh h{fkdqjh hfrqrp|1 Zh vkrz wkdw d eurdg fodvv ri hfrqrplhv jhqhudwh qhdu0pdunhw
jdphv/ lqfoxglqj sulydwh jrrgv hfrqrplhv zlwk qrq0frqyh{lwlhv/ frdolwlrq surgxfwlrq
hfrqrplhv/ dqg hfrqrplhv zlwk orfdo sxeolf jrrgv16 Zh dovr looxvwudwh wkdw hfrqrplhv
zlwk sxuh sxeolf jrrgv gr qrw/ zlwkrxw vshfldo uhvwulfwlrqv/ jlyh ulvh wr qhdu0pdunhw
jdphv1

Wr pdnh wklv pruh suhflvh/ vrph whuplqrorj| lv uhtxluhg1 D vhtxhqfh ri uhsolfd

jdphv lv d vhtxhqfh ri jdphv zlwk d �{hg glvwulexwlrq ri d �qlwh qxpehu ri w|shv1
Wkh uwk uhsolfd jdph frqwdlqv u wlphv dv pdq| sod|huv ri hdfk w|sh dv wkh �uvw jdph
lq wkh vhtxhqfh1 Wkh vhtxhqfh vdwlv�hv plqlpxp h!flhqw vfdoh +ru/ htxlydohqwo|/
h{kdxvwlrq ri jdlqv wr vfdoh e| frdolwlrqv erxqghg lq vl}h, li wkhuh lv vrph jlyhq
erxqg vdwlvi|lqj wkh frqglwlrq wkdw doo uhwxuqv wr frdolwlrq vl}h fdq eh h{kdxvwhg e|
frdolwlrqv frqwdlqlqj ihzhu phpehuv wkdq wkh erxqg1 D vhtxhqfh ri uhsolfd jdphv
lv d vhtxhqfh ri qhdu0pdunhw jdphv li wkh jdphv duh vxshudgglwlyh dqg wkh vhtxhqfh
vdwlv�hv d �qhdu 0 plqlpxp h!flhqw vfdoh iru frdolwlrqv� surshuw| � iru odujh erxqgv/
doprvw doo uhwxuqv wr frdolwlrq vl}h duh qhduo| h{kdxvwhg e| frdolwlrqv erxqghg lq

4Zh qrwh wkdw hyhu| vxejdph ri d wrwdoo| edodqfhg jdph kdv d qrq0hpsw| fruh
5Vhh Eloohud dqg El{e| +4<:7, dqg uhihuhqfhv wkhuhlq1
6Vhh dovr Zrrghuv +4<:</4<;3d/e,1
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vl}h1 Htxlydohqwo|/ wkh vhtxhqfh vdwlv�hv shu fdslwd erxqghgqhvv/ wkh surshuw| wkdw
wkh vxsuhpxp ri shu fdslwd sd|r�v lv �qlwh1

Zrrghuv +4<;3e, vkrzv wkdw li d vhtxhqfh ri jdphv vdwlv�hv shu fdslwd erxqghgqhvv
wkhq wkh vhtxhqfh lv dv|pswrwlfdoo| wrwdoo| edodqfhg � jlyhq dq| hsvlorq juhdwhu wkdq
}hur dqg dq| vxejdph ri dq| jdph lq wkh vhtxhqfh/ zkhq zh uhsolfdwh wkh vhw ri
sod|huv lq wkdw vxejdph/ iru doo vx!flhqwo| odujh uhsolfdwlrqv wkh hsvlorq0fruh ri wkh
uhsolfdwhg vxejdph lv qrq0hpsw|17 Pruhryhu/ hsvlorq0fruhv ri odujh jdphv frqyhujh
wr frpshwlwlyh sd|r�v ri olplwlqj pdunhw jdphv dqg wkxv kdyh dq htxdo0wuhdwphqw
surshuw|/ wkdw lv/ prvw sod|huv zkr duh lghqwlfdo uhfhlyh qhduo| wkh vdph sd|r�v1 Xqghu
wkh vwurqjhu dvvxpswlrq ri plqlpxp h!flhqw vfdoh iru frdolwlrqv/ iru doo vx!flhqwo|
odujh jdphv/ doo sd|r�v lq wkh fruh kdyh wkh htxdo wuhdwphqw surshuw| dqg dssur{lpdwh
fruhv frqyhujh wr wkh +htxdo0wuhdwphqw, fruhv ri wkh dvvrfldwhg edodqfhg fryhu jdphv1

Lq wklv sdshu/ d prgho ri d vhtxhqfh ri uhsolfd hfrqrplhv zlwk frdolwlrq surgxfwlrq
dqg orfdo sxeolf jrrgv/ zkhuh djhqwv duh doorzhg wr eh phpehuv ri srvvleo| pruh wkdq
rqh foxe/ lv ghyhorshg1 Wkhuh pd| eh pxowlsoh sxeolf dqg sulydwh jrrgv1 Qr frqyh{lw|
dvvxpswlrqv duh uhtxluhg/ hlwkhu lq frqvxpswlrq ru surgxfwlrq1 Iru vlpsolflw|/ wkh
prgho doorzv furzglqj rqo| lq surgxfwlrq/ wkdw lv/ wkh surgxfwlrq srvvlelolwlhv rshq
wr d foxe ghshqg rq wkh phpehuvkls ri wkh foxe exw suhihuhqfhv duh xqd�hfwhg e|
foxe phpehuvklsv18 Ihz uhvwulfwlrqv duh sodfhg rq wkh prgho> wkh pdmru rqhv duh wkdw
wkh dv|pswrwlf jurzwk ri xwlolw| ixqfwlrqv lv qr pruh wkdq olqhdu dqg wkh surgxfwlrq
fruuhvsrqghqfhv duh vxfk wkdw srvlwlyh rxwsxwv gr qrw ehfrph yluwxdoo| iuhh lq shu0
fdslwd whupv dv wkh hfrqrplhv ehfrph odujh1 Zh vkrz wkdw wkh vhtxhqfh ri jdphv
ghulyhg iurp wkh hfrqrplhv lv d vhtxhqfh ri qhdu0pdunhw jdphv1 Iurp wkh uhvxowv
ri Zrrghuv +4<;3e, lw iroorzv wkdw iru doo vx!flhqwo| odujh hfrqrplhv/ dssur{lpdwh
fruhv duh qrqhpsw| dqg frqyhujh wr wkh htxdo0wuhdwphqw fruh � wkdw lv/ lq odujh jdphv
dssur{lpdwh fruhv wuhdw doprvw doo lghqwlfdo sod|huv qhduo| htxdoo|1

Zkhq zh ixuwkhu dvvxph wkdw doo lqfuhdvlqj uhwxuqv wr frdolwlrq vl}h duh uhdol}hg
e| vrph �qlwh hfrqrp| � wkhuh lv d plqlpxp h!flhqw vfdoh ri frdolwlrqv udwkhu wkdq
d qhdu plqlpxp h!flhqw vfdoh � zh rewdlq d vwurqjhu fruh frqyhujhqfh uhvxow1 Wkh %0
fruhv ri wkh ghulyhg vhtxhqfh ri jdphv frqyhujh wr wkh fruhv ri wkh dvvrfldwhg edodqfhg
fryhu jdphv1 Wkhvh uhvxowv ghshqg rqZrrghuv +4<:<, uhvxowv vkrzlqj wkdw zkhq wkhuh
lv d plqlpxp h!flhqw vfdoh/ wkh olplw ri %0fruhv htxdov wkh olplw ri wkh fruhv ri wkh
dvvrfldwhg edodqfhg fryhu jdphv1

Dq lqyhvwljdwlrq ri frpshwlwlyh htxloleuld +ru frpshwlwlyh0olnh htxloleuld vlqfh zh

7Uhvxowv lq wkh vdph vslulw duh frqwdlqhg lq Zrrghuv +4<;3d,1 Wkhvh/ krzhyhu/ duh iru hfrqrplhv
zlwk d orfdo sxeolf jrrg dqg dqrq|prxv furzglqj � lqglylgxdov duh furzghg rqo| e| wkh qxpehuv

ri lqglylgxdov lq wkhlu mxulvglfwlrq2foxe1 Wklv lpsolhv wkdw htxloleulxp mxulvglfwlrqv2foxev2frdolwlrqv
frqvlvw ri lqglylgxdov zkr duh lghqwlfdo ru zkr kdyh wkh vdph htxloleulxp �ghpdqgv� iru furzglqj dqg
sxeolf jrrgv1 Zkloh wkh dqrq|prxv furzglqj prgho lv hfrqrplfdoo| lqwhuhvwlqj/ iurp wkh shuvshfwlyh
ri jdph wkhru| lw lv d vljql�fdqwo| pruh uhvwulfwlyh wkdq jhqhudo jdphv zlwk d �qlwh qxpehu ri w|shv/
dv lq Zrrghuv +4<;3e,1 Zh wkdqn \dndu Ndqqdl iru vwuhvvlqj wkdw wkh uhodwlrqvkls ehwzhhq Zrrghuv
+4<;3d, dqg 4<;3e, vkrxog eh glvfxvvhg1

8Wklv vljql�fdqwo| vlpsol�hv wkh prgho1 Li zh doorzhg suhihuhqfhv ri dq djhqw wr ghshqg rq wkh
vl}hv dqg frpsrvlwlrqv ri wkh foxev frqwdlqlqj wkdw djhqw/ dv lq Zrrghuv +4<;4e,/ iru h{dpsoh/ wkh
dqdo|vlv zrxog eh pruh frpsolfdwhg exw/ zlwk dssursuldwh prgl�fdwlrqv ri dvvxpswlrqv/ wkh vdph
uhvxowv zrxog vwloo rewdlq Iru vrph uhfhqw uhodwhg uhvxowv/ vhh Frqoh| dqg Zrrghuv +4<<;e, dqg
Nrydohqnry dqg Zrrghuv +4<<:d/e,1
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duh ghdolqj zlwk d fodvv ri hfrqrplhv wr zklfk wkh fodvvlf gh�qlwlrq ri wkh frpshw0
lwlyh htxloleulxp grhv qrw dsso|9, dqg frqyhujhqfh ri wkh fruh wr wkh htxloleulxp
sd|r�v lv eh|rqg wkh vfrsh ri wklv sdshu1 Zh qrwh krzhyhu wkdw vlqfh wkh hfrqrplhv
xqghu frqvlghudwlrq jhqhudwh jdphv zlwk vlgh sd|phqwv/ iurp rxu uhvxowv dqg wkrvh
ri Vkdsoh| dqg Vkxeln +4<9<, lw iroorzv wkdw odujh hfrqrplhv fdq eh uhsuhvhqwhg e|
pdunhwv zkhuh hdfk sod|hu rzqv rqh xqlw ri d frpprglw| lghqwl�hg zlwk klv �w|sh1�
Vlqfh/ xqghu rxu dvvxpswlrqv/ dssur{lpdwh fruhv wuhdw vlplodu sod|huv vlplodulo| lw
iroorzv wkdw dssur{lpdwh fruhv frqyhujh wr htxloleulxp rxwfrphv ri wkh uhsuhvhqwlqj
pdunhwv1:

H{fhsw xqghu vrph yhu| vshfldo frqglwlrqv +vdwldwlrq ru �dv|pswrwlf� vdwldwlrq/
l1h1/ pdujlqdo xwlolwlhv jr wr }hur dv wkh dprxqw ri wkh sxeolf jrrg lqfuhdvhv, uhsolfd
hfrqrplhv zlwk sxuh sxeolf jrrgv gr qrw jhqhudwh qhdu0pdunhw jdphv1 Vlqfh jdphv
ghulyhg iurp hfrqrplhv zlwk sxuh sxeolf jrrgv pd| zhoo eh pdunhw jdphv +l1h1/ wrwdoo|
edodqfhg,/; wklv vxjjhvwv wkdw/ lq olqh zlwk wkh lqfhqwlyhv olwhudwxuh/ lw lv zkhq zh
frqvlghu hfrqrplhv zlwk pdq| sod|huv wkdw jdph0wkhruhwlf surshuwlhv ri sulydwh0jrrgv
ru �pdunhw0olnh� hfrqrplhv dqg wkrvh ri sxuh sxeolf jrrgv hfrqrplhv gl�hu1

Dqrwkhu txhvwlrq wr eh dgguhvvhg lv zkhq lv dq hfrqrplf vlwxdwlrq �dghtxdwho|�
uhsuhvhqwhg e| wkh fkdudfwhulvwlf ixqfwlrq ri wkh ghulyhg jdphB Zkdw lv �dghtxdwh�
lv/ wr vrph h{whqw/ d pdwwhu ri rslqlrq dqg ghshqgv rq wkh xowlpdwh sxusrvh ri wkh
prgho1 Iru rxu sxusrvhv/ zh vd| dq hfrqrplf vlwxdwlrq kdv wkh �f0jdph� surshuw|<

+l1h1/ lq rxu ylhz lv dghtxdwho| uhsuhvhqwhg e| lwv ghulyhg jdph,/ li zkdw d frdolwlrq
fdq dfklhyh rqfh lw kdv iruphg lv lqghshqghqw ri wkh dfwlrqv ri wkh frpsolphqwdu|
frdolwlrq1 H{fkdqjh hfrqrplhv reylrxvo| kdyh wkh f0jdph surshuw|> wkrvh zlwk sxuh
sxeolf jrrgv pljkw qrw1 Wkrvh zlwk frdolwlrq surgxfwlrq dqg orfdo sxeolf jrrgv udlvh
prghoolqj dqg lqwhusuhwdwlrq sureohpv frqfhuqlqj wkhlu �f0jdphqhvv�> wklv zloo eh
glvfxvvhg odwhu1

Dv lqglfdwhg deryh/ lq wklv sdshu zh dqdo|}h uhsolfdwlrq vhtxhqfhv ri hfrqrplhv �
rqhv zlwk d �{hg qxpehu ri w|shv ri djhqwv dqg lqfuhdvlqj qxpehuv ri djhqwv ri hdfk
w|sh1 Wr h{whqg wkh dqdo|vlv wr hfrqrplhv zlwk d frqwlqxxp ri djhqwv ru zlwk vlpso|
d �odujh� qxpehu ri djhqwv dsshduv wr srvh gl�huhqw sureohpv wkdq h{whqvlrqv ri wklv
qdwxuh iru sulydwh jrrgv h{fkdqjh hfrqrplhv143 Wkh whfkqlfdo uhvxowv lq wklv sdshu
duh edvhg rq uhvxowv frqfhuqlqj qrq0hpswlqhvv dqg frqyhujhqfh ri dssur{lpdwh fruhv
ri odujh uhsolfd jdphv +jdphv zlwk d �{hg glvwulexwlrq ri d �qlwh qxpehu ri sod|hu
w|shv,1 Wkh h{whqvlrq ri wkh dqdo|vlv wr hfrqrplhv zlwk d odujh qxpehu ri djhqwv
+exw qrw qhfhvvdulo| uhsolfd hfrqrplhv, frxog/ zh eholhyh/ eh fduulhg rxw li uhvxowv

9Vrph looxvwudwlrqv ri vxfk frqyhujhqfh duh ghprqvwudwhg lq Erhkp +4<:7, iru hfrqrplhv zlwk
frdolwlrq surgxfwlrq dqg lq Zrrghuv +4<;3d/4<;4e, iru rqhv zlwk orfdo sxeolf jrrgv1 Vhh dovr Ehqqhww
dqg Zrrghuv +4<:<, zkhuh wkh uhvxowv ri Zrrghuv +4<:<, duh dssolhg wr txhvwlrqv ri �up irupdwlrq1
Iru pruh uhfhqw uhvxowv vhh/ iru h{dpsoh/ Frqoh| dqg Zrrghuv +4<<;d, dqg uhihuhqfhv wkhuhlq1

:Iru wkh pdunhw h{solflwo| frqvwuxfwhg e| Vkdsoh| dqg Vkxeln zkhuh wkhuh lv rqo| rqh sod|hu ri
hdfk w|sh/ wkh htxlydohqfh ri wkh fruh dqg wkh htxloleulxp rxwfrphv krogv lq �qlwh hfrqrplhv1 Wklv
lv qr orqjhu wuxh lq wkh vhwwlqj ri rxu prgho1 Exw lq wkh olplw/ fruh0htxloleulxp htxlydohqfh rewdlqv1
Vhh Zrrghuv +4<<7d/e, iru uhodwhg uhvxowv1

;Vhh Urvhqwkdo +4<:9,1
<Vhh Vkxeln +4<;5/ ss1 4630464/ 687,1

43Vlqfh wklv sdshu zdv zulwwhq/ vrph vxfk uhvxowv kdyh ehhq rewdlqhg1 Vhh hvshfldoo| Ndqhnr dqg
Zrrghuv +4<;9, dqg Frqoh| dqg Zrrghuv +4<<;e, dqg ixuwkhu uhihuhqfhv lq wkhvh sdshuv1
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zhuh dydlodeoh iru odujh +qrw0qhfhvvdulo| uhsolfd, jdphv dqdorjrxv wr wkrvh iru odujh
uhsolfd jdphv144 Rxu sxusrvh lq wklv sdshu lv wr lqwurgxfh frqfhswv ri qhdu0pdunhw
hfrqrplhv dqg qhdu0pdunhw jdphv> lw lv qrw wr rewdlq wkh prvw jhqhudo uhvxowv wkdw
pljkw eh srvvleoh1

Wkh prghov duh dovr uhvwulfwhg wr rqhv zlwk d iuhho| wudqvihudeoh phglxp ri h{0
fkdqjh1 Dv kdv ehhq vkrzq/ vxfk d uhvwulfwlrq lv qrw qhfhvvdu|145

Lq Vhfwlrq 5 d pdwkhpdwlfdo vwuxfwxuh dqg dqdo|vlv iru qhdu0pdunhw jdphv lv suh0
vhqwhg1 Vhfwlrq 6 frqwdlqv rxu prgho ri d vhtxhqfh ri uhsolfd hfrqrplhv zkrvh ghulyhg
jdphv duh qhdu0pdunhw jdphv1 Vhfwlrq 7 ghdov zlwk wkh dssolfdwlrq dqg lqwhusuhwdwlrq
ri qhdu0pdunhw jdphv wrjhwkhu zlwk d forvhu h{dplqdwlrq ri wkh prghoolqj sureohpv
lqyroyhg1 Vhfwlrq 8 glvfxvvhv vrph ri wkh vxevhtxhqw olwhudwxuh rq pdunhw jdphv dqg
rq hfrqrplhv zlwk foxev1 Doo surriv duh frqwdlqhg lq wkh dsshqglfhv1

4161 Qhdu Pdunhwv

Lq wkh uhpdlqghu ri wklv sdshu zh dujxh wkdw iru odujh hfrqrplhv/ zlwk dssursuldwh
frqglwlrqv hvvhqwldoo| olplwlqj wkh h�hfwv ri h{whuqdolwlhv dqg lqglylvlelolwlhv/ qhdu0
pdunhw jdphv surylgh d ydoxdeoh wrro iru dqdo|vlv ri wkh �uvw vl{ fdvhv ghvfulehg lq
Wdeoh 41 Iru qrqorfdo sxeolf jrrgv zh vxjjhvw wkdw wkh sk|vlfdo frqglwlrqv uhtxluh
d gluhfw prghoolqj ri wkh yrwlqj ru rwkhu vrflr0srolwlfdo phfkdqlvp1 Wklv lv qrwhg lq
glvfxvvlrq ri vhyhudo vshfldo fdvhv lq Vhfwlrq 71

Hyhq wkrxjk rxu dqdo|vlv lv fduulhg rxw lq whupv ri jdphv zlwk vlghsd|phqwv
zh frqmhfwxuh wkdw li wkhuh h{lvwv d �txdvl0wudqvihudeoh� xwlolw| +l1h1/ d jrrg zklfk
lv glylvleoh/ dozd|v ghvludeoh dqg d vxevwlwxwh iru dq| rwkhu jrrg, rxu uhvxowv krog
vxevwdqwldoo|146

51 Qhdu0Pdunhw Jdphv

5141 Jdphv

Zh �uvw uhylhz vrph jdph0wkhruhwlf frqfhswv1
D jdph +zlwk vlghsd|phqwv, lv dq rughuhg sdlu +Q>y, zkhuh Q @ i4> = = = > qj lv d

�qlwh vhw/ fdoohg wkh vhw ri sod|huv dqg y lv d uhdo0ydoxhg ixqfwlrq pdsslqj vxevhwv ri
Q lqwr U. zlwk y+!, @ 31 Wzr sod|huv l dqg m duh vxevwlwxwhv li jlyhq dq| vxevhw
V ri Q zkhuh l @5 V dqg m @5V/ zh kdyh

y+V ^ ilj, @ y+V ^ imj,=
44Vrph vxfk uhvxowv kdyh ehhq rewdlqhg1 Vhh/ iru h{dpsoh/ Zrrghuv dqg ]dph +4<;7, dqg Nr0

ydohqnry dqg Zrrghuv +4<<:d/e,1
45 Lq wklv uhjdug/ vhh Zrrghuv +4<;4d, dqg Vkxeln dqg Zrrghuv +4<;4d/e,1 Wkh dvvxpswlrq ri

d iuhho| wudqvihudeoh phglxp ri h{fkdqjh vlpsol�hv wkh dqdo|vlv zkloh doorzlqj txlwh frpsoh{ hfr0
qrplf vxwdwlrqv1 Uhfhqw uhohydqw sdshuv lqfoxgh Nrydohqnry dqg Zrrghuv +4<<:d/e, dqg Frqoh| dqg
Zrrghuv +4<<;e,1

46Wklv frqmhfwxuh/ zkhq pdgh/ zdv edvhg rq wkh idfw wkdw dqdorjrxv ghyhorsphqw ri dssur{lpdwh
fruh wkhru| kdv ehhq fduulhg rxw iru jdphv zlwkrxw vlgh sd|phqwv +vhh Zrrghuv 4<;4d dqg Vkxeln
dqg Zrrghuv 4<;5e, dqg vrph uhvxowv lq wkh vslulw ri wkrvh khuhlq kdg ehhq rewdlqhg +vhh Zrrghuv
4<;3d/4<;4d,1 Uhfhqw uhohydqw uhvxowv lqfoxgh Frqoh| dqg Zrrghuv +4<<;e,1

8



D vxejdph +V> y, ri +Q>y, lv dq rughuhg sdlu frqvlvwlqj ri d qrq0hpsw| vxevhw V ri
Q dqg wkh ixqfwlrq y uhvwulfwhg wr vxevhwv ri V1 Wkh jdph +Q>y, lv vxshudgglwlyh
li iru doo glvmrlqw vxevhwv V dqg V3 ri Q / zh kdyh

y+V, . y+V3, � y+V ^ V3,=

D sd|r� iru wkh jdph lv d yhfwru E @ +E4> = = = > Eq, 5 Uq
./ wkh qrq0qhjdwlyh ruwkdqw

ri wkh q0irog Fduwhvldq surgxfw ri wkh uhdov1 D sd|r� E lv ihdvleoh li[
l5Q

El � y+Q,=

Jlyhq % � 3/ d sd|r� lv lq wkh +zhdn, %0fruh47 li lw lv ihdvleoh dqg li/ iru doo qrq0hpsw|
vxevhwv V ri Q / [

l5V

El � y+V, � % m V m

zkhuh m V m ghqrwhv wkh fduglqdo qxpehu ri wkh vhw V1 Zkhq % @ 3/ wkh %0fruh lv fdoohg
vlpso| wkh fruh1

Jlyhq d jdph +Q>y,/ ohw +Q>
�
y, ghqrwh wkh wrwdoo| edodqfhg fryhu ri +Q>y,> wkh

ixqfwlrq
�
y lv wkh vpdoohvw uhdo0ydoxhg ixqfwlrq vxfk wkdw/ iru doo qrq0hpsw| vxevhwv V

ri Q / wkh vxejdph +V>
�
y, kdv d qrq0hpsw| fruh dqg y+V, ��y +V,1

5151 Vhtxhqfhv ri Jdphv

D vhtxhqfh ri jdphv +Qu> yu,
4
u@4 lv vxshudgglwlyh li hdfk jdph +Qu> yu, lv vxshudg0

glwlyh1 Wkh vhtxhqfh lv shu0fdslwd erxqghg li wkhuh lv d frqvwdqw N/ lqghshqghqw
ri u/ vxfk wkdw

yu+Qu,@ m Qu m� N

iru doo u1
Ohw +Qu> yu,

4
u@4 eh d vhtxhqfh ri jdphv zkhuh/ iru vrph srvlwlyh lqwhjhu W / iru hdfk

u wkh vhw ri sod|huv Qu frqwdlqv uW sod|huv ghqrwhg e| Qu @ i+w> t, = w @ 4> = = = > W> t @
4> = = = > uj1 Iru hdfk u dqg hdfk w/ ohw ^w`u @ i+w> t, = t @ 4> = = = > uj1 Wkh vhtxhqfh lv d
vhtxhqfh ri uhsolfd jdphv li

+4, Qu �Qu.4 iru doo u>

+5, iru hdfk u dqg doo vxevhwv V ri Qu > yu+V, � yu3 +V, zkhqhyhu u3 � u>

+6, iru hdfk u dqg hdfk w doo sod|huv lq ^w`u duh vxevwlwxwhv iru hdfk rwkhu1

Qrwh wkdw srvlwlyh h{whuqdolwlhv duh doorzhg lq wkh vhqvh wkdw zkdw d frdolwlrq fdq
dfklhyh pd| lqfuhdvh zkhq wkh wrwdo sod|hu vhw lqfuhdvhv lq vl}h= Qhjdwlyh h{whuqdolwlhv
frxog dovr eh doorzhg1 Iru wkh sxusrvhv ri wklv sdshu/ zkdw lv fuxfldo lv wkdw wkh

vhtxhqfhv yu+Qu,
mQum

dqg yu+v,
mvm frqyhujh wr olplwlqj ydoxhv1 Wklv lv glvfxvvhg ixuwkhu lq

Vhfwlrq 81
47Wklv frqfhsw zdv lqwurgxfhg e| Vkdsoh| +4<99,1
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Wkurxjkrxw wkh iroorzlqj/ jlyhq d vhtxhqfh ri uhsolfd jdphv +Qu> yu,4u@4 zh gh�qh
^w`u dv deryh dqg fdoo wkh phpehuv ri ^w`u sod|huv ri w|sh w1 Zh dovr dvvxph wkhuh
duh W w|shv ri sod|huv dqg ghqrwh wkh vhw ri sod|huv Qu dv deryh1

Jlyh d vhtxhqfh ri uhsolfd jdphv +Qu> yu,4u@4 dqg d vxevhw V ri Qu iru vrph u/
gh�qh wkh yhfwru �+V, @ +v4> = = = > vW , e| lwv frruglqdwhv vw @m V _ ^w`u m> wkh yhfwru
�+V, lv fdoohg wkh sur�oh ri V dqg lv vlpso| d olvw ri wkh qxpehuv ri sod|huv ri hdfk
w|sh frqwdlqhg lq V1 Ohw L ghqrwh wkh W 0irog Fduwhvldq surgxfw ri wkh qrq0qhjdwlyh
lqwhjhuv1 Revhuyh wkdw iru dq| u dqg dq| vxevhw V ri Qu/ zh kdyh �+V, 5 L 1 Dovr/
vlqfh sod|huv ri wkh vdph w|sh duh vxevwlwxwhv/ li V dqg V3 duh wzr vxevhwv zlwk wkh
vdph sur�ohv wkhq iru dq| u vxfk wkdw V � Qu dqg V3 � Qu/ zh kdyh yu+V, @ yu+V3,1
Frqvhtxhqwo| wkh ixqfwlrq yu fdq eh frpsohwho| ghwhuplqhg e| d pdsslqj iurp d
vxevhw ri L wr wkh uhdov1 Lq wkh iroorzlqj/ jlyhq u dqg d sur�oh v ri d vxevhw ri Qu/
zh gh�qh yu+v, dv yu+V, iru dq| V � Qu zlwk �+V, @ v148 Jlyhq v 5 L zh zulwh

m v m@SW
w@4 vw vlqfh zkhq �+V, @ v/ zh kdyh m V m@SW

w@4 vw1
Zh vd| d vhtxhqfh ri jdphv vdwlv�hv wkh surshuw| ri �qhdu plqlpxp h!flhqw

vfdoh� +iru frdolwlrqv,/ QPHV/ li lw lv shu0fdslwd erxqghg1 Li wkh vhtxhqfh lv dovr
vxshudgglwlyh/ zh vd| wkh vhtxhqfh lv d vhtxhqfh ri qhdu pdunhw jdphv1

Zh uhpdun wkdw zkhq d vhtxhqfh ri uhsolfd jdphv lv shu0fdslwd erxqghg dqg

vxshudgglwlyh/ erwk
�
y +Qu,@ m Qu m dqg y+Qu,@ m Qu m frqyhujh dqg wr wkh vdph olplw1

Lq wklv fdvh/ iru u vx!flhqwo| odujh/ wkh shu0fdslwd jdlqv wr iruplqj d frdolwlrq odujhu
wkdq Qu duh �vpdoo1� Wklv prwlydwhv rxu whup �qhdu0plqlpxp h!flhqw vfdoh1�

D vhtxhqfh ri uhsolfd jdphv +Qu > yu,
4
u@4 lv dv|pswrwlfdoo| wrwdoo| edodqfhg li/

jlyhq dq| u/ dq| vxevhw V ri Qu/ dqg dq| % A 3/ wkhuh lv dq q� vxfk wkdw iru doo q � q�

zh kdyh
�
yqu +Vq,

m Vq m � yqu+Vq,

m Vq m ? %>

zkhuh yqu ghqrwhv wkh ixqfwlrq yu/ zlwk u3 @ qu dqg Vq lv dq| vxevhw ri Qu/ zlwk
�+Vq, @ q�+V,1 Lw fdq hdvlo| eh yhul�hg +dqg iroorzv iurp zhoo0nqrzq uhvxowv/ fi1 Vkds0
oh| +4<9:,,/ wkdw jlyhq dq| jdph +Q>y,/ zh kdyh

�
y +Q,

m Q m �
y+Q,

m Q m ? %

li dqg rqo| li wkh %0fruh ri wkh jdph lv qrq0hpsw|1 Frqvhtxhqwo|/ jlyhq dq| vxevhw V
ri Qu iru vrph u dqg dq| vhtxhqfh ri vxevhwv +Vq, vdwlvi|lqj wkh surshuwlhv uhtxluhg
deryh/ iru doo q vx!flhqwo| odujh wkh vxejdphv +Vq> yqu, kdyh qrq0hpsw| %0fruhv1

Wkh iroorzlqj wkhruhp surylghv vx!flhqw frqglwlrqv iru dv|pswrwlf wrwdo edodqfhg0
qhvv ri vhtxhqfhv ri uhsolfd jdphv1

Wkhruhp 5141 +Zrrghuv 4<;3e,149 Ohw +Qu> yu,4u@4 eh d vhtxhqfh ri qhdu pdunhw
jdphv1 Wkhq wkh vhtxhqfh lv dv|pswrwlfdoo| wrwdoo| edodqfhg1

48Wklv dexvh ri qrwdwlrq vkrxog fuhdwh qr frqixvlrq1 Zh qrwh wkdw zh w|slfdoo| ghqrwh vxevhwv e|
xsshu fdvh ohwwhuv dqg sur�ohv e| orzhu fdvh rqhv1

49Wklv uhvxow dovr iroorzv iurp Zrrghuv +4<;4d, vlqfh jdphv zlwk vlgh sd|phqwv duh d vshfldo fdvh
ri jdphv zlwkrxw vlgh sd|phqwv1

:



Iru d surri/ zh uhihu wkh uhdghu wr Zrrghuv +4<;3e/ Wkhruhp 6, ru Zrrghuv +4<<7e/
Wkhruhp 615,1

5161 Frqyhujhqfh ri Fruhv

Lq wkh uhpdlqghu ri wklv vhfwlrq/ zh frqvlghu frqyhujhqfh surshuwlhv ri %0fruhv ri
vhtxhqfhv ri uhsolfd jdphv1 Wkhvh uhvxowv duh iurp Zrrghuv +4<:</4<;3e,14:

Wkh qh{w wkhruhp vkrzv wkdw dv u jrhv wr lq�qlw| dqg % jrhv wr }hur/ lq �wkh
olplw�/ rqo| htxdo0wuhdwphqw sd|r�v duh lq wkh %0fruhv zkhuh dq htxdo wuhdwphqw

sd|r� { iru Qu kdv wkh surshuw| wkdw/ iru hdfk w/ {wt @ {wt
3

iru doo t dqg t31

Wkhruhp 5151 Zrrghuv +4<;3e,1 Ohw +Qu> yu,
4
u@4 eh d vhtxhqfh ri qhdu0pdunhw jdphv1

Wkhq/ jlyhq dq| � A 3 dqg dq| � A 3/ wkhuh lv dq %� dqg dq u� vxfk wkdw iru doo
% 5 ^3> %�` dqg iru doo u � u�/ li E lv lq wkh %0fruh ri +Qu > yu, wkhq

m i+w> t, 5 Qu = n Ewt �Ew n A �j m @u ? �

zkhuh Ew @
Su

t@4E
wt@u dqg n � n ghqrwh wkh devroxwh ydoxh1

Ohvv irupdoo|/ Wkhruhp 515 vwdwhv wkdw iru vpdoo % dqg odujh u/ dq| sd|r� lq wkh
%0fruh kdv wkh surshuw| wkdw wkh shufhqwdjh ri sod|huv zkrvh sd|r�v gl�hu vljql�fdqwo|
+e| pruh wkdq �, iurp wkh dyhudjh sd|r� iru wkhlu w|sh fdq eh pdgh duelwudulo| vpdoo
+ohvv wkdq �,1 Zh uhpdun wkdw vlqfh wkh wkhruhp krogv iru % � 3/ lw iroorzv wkdw
iru doo vx!flhqwo| odujh u dq| sd|r� lq wkh fruh ri wkh uwk edodqfhg fryhu jdph kdv
�qhduo|� wkh htxdo0wuhdwphqw surshuw|1 Iru d surri ri wkh uhvxow/ zh uhihu wkh uhdghu
wr Zrrghuv +4<;3e/ Wkhruhp 8, ru wr Zrrghuv +4<<7e/ Sursrvlwlrq D1415,1

Jlyhq d vhtxhqfh ri uhsolfd jdphv +Qu> yu,4u@4/ ohw E eh dq htxdo0wuhdwphqw sd|r�
lq wkh %0fruh ri +Qu> yu, iru vrph u dqg vrph % � 31 Vlqfh/ iru hdfk w> Ewt @ Ewt3

iru doo t dqg t3/ E fdq eh frpsohwho| ghvfulehg e| d yhfwru E 5 UW zkhuh/ iru hdfk
w> Ew @ Ewt iru +dq|, t1 Zh vd| wkdw E uhsuhvhqwv dq htxdo0wuhdwphqw sd|r� lq wkh
%0fruh ri +Qu > yu,1 Jlyhq % A 3/ iru hdfk u ohw

Eu+%, @ iE 5W = E uhsuhvhqwv dq htxdo wuhdwphqw

sd|r� lq wkh %� fruh ri +Qu> yu,j

1
Jlyhq % A 3/ ohw O+E+%,, ghqrwh wkh forvhg olplw4; ri wkh vhtxhqfh ri vhwv +Eu+%,,4u@41

Lq wkh dsshqgl{ lw lv vkrzq wkdw wklv olplw h{lvwv1 Gh�qh

D� @ _%A3O+E+%,,> +514,

4: Lq Zrrghuv +4<<5, wkh uhvxowv ri wklv vhfwlrq duh vkrzq wr krog iru sulydwh jrrgv h{fkdqjh
hfrqrplhv zlwk txdvl0olqhdu xwlolwlhv/

4;Vhh Kloghqeudqg +4<:7, / ss1 4804: iru d gh�qlwlrq dqg vrph surshuwlhv ri wkh forvhg olplw ri d
vhtxhqfh ri vhwv1

;



wkhq D� lv wkh dv|pswrwlf fruh ri +Qu > yu,1 Lqirupdoo|/ D� lv wkh olplw ri wkh %0fruhv
dqg E� 5 UW lv lq wkh dv|pswrwlf fruh li/ jlyhq dq| % A 3/ wkhuh lv d vhtxhqfh +E

%

u,
4
u@4

zkhuh E
%

u 5 Eu+%, iru hdfk u dqg E
%

u $ E� dv u jrhv wr lq�qlw|1
Jlyhq d vhtxhqfh ri uhsolfd jdphv/ +Qu > yu,4u@4/ ohw F+u, ghqrwh wkh vxevhw ri UW

zkhuh hdfk phpehu F ri F+u, uhsuhvhqwv dq htxdo0wuhdwphqw sd|r� lq wkh fruh ri wkh

edodqfhg fryhu jdph +Qu>
�
yu,1 Ohw O+F, ghqrwh wkh forvhg olplw ri wkh vhtxhqfh ri

vhwv +F+u,,4u@41
Dq h{dpsoh lq Zrrghuv +4<;3e, looxvwudwhv wkdw dssur{lpdwh fruhv gr qrw qhfhv0

vdulo| frqyhujh wr fruhv ri wkh fruuhvsrqglqj edodqfhg fryhu jdphv +ru wkh fruhv ri
wkh jdphv wkhpvhoyhv/ li qrqhpsw|,1 Wkh h{dpsoh lv vlpsoh= Ohw W @ 51 Iru v 5 L
gh�qh

y+v, @

�
plq iv4 � 4> v5j zkhq v4 � 4
3 rwkhuzlvh1

�
Ohw wkh sur�oh ri Q4 eh p @ +4>4,1 Wkh rqo| htxdo0wuhdwphqw sd|r� lq wkh fruh ri
wkh uwk uhsolfd jdph lv uhsuhvhqwhg e| + u�4

u
>3,= Lw iroorzv wkdw O+F, @ +4> 3,= Lw fdq

eh yhul�hg/ krzhyhu/ wkdw D� lv wkh vhw i+s4> s5, = s4 � 3/ s5 � 3 dqg s4 . s5 @ 4j=
Lqirupdoo|/ iru wkh %0fruh/ wkh idfw wkdw wkhuh lv dq �h{fhvv� sod|hu ri w|sh 4 lv yluwx0
doo| luuhohydqw/ exw wkh fruhv ri wkh jdphv ghshqg fuxwldoo| rq wkh h{dfw sursruwlrqv
ri sod|huv ri hdfk w|sh1 Dv vkrzq lq Zrrghuv +4<;3e,/ xqghu wkh dvvxpswlrq ri shu
fdslwd erxqghgqhvv/ wkh dv|pswrwlf fruh lv htxlydohqw wr wkh fruh ri d fhuwdlq frqwlq0
xxp olplw jdph/ zkhuh d vhw ri phdvxuh }hur fdq eh ljqruhg1 Iru wkh sxusrvhv ri wkh
fxuuhqw sdshu/ vlqfh zh gr qrw frqvlghu frqwlqxxp hfrqrplhv/ zh zloo rqo| dsshdo wr
wkh iroorzlqj frqyhujhqfh uhvxow1

Zh qrz vwdwh frqglwlrqv xqghu zklfk O+F, h{lvw dqg htxdo D�1 Zh vd| d vh0
txhqfh ri vxshudgglwlyh uhsolfd jdphv +Qu > yu,

4
u@4 kdv d plqlpxp h!flhqw vfdoh

iru frdolwlrqv/ PHV/ li wkhuh lv dq u� vxfk wkdw iru doo u � u� dqg u3 � u� zh kdyh
�
yu +Qu,@u @

�
yu3 +Qu3 ,@u1

4< Zh fdoo wkh uhsolfdwlrq qxpehu u� dq PHV erxqg +d
plqlpxp h!flhqw vfdoh erxqg,1 Zh uhpdun wkdw zkhq u� lv dq PHV erxqg iru wkh
vhtxhqfh/ jlyhq u A u� li E lv d sd|r� lq wkh fruh ri +Qu> yu, wkhq E kdv wkh htxdo0
wuhdwphqw surshuw|> wklv lv hdvlo| yhul�hg +dqg vkrzq lq Zrrghuv +4<:</ Wkhruhp 9,
dqg Zrrghuv +4<;6/ Wkhruhp 6, iru jdphv zlwkrxw vlgh sd|phqwv,1

Wkhruhp 5161 +Zrrghuv 4<:<e,1 Ohw +Qu > yu,4u@4 eh d vhtxhqfh ri qhdu0pdunhw
jdphv1 Li wkh vhtxhqfh kdv wkh PHV surshuw|/ wkhq O+F, h{lvwv dqg htxdov D�1

Vhh Zrrghuv +4<:<, ru +4<;3e/ Wkhruhp :, iru d surri1

61 Qhdu0pdunhw hfrqrplhv

6141 Lqwurgxfwlrq wr Qhdu0Pdunhw Hfrqrplhv

Lq wklv vhfwlrq zh ghyhors d prgho ri d vhtxhqfh ri uhsolfd hfrqrplhv zlwk sulydwh
jrrgv/ orfdo sxeolf jrrgv/ dqg frdolwlrq surgxfwlrq1 Plqlpdo uhvwulfwlrqv duh lpsrvhg

4<Dowhuqdwlyh irupxodwlrqv ri PHV duh frqwdlqhg lq Zrrghuv +4<:</4<;4d, dqg Vkxeln dqg Zrrghuv
+4<;5d,1

<



rq wkh prgho |hw zh duh deoh wr vkrz wkdw wkh vhtxhqfh ri ghulyhg jdphv lv vxshudggl0
wlyh dqg shu0fdslwd erxqghg dqg wkxv wkh vhtxhqfh lv dv|pswrwlfdoo| wrwdoo| edodqfhg1
Wkhuhiruh/ wkh fodvv ri uhsolfdwlrq hfrqrplhv zh frqvlghu duh qhdu0pdunhw hfrqrplhv
� iru odujh uhsolfdwlrqv wkh ghulyhg jdphv duh qhdu0pdunhw jdphv1

6151 Wkh Prgho

Ohw xv ehjlq zlwk dq lqirupdo glvfxvvlrq ri wkh prgho1 Wkhuh duh d �qlwh qxpehu W ri
sod|hu w|shv dqg/ lq wkh uwk jdph/ wkhuh duh u sod|huv ri w|sh w153 Wkhuh duh c sulydwh
frpprglwlhv dqg p sxeolf jrrgv1 Wkh xwlolw| ixqfwlrqv ri djhqwv duh gh�qhg ryhu
U
c.p
. 1 +Wklv lpsolhv wkdw suhihuhqfhv ri djhqwv duh xqd�hfwhg e| wkh phpehuvklsv

ri foxev1, D foxe vwuxfwxuh ri d vhw V ri djhqwv lv d froohfwlrq ri vxevhwv ri V/ fdoohg
foxev1 Iru hdfk vxevhw ri djhqwv/ wkhuh lv d jlyhq dgplvvleoh vhw ri foxe vwuxfwxuhv1
Lw pd| eh/ iru h{dpsoh/ wkdw wkh rqo| dgplvvleoh foxe vwuxfwxuh ri V lv d sduwlwlrq
ri V1 Dowhuqdwlyho|/ d foxe vwuxfwxuh pd| doorz dq djhqw wr ehorqj wr pdq| foxev1
Dgplvvleoh foxe vwuxfwxuhv duh uhtxluhg wr vdwlvi| fhuwdlq qdwxudo surshuwlhv1 Wkhvh
surshuwlhv lpso| wkdw wkh jdph ghulyhg iurp wkh hfrqrp| lv vxshudgglwlyh1 Jlyhq dq
dgplvvleoh foxe vwuxfwxuh/ hdfk foxe lq wkh vwuxfwxuh pd| surgxfh sxeolf jrrgv iru
wkh ehqh�w ri lwv phpehuv1 Wkh surgxfwlrq srvvlelolwlhv dydlodeoh wr d foxe ghshqg
rq wkh foxe vwuxfwxuh1 Dq| wzr foxev zlwk wkh vdph qxpehu ri sod|huv ri hdfk w|sh
kdyh wkh vdph surgxfwlrq whfkqrorj| dydlodeoh wr wkhp1 Vlplodulo|/ sulydwh jrrgv duh
surgxfhg e| �upv1 D �up vwuxfwxuh ri d vhw V ri djhqwv lv d froohfwlrq ri vxevhwv ri V1
Dgplvvleoh �up vwuxfwxuhv duh uhtxluhg wr vdwlvi| wkh vdph surshuwlhv dv dgplvvleoh
foxe vwuxfwxuhv1

D vhtxhqfh ri uhsolfd hfrqrplhv +Hu,
4
u@4 lv gh�qhg dv d vhtxhqfh ri vhswxsohv

Hu @ +Qu >U
c>Up

. >Xu>Zu> +Mu> ]u,> +Iu> \u,,

zkhuh=

Qu @ i+w> t, = w @ 4> = = = > W> t @ 4> = = = > uj lv wkh vhw ri djhqwv>
U
c
. lv wkh sulydwh frpprglw| vsdfh>

U
p
. lv wkh sxeolf frpprglw| vsdfh>

Xu @ ixwt = +w> t, 5 Quj lv dq lqgh{hg froohfwlrq ri xwlolw| ixqfwlrqv pdsslqj Up.c
.

lqwrU4
. zlwk wkh surshuw| wkdw iru vrph olqhdu ixqfwlrq O dqg vrph uhdo qxpehu

f zh kdyh xwt+{> |, � O+{> |, . f iru doo +{> |, lq Up.c
. dqg iru doo +w> t, lq Qu

dqg xwt @ xwt
3

iru doo t> t3 5 4> ===> u=

Zu @ izwt 5 Uc = +w> t, 5 Quj lv dq lqgh{hg froohfwlrq ri hqgrzphqw yhfwruv/
hdfk lq Uc

. +qr sxeolf jrrgv duh lqlwldoo| hqgrzhg, dqg zwt @ zwt3 iru doo
t> t3 5 4> ===> u>

+Mu>]u, lv d sdlu ri fruuhvsrqghqfhv/ zkhuh

53Wklv lv qrw dv uhvwulfwlyh dv lw pljkw vhhp/ vlqfh sod|huv ri wkh gl�huhqw w|shv pd| eh lghqwlfdo1
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Mu / fdoohg wkh doorzdeoh foxe vwuxfwxuh fruuhvsrqghqfh/ pdsv qrq0hpsw|
vxevhwv V ri Qu lqwr qrq0hpsw| vxevhwv ri V dqg

]u / fdoohg wkh sxeolf jrrgv surgxfwlrq fruuhvsrqghqfh/ pdsv vxevhwv V
ri Qu lqwr vxevhwv ri Up

. �Uc> dqg

+Iu > \u, lv dqrwkhu sdlu ri fruuhvsrqghqfhv zkhuh

Iu/ fdoohg wkh doorzdeoh �up vwuxfwxuhv fruuhvsrqghqfh/ pdsv qrq0hpsw|
vxevhwv V ri Qu lqwr froohfwlrqv ri vxevhwv ri V> dqg

\u / wkh sulydwh jrrgv surgxfwlrq fruuhvsrqghqfh/ pdsv qrq0hpsw| vxe0
vhwv V ri Qu lqwr vxevhwv ri Uc1

D qxpehu ri ixuwkhu vshfl�fdwlrqv duh pdgh rq wkh frpsrqhqwv ri d vhtxhqfh ri
uhsolfd hfrqrplhv=

+4, Qu � Qu.4 iru hdfk u>

+5, Iru hdfk w/ hdfk t dqg t3 lq it33 = t33 @ 4> = = = uj/ dqg doo u/ xwt @ xwt
3

> l1h1/ doo
djhqwv ri wkh vdph w|sh kdyh wkh vdph xwlolw| ixqfwlrqv dqg wkh vdph lqlwldo hq0
grzphqwv1 Dovr/ xwt+zwt> 3, A 3 iru doo +w> t, 5 Qu dqg iru doo u +wklv dvvxpswlrq
lv iru whfkqlfdo frqyhqlhqfh,>

+6, Jlyhq u dqg V � Qu / dqg M+V, 5 Mu+V,/ M+V, lv dq doorzdeoh foxe vwuxfwxuh

ri V1 Doorzdeoh foxe vwuxfwxuhv M+V, duh uhtxluhg wr vdwlvi| wkh surshuwlhv wkdw

+d, V � ^V35M+V,V3 +doorzdeoh foxe vwuxfwxuhv ri V fryhu V,

+e, li M+V, 5 Mu+V, dqg M+V3, 5 Mu+V3,/ zkhuh V dqg V3 duh qrq0hpsw|/ glvmrlqw
vxevhwv ri djhqwv/ wkhq iV33 � Qu = V33 5 M+V, ^ M+V3,j 5 Mu+V ^ V3,>

+f, jlyhq V � Qu dqg u3 � u/ li M+V, lv lq Mu+V,> wkhq M+V, lv lq Mu3+V,>
+g, li V dqg V3 duh qrq0hpsw| vxevhwv ri Qu zlwk wkh vdph sur�ohv/ wkhq

wkhuh lv d rqh0wr0rqh pdsslqj/ vd| #/ ri Mu+V, rqwr Mu+V3, vxfk wkdw li
#+M+V,, @ M+V3,/ wkhq wkh froohfwlrq ri sur�ohv ri phpehuv ri M+V, +qrw
doo qhfhvvdulo| glvwlqfw,/ htxdov wkrvh ri M+V3,1

Frqglwlrq +d, vlpso| hqvxuhv wkdw doorzdeoh foxe vwuxfwxuhv ri d vxevhw V
ri djhqwv fryhu V1 Frqglwlrq +e, hqvxuhv wkdw wkh jdph ghulyhg iurp wkh
hfrqrp| lv vxshudgglwlyh1 Frqglwlrq +f, hqvxuhv wkdw wkh srvvleoh foxe
vwuxfwxuhv ri d vxevhw ri djhqwv grhv qrw ghfuhdvh zkhq wkh vl}h ri wkh
hfrqrp| lqfuhdvhv/ dqg �qdoo|/ +g, lpsolhv wkdw dgplvvleoh foxe vwuxfwxuhv
ghshqg rqo| rq sur�ohv dqg qrw qdphv ri lqglylgxdo djhqwv1

Zh uhpdun wkdw lq Zrrghuv +4<;3d, wkh doorzdeoh foxe vwuxfwxuhv ri d vhw
ri djhqwv lv wkh vhw ri doo sduwlwlrqv ri djhqwv1 Wkh suhvhqw irupxodwlrq
ri doorzdeoh foxe vwuxfwxuhv lv vx!flhqwo| jhqhudo wr lqfoxgh wkh srvvlelolw|
wkdw Mu+V, lv wkh vhw ri doo sduwlwlrqv ri V dqg dovr wr lqfoxgh wkh srvvlelolw|
ri �ryhu0odsslqj� foxev +dq djhqw frxog srvvleo| ehorqj wr vhyhudo foxev
vlpxowdqhrxvo|,1
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+7, Wkh sxeolf jrrgv surgxfwlrq fruuhvsrqghqfh ]u lv uhtxluhg wr vdwlvi| wkh surs0
huwlhv wkdw

+d, jlyhq V � Qu dqg u3 A u> ]u+V, � ]u3+V,>

+e, li/ iru dq| u> V dqg V3 duh qrq0hpsw| vxevhwv ri Qu zlwk wkh vdph sur�ohv
wkhq ]u+V, @ ]u+V3,/ l1h1/ wkh surgxfwlrq srvvlelolw| vhw iru d vxevhw ri Qu

ghshqgv rqo| rq wkh sur�oh ri wkdw frdolwlrq>

+f, 3 5 ]u+V, iru doo qrq0hpsw| vxevhwv V ri Qu dqg iru doo u1

+8, Jlyhq d vxevhw V ri Qu/ doorzdeoh �up vwuxfwxuhv I +V, 5 Iu+V, duh uhtxluhg
wr vdwlvi| wkh vdph surshuwlhv dv doorzdeoh foxe vwuxfwxuhv/ l1h1/ +d,0+g, ri +6,
deryh1 Dovr/ wkh sulydwh jrrgv surgxfwlrq fruuhvsrqghqfh lv dvvxphg wr vdwlvi|
wkh vdph surshuwlhv dv wkh sxeolf jrrgv surgxfwlrq fruuhvsrqghqfh/ +d,0 +f, ri
+7, deryh1

Iru sulydwh jrrgv/ zh dovr gh�qh wkh djjuhjdwh surgxfwlrq fruuhvsrqghqfh1
Jlyhq u dqg V �Qu/ gh�qh

\ u+V, @
^

I +V,5Iu+V,

[
V35I +V,

\u+V
3, =

wkhq \ u+�, lv wkh uwk djjuhjdwh surgxfwlrq fruuhvsrqghqfh1 Qrwh wkdw \ u+�, lv
vxshudgglwlyh> jlyhq dq| wzr glvmrlqw/ qrq0hpsw| vxevhwv V dqg V3 ri Qu / zh kdyh
\ u+V, . \ u+V3, � \ u+V ^ V3,1

Wkh deryh frqvlvwv ri d ghvfulswlrq ri wkh frpsrqhqwv ri d vhtxhqfh ri uhsolfd
hfrqrplhv dqg phpehuv ri wkh vhtxhqfh1 Lq wkh iroorzlqj/ zh lqwurgxfh dgglwlrqdo
gh�qlwlrqv zklfk hqdeoh xv wr uhodwh surgxfwlrq ghflvlrqv wr frqvxpswlrq ghflvlrqv
dqg wr gh�qh ihdvleoh vwdwhv ri dq hfrqrp|1

Dq Qu0doorfdwlrq lv d yhfwru

+{> |, @ +{44> = = = > {Wu> |44> = = = > |Wu, 5 UWu+p.c,
.

zkhuh +{wt> |wt, lv d frpprglw| exqgoh iru wkh +w> t,wk djhqw1 Jlyhq dq| u dqg dq|
qrq0hpsw| vxevhw V ri Qu / dq V0doorfdwlrq lv dq Qu0doorfdwlrq zkhuh {wt @ 3 dqg
|wt @ 3 li +w> t, @5 V=

Jlyhq u dqg d qrq0hpsw| vxevhw V ri Qu / dq V0sulydwh jrrgv surgxfwlrq sodq

lv d yhfwru | 5 \ u+V,1
Lw lv srvvleoh/ dqg reylrxv/ wkdw zh frxog gh�qh dq djjuhjdwh sxeolf jrrgv sur0

gxfwlrq fruuhvsrqghqfh dqdorjrxvo| wr wkh gh�qlwlrq ri wkh djjuhjdwh sulydwh jrrgv
surgxfwlrq fruuhvsrqghqfh1 Krzhyhu/ ehfdxvh ri wkh �qrq0wudqvihudelolw|� ri sxeolf
jrrgv surgxfhg lq rqh foxe wr wkh phpehuv ri dqrwkhu foxe/ zh surfhhg gl�huhqwo|
lq gh�qlqj sxeolf jrrgv surgxfwlrq sodqv1 Lq sduwlfxodu/ zh nhhs wudfn ri wkh foxe
vwuxfwxuh dvvrfldwhg zlwk d sxeolf jrrgv surgxfwlrq sodq1 Jlyhq d qrq0hpsw| vxevhw
V ri Qu/ dq V0sxeolf jrrgv surgxfwlrq sodq lv dq rughuhg sdlu/

*+V, @ +M+V,>i+{V3 > }V3, 5 ]u+V
3, = V3 5 M+V,j,
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zkhuh M+V, 5 Mu+V,1
Jlyhq u dqg d qrq0hpsw| vxevhw V ri Qu/ dqg V0vwdwh ri wkh hfrqrp|/ h+V,/ lv

dq rughuhg wulsoh/
h+V, @ +|>*+V,> +{> |,,

zkhuh | lv d sulydwh jrrgv surgxfwlrq sodq iru V/ *+V, lv dq V0sxeolf jrrgv surgxfwlrq
sodq/ dqg +{> |, lv dq V0doorfdwlrq zkhuh

{wt @
[
wt5V3

V35M+V,

{3V > iru doo +w> t, 5 V

+wkh +w> t,wk djhqw frqvxphv wkh wrwdo rxwsxwv ri sxeolf jrrgv surgxfhg lq doo foxev
ri zklfk kh lv d phpehu,1 Wkh vwdwh lv V0ihdvleoh li[

+w>t,5V

+|wt �zwt, .
[

v35M+V,

}V3 @ |=

Dq Qu0vwdwh ri wkh hfrqrp| lv fdoohg vlpso| d vwdwh ri wkh uwk hfrqrp|/ ru/ zkhq
qr frqixvlrq lv olnho| wr dulvh/ vlpso| d vwdwh ri wkh hfrqrp|1

Jlyhq V � Qu/ ohw

Du+V, @ i+{> |, = wkhuh lv dq V0ihdvleoh vwdwh ri wkh hfrqrp|

zlwk dvvrfldwhg V0doorfdwlrq +{> |,j=
Wkh vhw Du+V, lv fdoohg wkh vhw ri V0dwwdlqdeoh doorfdwlrqv1

SurmVDu+V, � SurmVDu3 +V,

zkhuh SurmVDu33 +V, ghqrwhv wkh surmhfwlrq ri wkh vhw Du33+V, rqwr wkh vxevhw ri
U
mVm+p.c, dvvrfldwhg zlwk wkh phpehuv ri V iru dq| uhsolfdwlrq qxpehu u331

6161 Wkh Ghulyhg Jdphv

Zh qrz gh�qh wkh vhtxhqfh ri jdphv ghulyhg iurp wkh vhtxhqfh ri hfrqrplhv1
Jlyhq u dqg V � Qu/ gh�qh

yu+V, @ vxs
+{>|,5Du+V,

[
+w>t,5V

xwt+{wt> |wt, zkhq V 9@ ! dqg

yu+V, @ 3 rwkhuzlvh=

Revhuyh wkdw wkh sdlu +Qu> yu, lv d jdph zlwk vlghsd|phqwv1 Wkh jhqhudwlrq ri
d jdph zlwk vlghsd|phqwv suhvxphv/ dv xvxdo/ wkh h{lvwhqfh ri d iuhho| wudqvihudeoh
phglxp ri h{fkdqjh1 Wkhuh lv qr qhhg wr lqwurgxfh wklv h{solflwo|154 Lw lv vwudljkwiru0
zdug wr yhuli| wkdw wkh vhtxhqfh ri ghulyhg jdphv lv d vhtxhqfh ri uhsolfd jdphv1

54Wr h{solflwo| lqwurgxfh wkh phglxp ri h{fkdqjh/ dgg dqrwkhu sulydwh jrrg wr wkh frqvxpswlrq
vhw/ exw doorz wklv wr eh dfklhyhg lq qhjdwlyh dv zhoo dv srvlwlyh dprxqwv/ vr wkdw wkh frqvxpswlrq
vhw lv +�

n
f+6

n
f+ dqg wdnh wkh xwlolw| ixqfwlrqv dv e�|^E%c +c 1� ' �|^E%c +� n 1�
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6171 Qhdu0Pdunhw Hfrqrplhv

Zlwkrxw ixuwkhu uhvwulfwlrqv rq wkh hfrqrplhv/ lq sduwlfxodu rq surgxfwlrq/ wkhuh lv
qr dvvxudqfh wkdw wkh ghulyhg vhtxhqfh ri jdphv lv d vhtxhqfh ri qhdu0pdunhw jdphv1
Wkh uhvwulfwlrqv uhtxluhg duh/ lqirupdoo|/ wkdw srvlwlyh surgxfwlrq grhv qrw ehfrph
yluwxdoo| iuhh dv wkh hfrqrplhv ehfrph odujh1 Irupdoo|/ zh dvvxph

D41 Wkhuh lv d forvhg frqyh{ frqh \ � � Uc/ zlwk �Uc
. � \ � dqg \ � _Uc

. @ i3j/
vxfk wkdw \u+V, � \ � iru doo vxevhwv V ri Qu dqg iru doo u1

D51 Wkhuh lv d forvhg frqyh{ frqh ]� � U
p
. � Uc/ zlwk i3j � �Uc � ]� dqg

]� _Up
. �Uc

. @ i3j/ vxfk wkdw iru dq| u/ dq| qrq0hpsw| vxevhw V �Qu/ dqg
dq| doorzdeoh foxe vwuxfwxuh M+V, 5 Mu+V,/ zh kdyh[

V35M+V,

+{V3 > }V3, 5 i+{> }, 5 Up.c = +m V m {> }, 5 ]�j=

Wkh �uvw dvvxpswlrq lv fohdu1 Wkh vhfrqg lv wkdw wkhuh lv vrph vhw ]� vdwlvi|lqj
wkh surshuwlhv ri d vwdqgdug sulydwh jrrgv surgxfwlrq vhw dqg sxeolf jrrgv duh qhyhu
fkhdshu shu fdslwd wkdq sulydwh jrrgv zrxog eh li wkh| zhuh surgxfhg zlwk wkh sxeolf
vhw ]�1

Dq h{dpsoh ri surgxfwlrq fruuhvsrqghqfhv zklfk vdwlvi| D5 lq wkh rqh0sulydwh0
jrrg/ rqh0sxeolf0jrrg fdvh lv jlyhq e| wkh surgxfwlrq ixqfwlrqv { . }@ m V m @ 3
iru hdfk vxevhw V ri Qu dqg iru doo u zlwk Mu+V, htxdo wr wkh vhw ri sduwlwlrqv ri V1
Khuh wkh shu fdslwd frvwv ri wkh sxeolf jrrg/ lq whupv ri wkh lqsxwv/ lv frqvwdqw dqg
lqghshqghqw ri wkh vl}h dqg frpsrvlwlrq ri wkh foxe vwuxfwxuh1

Wr vhh zkdw D5 uxohv rxw/ vxssrvh doo frdolwlrqv kdyh wkh surgxfwlrq vhw ] ghwhu0
plqhg e| wkh surgxfwlrq ixqfwlrq { . } @ 3/ wkhuh lv rqo| rqh sulydwh jrrg dqg rqh
sxeolf jrrg/ dqg djdlq Mu+V, lv wkh vhw ri doo sduwlwlrqv ri V1 Wr vkrz wkdw D5 lv
qrw vdwlv�hg/ ohw {u @ 5@u dqg }u @ �+5@u, iru hdfk srvlwlyh lqwhjhu u1 Revhuyh wkdw
+{u > }u, 5 ]+V, iru doo V � Qu dqg iru doo u1 Fkrrvh d vhtxhqfh ri vxevhwv Vu � Qu

iru hdfk u vxfk wkdw m Vu m@ u1 Zh wkhq kdyh olp
u$4

m Vu m {u @ 5 dqg olp
u$4

}u @ 31 Wklv

frqwudglfwv D5 vlqfh ]� lv forvhg dqg ]� _U5
. @ i3j1

Wrjhwkhu/ wkh dvvxpswlrqv rq ]u dqg \u dqg wkh erxqghgqhvv deryh ri wkh xwlolw|
ixqfwlrqv +e| d olqhdu ixqfwlrq soxv d frqvwdqw, lpso| wkdw wkh vhtxhqfh ri ghulyhg
jdphv lv shu0fdslwd erxqghg1 Vlqfh wkh vhtxhqfh ri ghulyhg jdphv lv dovr vxshudggl0
wlyh/ lw lv d vhtxhqfh ri qhdu0pdunhw jdphv dqg dv|pswrwlfdoo| wrwdoo| edodqfhg1

Wkhruhp 6141 Ohw +Hu,4u@4 eh d vhtxhqfh ri uhsolfd hfrqrplhv vdwlvi|lqj D4 dqg D51
Wkhq wkh ghulyhg vhtxhqfh ri uhsolfd jdphv lv d vhtxhqfh ri qhdu0pdunhw jdphv dqg
lv dv|pswrwlfdoo| wrwdoo| edodqfhg1

Lq Dsshqgl{ 5/ zh vkrz wkdw wkh ghulyhg vhtxhqfh ri jdphv lv shu fdslwd erxqghg
dqg vxshudgglwlyh1 Wkhruhp 614 wkhq iroorzv dv d Fruroodu| wr Wkhruhp 5141 +Doo
wkhruhpv lq wklv vhfwlrq duh suryhq lq Dsshqgl{ 41,
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6181 Frqyhujhqfh ri %0Fruhv wr Fruhv

Zh qrz lpsrvh d ixuwkhu uhvwulfwlrq rq surgxfwlrq zklfk zloo kdyh wkh uhvxow wkdw wkh
ghulyhg vhtxhqfh ri jdphv kdv wkh PHV surshuw|1 Lqirupdoo|/ wkh dvvxpswlrq hqvxuhv
wkdw dq| vwdwh ri wkh hfrqrp| wkdw fdq eh lpsuryhg xsrq fdq eh lpsuryhg xsrq e|
d frdolwlrq erxqghg lq vl}h erxqghg lq vl}h e| �+Qu� , iru vrph u�=

Zh uhtxluh wkh iroorzlqj gh�qlwlrq= jlyhq u dqg +{> |, 5 Du+Qu, d shupxwdwlrq
e| w|shv ri +{> |, lv dq Qu0doorfdwlrq/ vd| +{3> |3, zkhuh iru hdfk w|sh w wkhuh lv d
rqh0wr0rqh pdsslqj ri i+{wt> |wt, = t @ 4 = = = > uj rqwr lwvhoi1 Qrwh wkdw vlqfh +{> |, lv
dq Qu0dwwdlqdeoh doorfdwlrq/ +{3> |3, lv dq Qu0dwwdlqdeoh doorfdwlrq1

D61 Wkhuh lv dq u� vxfk wkdw iru doo srvlwlyh lqwhjhuv q/ jlyhq u3 @ qu� iru vrph q
dqg +{> |, 5 Du3+Qu3,/ wkhuh lv d shupxwdwlrq e| w|shv ri +{> |,/ vd| +{3> |3,/ dqg
dq +{�> |�, 5 Du�+Qu� , zkhuh/ iru hdfk +w> t, 5 Qu� / zh kdyh xwt+{�wt> |�wt, �
xw

3t3+{3
w3t3

, iru doo +w3> t3, 5 Qu/ zlwk w3 @ w dqg t3 @ t>5t = = = > qt1

Lqirupdoo|/ D6 lv wkh dvvxpswlrq wkdw djhqwv fdq gr dv zhoo iru wkhpvhoyhv lq
frdolwlrqv zlwk sur�ohv ohvv wkdq ru htxdo wr �+Qu�, dv wkh| fdq lq frdolwlrqv zlwk
sur�ohv ohvv wkdq ru htxdo wr q�+Qu�,�lqfuhdvlqj uhwxuqv wr frdolwlrq vl}h duh h{kdxvwhg
e| hfrqrplhv zlwk sur�ohv ohvv wkdq ru htxdo wr wkdw ri Qu� 1

Wkhruhp 6151 Ohw +Hu,4u@4 eh d vhtxhqfh ri uhsolfd hfrqrplhv vdwlvi|lqj dvvxpswlrqv
D4 wr D61 Wkhq wkh ghulyhg vhtxhqfh ri uhsolfd jdphv +Qu> yu,4u@4 kdv wkh PHV
surshuw|1

Lw lv dq lpphgldwh frqvhtxhqfh ri Wkhruhpv 515/ 516/ dqg 615/ wkdw wkh %0fruhv
ri wkh ghulyhg jdphv +Qu> yu,4u@4 frqyhujh wr wkh fruhv ri wkh edodqfhg fryhu jdphv
dv u ehfrphv odujh/ l1h1/ iru wkh ghulyhg vhtxhqfh ri jdphv/ D� @ O+F,1 +Vlqfh zh
kdyh pdgh dq PHV dvvxpswlrq/ rqo| htxdo0wuhdwphqw sd|r�v duh lq wkh fruhv ri wkh
edodqfhg fryhu jdphv iru vx!flhqwo| odujh uhsolfdwlrqv1 Wkhruhp 515 hqvxuhv wkh
frqyhujhqfh ri wkh %0fruhv wr htxdo0wuhdwphqw sd|r�v1,

71 Wkh Iudphzrun ri wkh Prghov

Lq hvvhqfh/ zkhq wkh fruh ri d pdunhw jdph dvvrfldwhg zlwk dq h{fkdqjh hfrqrp| lv
vwxglhg wkh whfkqlfdo dqg lqvwlwxwlrqdo dvvxpswlrqv zklfk duh pdgh duh wkdw lqglylgxdo
rzqhuvkls ri doo hfrqrplf jrrgv lv uhfrjql}hg dqg wkdw doo jrrgv fdq eh wudqvihuuhg/
zlwkrxw frvwv ru whfkqlfdo gl!fxow|/ dprqj doo lqglylgxdov155 Lq sduwlfxodu/ lpsolflw
lq wkhvh dvvxpswlrqv lv wkdw wkh hfrqrplf uhdolw| fdq eh zhoo uhsuhvhqwhg e| wkh
fkdudfwhulvwlf ixqfwlrq1 Vkdsoh| dqg Vkxeln lq Vkdsoh| +4<:7, kdyh vxjjhvwhg wkh whup
�f0jdph� iru d prgho wkdw lv dghtxdwho| uhsuhvhqwhg dv d jdph e| lwv fkdudfwhulvwlf
ixqfwlrq dqg zh xvh wkdw whup khuh1 Dq h{fkdqjh hfrqrp| kdv wkh f0jdph surshuw|

55Zkhq zh glvfxvv wkh fruh khuh/ zh uhihu wr wkh fruh ri wkh pdunhw jdph dv frqvwudvwhg zlwk wkh
vhw ri xqgrplqdwhg glvwulexwlrqv ri uhvrxufhv lq wkh glvwuexwlrq vsdfh ri wkh hfrqrp| zklfk pds
lqwr wkh fruh ri wkh pdunhw jdph1 Wklv glvwlqfwlrq pd| qrw dsshdu wr eh ri pxfk lpsruwdqfh zkhq
frqvlghulqj h{fkdqjh hfrqrplhv/ exw lw lv khosixo zkhq zh frqvlghu pruh jhqhudo hfrqrplhv1
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vlqfh zkdw d frdolwlrq V fdq dfklhyh yld h{fkdqjh ri jrrgv dprqj wkh phpehuv ri V
lv lqghshqghqw ri h{fkdqjhv fduulhg rxw dprqj wkh phpehuv ri wkh frpsohphqwdu|
frdolwlrq V1

Wkh lqwurgxfwlrq ri lqglylvlelolwlhv ru rwkhu qrqfrqyh{lwlhv grhv qrwklqj wr lq x0
hqfh wkh f0jdph surshuw|1 Lw uhpdlqv uhdvrqdeoh wr dvvxph wkdw d vhw V fdq h{fkdqjh
dprqj lwv phpehuv lq dq| zd| wkh| ghvluh/ hyhq li wkh lwhpv duh lqglylvleoh1

Li zh dvvxph wkdw surgxfwlrq surfhvvhv pdqlihvw frqvwdqw uhwxuqv/ wkhq qr glv0
wlqfwlrq qhhg eh pdgh ehwzhhq lqglylgxdo ru mrlqw rzqhuvkls ri wkh whfkqrorj|1 Wkh
f0jdph surshuw| lv suhvhuyhg1 D jurxs V fdq surgxfh dqg h{fkdqjh dv lw sohdvhv
uhjdugohvv ri wkh dfwlrqv ri V1

Surgxfwlrq dqg h{fkdqjh zlwkrxw frqvwdqw uhwxuqv srvhv qhz sureohpv1 Li wkh
whfkqrorj| lv frpprqo| rzqhg zkr jhwv wr xvh lw �uvw qrz pdwwhuv1 Wklv fdq eh
dyrlghg e| pdnlqj wkh uhdvrqdeoh dvvxpswlrq wkdw lw lv rzqhg e| jurxsv/ fi1 Erhkp
+4<:7,/ Kloghqeudqg +4<:7,1

Lq wkh prghov xvhg suhylrxvo| dqg lq wklv sdshu/ wkh f0jdph surshuw| lv suhvhuyhg
ehwzhhq foxev exw qrw qhfhvvdulo| zlwklq jlyhq foxev1 Wkh ihdvleoh frqvxpswlrqv/ sur0
gxfwlrqv/ dqg h{fkdqjhv ri wkh phpehuv ri d froohfwlrq ri foxev/ dfwlqj dv d frdolwlrq/
lv lqghshqghqw ri wkh dfwlrqv ri wkh frpsohphqwdu| froohfwlrq ri foxev> wklv lv ehfdxvh
wkhuh duh qr �vsloo0ryhuv� ri wkh sxeolf jrrgv ehwzhhq foxev1 Zlwklq d foxe/ zkdw d
vxevhw ri djhqwv fdq frqvxph fdq eh d�hfwhg e| wkh dfwlrqv ri wkh rwkhu phpehuv ri
wkh foxe> wkh sxeolf jrrgv duh �sxuh� sxeolf jrrgv zlwklq wkh foxe1 Krzhyhu/ iurp
wkh ylhzsrlqw ri wkh vwxg| ri wkh fruh/ lw lv wkh f0jdphqhvv ehwzhhq foxev wkdw lv
uhohydqw1

Dv zh glvfxvvhg lq wkh lqwurgxfwlrq/ wkh prghoolqj ri sulydwh jrrgv h{fkdqjh
hfrqrplhv dv jdphv lq fkdudfwhulvwlf ixqfwlrq irup lv �qdwxudo� � wkh hfrqrplhv kdyh
wkh f0jdph surshuw|1 Iru foxe hfrqrplhv/ ehfdxvh surgxfwlrq whfkqrorjlhv duh dvvr0
fldwhg zlwk jurxsv dqg ehfdxvh h{foxvlrq lv srvvleoh +dqg dovr pd| zhoo eh ghvludeoh
iurp wkh srlqw ri ylhz ri rswlpdolw|, lq frqvxpswlrq ri orfdo sxeolf jrrgv/ zh kdyh
wkh vhw0xs ri d f0jdph> iurp wkh srlqw ri ylhz ri wkh vwxg| ri wkh fruh/ wkh dssursuldwh
frqvwuxfwlrq ri wkh fkdudfwhulvwlf ixqfwlrq lv reylrxv1

Iru sxuh sxeolf jrrgv/ dv zh kdyh dujxhg/ dgglwlrqdo vshfl�fdwlrqv pxvw eh pdgh
wr frqvwuxfw wkh fkdudfwhulvwlf ixqfwlrq1 Lw qhhgv wr eh vshfl�hg zkr kdv dffhvv wr
zkdw whfkqrorj| +rqh frxog xvh d frdolwlrq surgxfwlrq prgho/ iru h{dpsoh, dqg zkdw
d frdolwlrq fdq frqvxph ri wkh sxeolf jrrgv surgxfhg e| wkh frpsohphqwdu| frdolwlrq1

7141 Wkh Ilup dqg Uhsolfdwlrq

Prghoolqj gl!fxowlhv wkdw dulvh lq wuhdwlqj surgxfwlrq +dqg dovr sxeolf jrrgv, fdq
eh looxvwudwhg e| h{dplqlqj wkh dowhuqdwlyh zd|v ri uhsolfdwlqj dq h{wuhpho| vlpsoh
h{dpsoh1

Zh ehjlq e| xwlol}lqj d vlpsoh h{dpsoh wr looxvwudwh prghoolqj gl!fxowlhv �qhvvhg
e| wkh dvvxpswlrq ri jurxs surgxfwlrq dqg krz wr frqvwuxfw d vhtxhqfh ri uhsolfdwhg
hfrqrplhv jlyhq jurxs surgxfwlrq1

Vxssrvh wkdw dq lqglylgxdo l kdv dq lqlwldo hqgrzphqw ri +4>3> vl, zkhuh wkh �uvw
lwhp lv dq lqglylgxdoo| rzqhg jrrg zklfk fdq eh xvhg dv dq lqsxw wr surgxfh wkh
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vhfrqg jrrg1 Wkhuh lv rqh �up zklfk surgxfhv wkh vhfrqg jrrg zlwk d surgxfwlrq
ixqfwlrq jlyhq e| | @

s
{ zkhuh | lv wkh rxwsxw dqg { @

Sq
l@4 {l lv wkh wrwdo lqsxw1

Wkh xwlolw| ixqfwlrq ri dq lqglylgxdo l lv jlyhq e| Xl+{l> |l, @ |l zkhuh | @
Sq

l@4 |l1
Wkh rzqhuvkls vkduh ri wkh �up e| lqglylgxdo l lv vl dqg

Sq

l@4 vl @ 41 Ohw s eh wkh
sulfh ri wkh rxwsxw dqg �{ wkh sulfh ri wkh lqsxw dv rqh1

Wkh pdqdjhu ri wkh �up zloo dwwhpsw wr pd{lpl}h

� @ s
s
{� { zkhuh 3 � {l � 4

dqg hdfk lqglylgxdo l zloo dwwhpsw wr pd{lpl}h

|l vxemhfw wr {l . vl� @ s|l=

Wkxv {l @ 4 dqg s @ 5
s
q> khqfh � @ q dqg | @

s
q1

Qrz 3 � vl � 4> wkxv/ ghshqglqj xsrq wkh glvwulexwlrq ri vkduhv dq lqglylgxdo l
frxog rewdlq |l zkhuh

4

5
s
q
� |l � q. 4

5
s
q
=

Vxssrvh wkdw wkh ruljlqdo hfrqrp| zdv ri vl}h q @ < zlwk rqo| rqh w|sh ri djhqw1 Li
d w|sh kdv erwk xwlolw| ixqfwlrqv dqg hqgrzphqwv wkh vdph iru doo phpehuv zh uhtxluh
wkdw vl @ 4@<1 Dw wklv srlqw zh kdyh wr ghflgh krz wr ghvfuleh wkh fkdudfwhulvwlf
ixqfwlrq iru wklv jdph dqg ixuwkhupruh zh qhhg wr ghvfuleh krz wr fdofxodwh wkh
fkdudfwhulvwlf ixqfwlrqv iru wkh jdphv dulvlqj iurp wkh uhsolfdwhg hfrqrp|1

Dowhuqdwlyh 41 Vkduhv duh ljqruhg/ dq| vxejurxs pd| xvh wkh whfkqrorj|1 Khuh
wkh jdph lv lpphgldwho| lqhvvhqwldo/ wkh fkdudfwhulvwlf ixqfwlrq56 lv jlyhq e|
i+v, @ v> v @ 3>4> = = = ><1 Wklv lv htxlydohqw wr fuhdwlqj q lqghshqghqw whfkqror0
jlhv1

Dowhuqdwlyh 51 D vlpsoh pdmrulw| dw ohdvw lv uhtxluhg wr rshudwh wkh �up1 Wkh
jdph ehfrphv

i+v, @ 3 iru v � q@5
@
s
v iru q@5 ? v � q=

Wklv jdph kdv qr fruh dv fdq eh vhhq iurp Iljxuh 41

Dowhuqdwlyh 61 Xqdqlplw| lv uhtxluhg wr rshudwh wkh �up1 Wkh jdph ehfrphv

i+v, @ 3 iru 3 � v � q � 4
@
s
q iru v @ q=

Khuh doo lpsxwdwlrqv duh lq wkh fruh1

56Iru d w|sh v|pphwulf jdph lqvwhdg ri xvlqj wkh qrwdwlrq �E7� wr vwdqg iru wkh dprxqw redlqhg
e| wkh vhwv ri djhqwv zh fdq xvh sEr� zkhuh r ' �7� dv doo frdolwlrqv ri wkh vdph vl}h rewdlq wkh vdph
dprxqw1
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Iljxuh 714=

Dowhuqdwlyh 71 Dq| vlpsoh pdmrulw| fdq xvh wkh surgxfwlrq ixqfwlrq/ exw lw fdq
rqo| wdnh wkh surgxfw lq sursruwlrq wr lwv vkduhv

i+v, @ 3 iru v � q@5

@
v

q

s
v iru

q

5
? v � q

Lw lv hdv| wr fkhfn wkdw wklv kdv d fruh1

Zh qrz wxuq wr uhsolfdwlrq1 Zkdw gr zh phdq e| d uhsolfdwlrq ri wkh < djhqwv/ 4
�up hfrqrp|B Zh pd| frqvlghu dw ohdvw wzr w|shv ri uhsolfdwlrq1 Lq wkh �uvw wkhuh lv
vwloo rqh �up exw zh uhsolfdwh wkh qxpehu ri djhqwv dqg vkduhv1 Wkxv wkh hqgrzphqwv
lq wkh uwk uhsolfdwlrq ehfrph +4>3> 4@<u, zkhuh dowkrxjk doo lqglylgxdov pd| kdyh wkh
vdph qxpehu ri vkduhv dv suhylrxvo|/ wkh shufhqwdjh rzqhuvkls ri wkh �up kdv jrqh
grzq e| o@u1 Lq wkh vhfrqg irup ri uhsolfdwlrq wkh �upv duh lqfuhdvhg dv zhoo1 Dw wklv
srlqw zh pd| zlvk wr frqvlghu wkh glvwlqfwlrq ehwzhhq jlylqj doo djhqwv d sruwirolr lq
hdfk �up/ ru hqodujlqj wkh qxpehu ri w|shv1 Iru h{dpsoh/ iru rqh uhsolfdwlrq gr zh
frqvlghu rqh w|sh zlwk +4>3>4@5q> 4@5q, zkhuh wkh odvw wzr hqwulhv lqglfdwh vkduhv lq
wkh wzr �upv ru gr zh frqvlghu wzr w|shv zlwk +4> 3>4@q> 3, dqg +4> 3> 3>4@q,B

Uhsolfdwlrq 41 Wkhuh lv rqo| rqh �up/ uhjdugohvv ri wkh uhsolfdwlrq qxpehu1 Wkh
fkdudfwhulvwlf ixqfwlrq ehfrphv

i+v, @ 3 iru v � qu@5
@
s
v iru qu@5 ? v � qu

iru wkh vlpsoh pdmrulw| fdvh1 Wkhuh lv qr fruh1 Pruhryhu/ jlyhq dq| % A 3 wkhuh
lv dq q3 vxfk wkdw iru doo q juhdwhu wkdq q3/ wkh jdph kdv dq hpsw| %0fruh1 Wkh
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vhtxhqfh ri jdphv zlwk q @ 4> 5> = = = lv qrw d vhtxhqfh ri uhsolfd jdphv vlqfh wkh
sd|r� wr d jlyhq frdolwlrq hyhqwxdoo| ghfuhdvhv dv wkh vhw ri sod|huv frqwdlqlqj
wkdw frdolwlrq ehfrphv odujh1

Uhsolfdwlrq 5d1 +�edodqfhg sruwirolr�,

i+v, @ 3 iru v � qu@5

@ u
s
v@u iru qu@5 ? v � qu

Wklv vhtxhqfh ri jdphv kdv fruhv ru %0fruhv dqg lv d vhtxhqfh ri uhsolfd jdphv1

Uhsolfdwlrq 5e1 +gl�huhqw w|shv,

i+v4> v5> = = = > vu, @ s

vSu
m@4 �mvm

s
zkhuh �m @ 4 li vm ? q@5

@ 3 li vm � q@5

dqg s @
u[

m@4

�m=

Wklv vhtxhqfh ri jdphv kdv d fruh ru %0fruh1

7151 Wkh Ilup dv d Orfdo Sxeolf Jrrg

Zh frxog lqwhusuhw wkh h{dpsoh lq 714 lq whupv ri d orfdo sxeolf jrrgv dqg hqgrjhqrxv
foxev1 Frqvlghu dq hfrqrp| ri vl}h q zlwk d plqlpdo vl}h foxe ri < zkhuh hdfk
lqglylgxdo kdv dq lqlwldo hqgrzphqw ri +4> 3,/ wkh �uvw lwhp lv d sulydwh jrrg zklfk
fdq eh frqyhuwhg wr d sxeolf jrrg dffruglqj wr | @

sS
{l1 Wkh xwlolw| ixqfwlrq iru

hdfk lqglylgxdo l lv Xl+{l> |> v, @ |@v zkhuh v lv wkh qxpehu ri lqglylgxdov lq d foxe1
Lw lv hdv| wr vhh wkdw wklv irupxodwlrq ohdgv wr wkh irupdwlrq ri dv pdq| < shuvrq

foxev dv srvvleoh1 Li q @ 3< wkhuh lv d fruh/ rwkhuzlvh dq %0fruh1 Ixuwkhupruh lpsolflw
lq wklv irupxodwlrq lv wkh lghd wkdw doo lqglylgxdov ri wkh vdph w|sh kdyh dq htxdo vkduh
ri wkh foxe wr zklfk wkh| ehorqj1 Wkxv wkh dqdorjxh zlwk wkh frusrudwh hfrqrp| fdq
eh frpsohwhg e| frqvlghulqj vkduhv lq foxev1

7161 Wkh Sxuh Sxeolf Jrrg

Wkh h{dpsoh qrwhg lq 815 fdq eh h{whqghg wr dq h{dpsoh looxvwudwlqj d sxuh sxeolf
jrrg e| uhsodflqj Xl+{l> |l, @ |l/ e| X+{l> |, @ | zkhuh | @

sS
{l

l

1

Vxssrvh wkdw qr vxejurxs vpdoohu wkdq < fdq surgxfh1 Wkhq

i+v, @ 3 iru v ? <
@ v

s
v iru v � <=

Wklv jdph kdv d odujh qrqfrqyhujlqj fruh1 Qrwh dovr wkdw wkh vhtxhqfh ri ghulyhg
jdphv grhv qrw vdwlvi| wkh qhdu0plqlpxp h!flhqw vfdoh surshuw|1
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7171 Wkh iudphzrun uhylvlwhg

Wkh deryh glvfxvvlrq pd| lqglfdwh wkdw zkhq zh frqvlghu vhtxhqfhv ri hfrqrplhv/ wkh
f0jdph surshuw| zlwklq d �{hg hfrqrp| grhv qrw qhfhvvdulo| lpso| vhoi vx!flhqf|/
wkdw zkdw d frdolwlrq fdq dfklhyh lv lqghshqghqw ri wkh hfrqrp| lq zklfk lw lv hp0
ehgghg1 Lq idfw/ wkh prgho ri wklv sdshu grhv qrw qhfhvvdulo| vdwlvi| vhoi0vx!flhqf|
� zkdw d frdolwlrq fdq dfklhyh pd| lqfuhdvh dv wkh vl}h ri wkh hfrqrp| lq zklfk lw lv
hpehgghg lqfuhdvhg1 Zkdw lv fuxfldo iru rxu uhvxowv lv wkdw/ iru hdfk frdolwlrq V/ wkh
olplw olp yu+Qu,@u h{lvwv dqg/ iru hdfk u dqg hdfk V � Qu wkh olplw olpu3 yu3+V, h{lvwv1
Wkxv/ zlghvsuhdg qhjdwlyh h{whuqdolwlhv frxog eh doorzhg1 Iru h{dpsoh/ frqvlghu d
jdph zkhuh doo sod|huv duh lghqwlfdo exw iru dq| jlyhq frdolwlrq V dqg iru u vx!flhqwo|

odujh vr wkdw V � Qu >
yu+V,
mVm ghfuhdvhv wr mVm dv u jurzv odujh1 Vxfk vlwxdwlrqv frxog eh

dffrpprgdwhg dw wkh frvw ri pruh frpsoh{lw| ri wkh prgho1

81 Uhfhqw olwhudwxuh

Zkloh wkh frqyhujhqfh uhvxowv lq wklv sdshu iru hfrqrplhv zlwk foxev duh vwloo qryho/
vlqfh wkh sdshu zdv zulwwhq lq 4<;5 d qxpehu ri uhodwhg uhvxowv kdyh dsshduhg lq wkh
olwhudwxuh dqg wkh uhdghu pd| zlvk vrph vrph xsgdwhg glvfxvvlrq dqg uhihuhqfhv1

Wkh qrqhpswlqhvv ri %0fruhv ri odujh jdphv zlwk vlgh sd|phqwv dqg zlwk d �{hg
glvwulexwlrq ri sod|hu w|shv uhsruwhg lq wklv sdshu kdv ehhq h{whqghg wr krog xqlirupo|
iru doo jdphv ghulyhg iurp suhjdphv zlwk d frpsdfw phwulf vsdfh ri sod|hu w|shv
+Zrrghuv dqg ]dph 4<;7/ Zrrghuv 4<<5d,157 D suhjdph lv d sdlu frqvlvwlqj ri d
frpsdfw phwulf vsdfh ri sod|hu w|shv dqg d zruwk ixqfwlrq/ dvfulelqj d sd|r� wr
dq| frdolwlrq ri sod|huv/ ghvfulehg e| wkhlu w|shv1 Wkh zruwk ri d frdolwlrq ghshqgv
frqwlqxrxvo| rq wkh w|shv ri wkh frdolwlrq phpehuv1 Wkh iudphzrun ri Zrrghuv dqg
]dph +4<;7,/ dv wkdw ri Zrrghuv +4<:<,/ krzhyhu/ lpsrvhv vhoi0vx!flhqf| � zkdw
d frdolwlrq fdq dfklhyh pxvw eh lqghshqghqw ri wkh wrwdo sod|hu vhw lq zklfk lw lv
hpehgghg1 Wklv lv hvvhqwldo iru wkh xqliruplw|58 ri wkh uhvxow ri Zrrghuv dqg ]dph
+4<;7, dqg Zrrghuv +4<<5d,1

Wkh fxuuhqw sdshu dqg wkh sulru jdph0wkhruhwlf uhvxowv xvhg vxjjhvw wkdw wkhuh lv
d uhodwlrqvkls ehwzhhq plqlpxp h!flhqw vfdoh � wkdw doo jdlqv wr froohfwlyh dfwlylwlhv
fdq eh uhdol}hg e| jurxsv ri sod|huv erxqghg lq vl}h � dqg shu fdslwd erxqghgqhvv159

Lq idfw/ Zrrghuv +4<<7d, irupxodwhv dq �dssur{lpdwh� yhuvlrq ri PHV fdoohg vpdoo
jurxs h�hfwlyhqhvv � wkdw doo ru dprvw doo jdlqv wr froohfwlyh dfwlylwhv fdq eh uhdol}hg
e| jurxsv ri sod|huv erxqghg lq vl}h � dqg ghprqvwudwhv dq htxlydohqfh ehwzhhq
vpdoo jurxs h�hfwlyhqhvv dqg shu fdslwd erxqghgqhvv1 Zrrghuv +4<<7d/e, vkrzv wkdw

xqghu wkh frqglwlrq ri vpdoo jurxs h�hfwlyhqhvv/ wkh shu fdslwd sd|r� ixqfwlrq y+Q ,
mQ m

57Zrrghuv dqg ]dph +4<;7, uhtxluhv erxqghgqhvv ri pdujlqdo frqwulexwlrqv wr frdolwlrqv zkloh
Zrrghuv +4<<5d, uhtxluhv rqo| wkh ploghu frqglwlrqv ri vpdoo jurxs h�hfwlyhqhvv dqg shu fdslwd
erxqghgqhvv1

58Wkdw lv/ wkh uhvxow lv iru doo vx!fhqwo| odujh jdphv ghulyhg iurp d suhjdph udwkhu wkdq iru
vhtxhqfhv ri jdphv zlwk d �{hg glvwulexwlrq ri sod|hu w|shv1

59Wklv uhodwlrqvkls lv yhu| fohdu lq wkh surri whfkqltxh ri Zrrghuv +4<;3e,1 Hvvhqwldoo|/ vhtxhqfhv
ri jdphv vdwlvi|lqj shu fdslwd erxqghgqhvv duh dssur{lpdwhg e| vhtxhqfhv vdwlvi|lqj plqlpxp
h!flhqw vfdoh1
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frqyhujhv xqlirupo| wr wkh frqfdyh �xwlolw| ixqfwlrq� ri d fhuwdlq pdunhw jdph/ dqg
iru vpdoo % dqg odujh sod|hu vhwv Q / wkh fruh ri wkh pdunhw jdph dssur{lpdwhv wkh
%0fruh ri wkh jdph1

Wkhuh kdyh ehhq ixuwkhu dgydqfhv lq wkh foxe0wkhruhwlf olwhudwxuh/ hvshfldoo| lq
wkh duhd ri htxloleulxp dqg wkh htxlydohqfh ri wkh fruh dqg wkh vhw ri frpshwlwlyh
rxwfrphv1 Zh uhihu wkh uhdghu wr Frqoh| dqg Zrrghuv +4<<;d, dqg uhihuhqfhv wkhuhlq
iru d pruh xs0wr0gdwh vxuyh|1 Dv wkh zrun lq wkh fxuuhqw sdshu vxjjhvwv/ zkhq vpdoo
jurxsv ri sduwlflsdqwv fdq uhdol}h doo ru doprvw doo jdlqv wr froohfwlyh dfwlylwlhv/ wkhq
odujh hfrqrplhv duh frpshwlwlyh1

Wkh frqyhujhqfh ri dssur{lpdwh fruhv uhsruwhg lq wklv sdshu lv h{whqghg lq Zrrg0
huv +4<<5e, wr ghprqvwudwh wkdw lq hfrqrplhv zlwk vlgh0sd|phqwv +txdvl0olqhdu xwlol0
wlhv/ lq hfrqrplfv whuplqrorj|, fruh sd|r�v frqyhujh wr frpshwlwlyh sulfhv15: Dqrwkhu
vruw ri fruh frqyhujhqfh uhvxow zdv ghprqvwudwhg e| Hqjo dqg Vfrwfkphu +4<<4,11
Urxjko|/ wkhvh zulwhuv frqvlghu d vlwxdwlrq zkhuh sod|huv duh fkdudfwhul}hg e| wkhlu
dwwulexwhv/ uhsuhvhqwhg e| srlqwv lq d �qlwh0glphqvlrqdo Hxfolghdq vsdfh1 Dwwulexwhv
pd| eh/ iru h{dpsoh/ hqgrzphqwv ri frpprglwlhv dqg lq idfw/ wkhlu prgho lv htxly0
dohqw wr wkdw ri dq h{fkdqjh hfrqrp| zlwk txdvl0olqhdu xwlolwlhv1 Wkh| vkrz wkdw
xqghu dq dvvxpswlrq ri xqlirup frqyhujhqfh ri wkh shu fdslwd sd|r� ixqfwlrq/ lq shu
fdslwd whupv hsvlorq fruh sd|r�v wr odujh jurxsv ri sod|huv duh dssur{lpdwhg e| d
olqhdu ixqfwlrq rq dwwulexwh vsdfh1 Wr looxvwudwh wkh gl�huhqfhv lq dssurdfkhv ehwzhhq
Hqjo dqg Vfrwfkphu +4<<4, dqg wkh frqyhujhqfh uhvxowv uhsruwhg lq wkh fxuuhqw sd0
shu/ frqvlghu dq q0shuvrq jdph zkhuh doo shrsoh duh lghqwlfdo dqg dv q ehfrphv odujh/
y+q,
q

frqyhujhv wr {=5; Hqjo dqg Vfrwfkphu*v uhvxow lpsolhv wkdw iru doo vx!flhqwo|

odujh frdolwlrqv V li { lv lq wkh %0fruh/ wkhq
���{+V,mVm � {

��� lv �vpdoo�1 Pruh jhqhudoo|/ li

wkhuh duh W w|shv dqg sod|huv ri w|sh dqg { lv lq wkh %0fruh/ wkhq iru vrph s 5 UW

uhsuhvhqwlqj dq htxdo0wuhdwphqw sd|r� lq wkh %0fruh/

Hqjo0Vfrwfkphu=

����{+V,mVm � { � s
���� lv �vpdoo�1

Lq frqwudvw/ wkh uhvxowv ri wkh fxuuhqw sdshu dqg Zrrghuv* frqyhujhqfh uhvxowv doo
vkrz wkdw iru hdfk w/ iru �prvw� sod|huv l ri w|sh w/

Zrrghuv +4<;3e,= m{l � sw m lv �vpdoo�15<

H{dpsohv looxvwudwlqj ixuwkhu glvwlqfwlrqv ehwzhhq wkh frqyhujhqfh uhvxowv ri Hqjo dqg
Vfrwfkphu dqg wkrvh uhsruwhg lq wklv sdshu duh surylghg lq Zrrghuv +4<<5e,1 Zh
qrwh wkdw wkhuh lv d odujh olwhudwxuh rq frqyhujhqfh ri fruhv wr htxloleulxp rxwfrphv
lq hfrqrplhv zlwk sulydwh jrrgv rqo| zklfk lv rxwvlgh wkh vfrsh ri wkh fxuuhqw sdshu>
vhh Dqghuvrq +4<<5, iru d uhfhqw vxuyh|1

5: Lq wkh vdph frqwh{w/ Vkdsoh| dqg Vkxeln +4<99, vkrz qrqhpswlqhvv ri dssur{lpdwh fruhv1 Wkh|
surfhhg/ krzhyhu/ e| frqyh{li|lqj suhihuhqfhv udwkhu wkdq e| �edodqfli|lqj� ryhu vpdoo jurxsv/ dv lq
wkh uhvhdufk ri wklv dxwkru1 Lq dgglwlrq/ Vkdsoh| dqg Vkxeln gr qrw vkrz frqyhujhqfh wr dssur{lpdwh
fruhv/ dv lq Zrrghuv +4<;3e/4<<5,1

5; Lq vslulw/ wkh Hqjo0Vfrwfkphu uhvxow vkrzv frqyhujhqfh lq phdq zkloh rxu uhvxowv vkrz frqyhu0
jhqfh lq suredelolw|1
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Wkh uhvxow ri Hqjo dqg Vfrwfkphu +4<<4, pd| vxjjhvw wkdw lw lv srvvleoh wr kh0
grqlfdoo| sulfh dwwulexwhv ri sod|huv/ wkdw lv/ wr lqihu iurp fruh sd|r�v ydoxhv ri dw0
wulexwhv1 Krzhyhu/ khgrqlf sulflqj uhtxluhv khgrqlf lqghshqghqfh � wkdw wkh zruwk
ri d exqgoh ri dwwulexwhv htxdov wkh vxp ri wkh zruwkv ri wkh dwwulexwhv lq wkh exqgoh1
Frqoh| dqg Zrrghuv +4<<8, surylgh h{dpsohv vkrzlqj wkdw lq Wlherxw hfrqrplhv +ru
foxe hfrqrplhv, lq jhqhudo khgrqlf lqghshqghqfh lv qrw vdwlv�hg1

Dq dvshfw ri hfrqrplhv vdwlvi|lqj plqlpxp h!flhqw vfdoh wkdw lv qrw dgguhvvhg
lq wkh fxuuhqw sdshu lv �prqrwrqlflw|/� wkdw lv/ zkhq wkh dexqgdqfh ri sod|huv ri d
jlyhq w|sh lv lqfuhdvhg wkhq wkh fruh sd|r� wr sod|huv ri wkdw w|sh grhv qrw lqfuhdvh
dqg pd| ghfuhdvh1 Wklv zdv vxjjhvwhg lq Zrrghuv +4<:<, dqg lv vkrzq lq Vfrwfkphu
dqg Zrrghuv +4<;;,1 Zrrghuv +4<<5e/4<<7d, dovr surylghv uhodwhg uhvxowv/ doorzlqj
wkh dexqgdqfhv ri doo sod|hu w|shv wr fkdqjh vlpxowdqhrxvo|/ dqg ghprqvwudwhv wkdw
d vwurqjhu frqglwlrq ri �f|folf prqrwrqlflw|� lv vdwlv�hg1

D gl!fxow| zlwk wkh suhjdph iudphzrun/ xvhg lq wkh deryh sdshuv/ lv wkdw vhoi0
vx!flhqf| uxohv rxw hfrqrp|0zlgh h{whuqdolwlhv1 Pruhryhu/ wkh suhjdph vwuxfwxuh
kdv klgghq frqvhtxhqfhv1 Iru h{dpsoh/ wkh htxlydohqfh ri vpdoo jurxs h�hfwlyhqhvv
dqg shu fdslwd erxqghgqhvv grhv qrw qhfhvvdulo| krog rxwvlgh wkh suhjdph iudphzrun1
Wr ryhufrph wkhvh uhvwulfwlrqv/ uhfhqwo|/ Nrydohqnry dqg Zrrghuv +4<<:d, lqwurgxfhg
wkh iudphzrun ri sdudphwhul}hg froohfwlrqv ri jdphv zlwk dqg zlwkrxw vlgh sd|phqwv1
Wklv iudphzrun wuhdwv fodvvhv ri jdphv wkdw fdq eh ghvfulehg e| fhuwdlq sdudphwhuv=
+d, wkh qxpehu ri dssur{lpdwh w|shv ri sod|huv dqg d erxqg rq wkh glvwdqfh ehwzhhq
sod|huv ri wkh vdph dssur{lpdwh w|sh/ dqg +e, wkh vl}h ri qhdu0h�hfwlyh jurxsv ri
sod|huv dqg d erxqg rq krz forvh vxfk jurxsv pxvw eh wr ehlqj frpsohwho| h�hfwlyh1
Lq wklv iudphzrun/ wkh sd|r� wr d jurxs ri sod|huv qhhg qrw ghshqg rq wkh vl}h ri
wkh hfrqrp| lq zklfk wkh jurxs lv hpehgghg1 Wkxv/ zlghvsuhdg srvlwlyh ru qhjdwlyh
h{whuqdolwlhv duh doorzhg1 Pruhryhu/ xqlirup uhvxowv +wkdw lv/ uhvxowv iru doo odujh
jdphv/ udwkhu wkdq iru vhtxhqfhv, duh rewdlqhg1 Nrydohqnry dqg Zrrghuv +4<<:e,
dssolhv wkhlu jdph0wkhruhwlf uhvxowv wr d prgho zlwk foxev1 Xqolnh wkh fxuuhqw sdshu/
Nrydohqnry dqg Zrrghuv +4<<:e, doorzv djhqwv wr eh d�hfwhg e| wkh fkdudfwhulvwlfv ri
wkh phpehuvklsv ri wkh foxev wr zklfk wkh| ehorqj1 Nrydohqnry dqg Zrrghuv +4<<;,
hvwdeolvkhv prqrwrqlflw| ri fruh sd|r�v iru odujh jdphv zkhuh wkh uhvxowv duh vwdwhg
lq whupv ri wkh sdudphwhuv ghvfulelqj wkh sdudphwhul}hg froohfwlrq ri jdphv1

Ilqdoo|/ dqrwkhu lvvxh glvfxvvhg lq wkh fxuuhqw sdshu lv frqyhujhqfh ri wkh fruh wr
frpshwlwlyh rxwfrphv lq hfrqrplhv zlwk sxeolf jrrgv1 D vx!flhqw frqglwlrq iru wklv
frqyhujhqfh lv ghprqvwudwhg lq Frqoh| +4<<7,1

91 Dsshqgl{

Lq wklv dsshqgl{/ Wkhruhpv 614 dqg 615 duh suryhq1

Surri ri Wkhruhp 614
Wr suryh wkh wkhruhp/ zh qhhg rqo| suryh wkdw wkh vhtxhqfh ri jdphv ghulyhg

iurp wkh hfrqrplhv lv vxshudgglwlyh dqg shu0fdslwd erxqghg1 Lw lv vwudljkwiruzdug wr
yhuli| wkdw wkh vhtxhqfh lv vxshudgglwlyh> wkxv zh rplw wkh surri1

Wr suryh shu0fdslwd erxqghgqhvv ri wkh vhtxhqfh ri jdphv/ zh frqvwuxfw dqrwkhu
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vhtxhqfh ri hfrqrplhv/ vd| wkh �0hfrqrplhv/ vr wkdw wkh vhtxhqfh ri jdphv ghulyhg
iurp wkh �0hfrqrplhv/ ghqrwhg e| +Qu> y

�
u ,
4
u@4/ lv shu0fdslwd erxqghg dqg kdv wkh

surshuw| wkdw iru doo u dqg iru doo qrq0hpsw| vxevhwv V ri Qu/ zh kdyh yu+V, � y�u +V,1
Iru wkh �0hfrqrplhv/ zh ohw \ � eh wkh sulydwh jrrgv surgxfwlrq srvvlelolw| vhw

dydlodeoh wr doo frdolwlrqv V � Qu iru doo u1 Revhuyh wkdw iru dq| �up vwuxfwxuhv/ vd|
Iu+V, dqg I

3

u+V, zh kdyh [
V35Iu+V,

\ � @
[

V35I 3

u +V,

\ �

vr wkh �up vwuxfwxuh zloo eh luuhohydqw1 Ri frxuvh/ \u+V, � \ � dqg iru dq| �up
vwuxfwxuh I +V,>

S
V35I +V, \

� � \ �1

Jlyhq u dqg d vxevhw V ri Qu / gh�qh ]�+V, @ i+{> }, 5 Up.c = +m V m {> }, 5 ]�j1
Qrwh wkdw ]�+V, lv d forvhg frqyh{ frqh zlwk yhuwh{ i3j dqg i3j � �Uc

. � ]�+V,>
wklv iroorzv iurp wkh dvvxpswlrqv rq ]�1 Ohw *+V, @ +M+V,> i+{3V > }3V, 5 ]u+V

3, =
V3 5 M+V,j, eh dq V0sxeolf jrrgv surgxfwlrq sodq1 Iurp dvvxpswlrq D15/ wkhuh lv
dq +{> }, 5 ]�+V, vxfk wkdw

+d, iru hdfk +w> t, 5 V/ zh kdyh
[

iV35M+V,=+w>t,5V3j

{V3 � {/

dqg

+e,
[

V35M+V,

}3V � }1

Lqirupdoo|/ wkhuh lv dq +{> }, lq ]�+V, �dw ohdvw dv jrrg dv� dq| V0sxeolf jrrgv
surgxfwlrq sodq lq wkh vhqvh wkdw zlwk wkh surgxfwlrq srvvlelolw| vhw ]�+V,/ wkh
djhqwv fdq frqvxph dv pxfk ri wkh orfdo sxeolf jrrgv zkloh xvlqj qr pruh ri wkh
lqsxwv1 +Qrwh/ krzhyhu/ ehfdxvh djhqwv gr qrw qhfhvvdulo| kdyh prqrwrqlf lqfuhdvlqj
suhihuhqfhv iru wkh orfdo sxeolf jrrgv/ wkh| pljkw qrw suhihu wr kdyh pruh ri wkhp1,

Iru wkh sxusrvhv ri wklv wkhruhp/ zh fdq uhvwulfw rxu dwwhqwlrq wr vwdwhv ri wkh
�0hfrqrplhv zlwk dvvrfldwhg foxe vwuxfwxuhv ii+w> t,j = +w> t, 5 Quj vlqfh zlwk wklv foxe
vwuxfwxuh doo djhqwv fdq eh pdgh �dw ohdvw dv zhoo0r�� dv zlwk dq| rwkhu foxe vwuxfwxuh1
Wr vhh wklv/ jlyhq dq| u dqg dq| qrq0hpsw| vxevhw V ri Qu / ohw +{> }, 5 ]�+V, vr
+m V m {> }, 5 +],� dqg +{> }@ m V m, 5 ]�+i+w> t,j, iru hdfk +w> t, 5 V> wkxv zlwk wkh
foxe vwuxfwxuh ii+w> t,j = +w> t, 5 Quj hdfk djhqw lq V fdq frqvxph { dqg wrwdo lqsxwv
duh xqfkdqjhg1

Lq wkh �0hfrqrplhv/ wkh djhqwv zloo doo kdyh wkh vdph xwlolw| ixqfwlrqv1 Iru hdfk
u dqg iru doo +w> t, 5 Qu / gh�qh x

�wt+{> |, @ O+{> |, zkhuh O lv d olqhdu ixqfwlrq vxfk
wkdw xwt+{> |, � O+{> |, . f iru vrph frqvwdqw f iru doo +{> |, 5 Up

. .Uc
. dqg iru doo

+w> t, 5 Q41
Iru hdfk u dqg hdfk qrq0hpsw| vxevhw V ri Qu/ ohw D�u+V, ghqrwh wkh vhw ri V0

dwwdlqdeoh doorfdwlrqv iru wkh �0hfrqrplhv1
Iru hdfk u dqg doo qrq0hpsw| vxevhwv V ri Qu / gh�qh

y�u +V, @ vxs
+{>|,5D�u+V,

[
+w>t,5V

O�+{wt> |wt,=
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Wkh �qlwhqhvv ri wklv �vxs� lv hqvxuhg e| wkh olqhdulw| ri wkh ixqfwlrq O� dqg erxqg0
hgqhvv ri D�u+V,1 Dovr/

y�u +V, @ vxs
+{>|,5D�u+V,

O

3C[
wt5V

{wt>
[
wt5V

|wt

4D =

Ohw N eh d uhdo qxpehu vxfk wkdw N A y�4 +Q4,1 Zh zloo vkrz wkdw N lv d shu0
fdslwd erxqg iru wkh vhtxhqfh ri jdphv +Qu> y

�
u ,1 Vxssrvh qrw1 Wkhq wkhuh lv dq u

3 dqg
d ihdvleoh vwdwh ri wkh u3wk �0hfrqrp|/ vd| h�+Qu3, @ +|> M+Qu3 ,>i{V3 > }V3, 5 ]�+V3, =
V 5 M+Qu3,j,,> +{> |,,> vxfk wkdw O+

S
wt5Qu3

{wt>
S

wt5Qu3
|wt, A Nu3= Zh fdq dvvxph

zlwkrxw dq| orvv wkdw I +Qu3 , @ iQu3j dqg M+Qu3, @ ii+w> t, = +w> t, 5 Qu3j= Dovr zh
fdq dvvxph wkdw {wt @ {w

3t3 dqg |wt @ |w
3t3 iru doo +w> t, dqg +w3> t3, lq Qu3 = Zh fodlp

wkdw wkhuh lv dq +{3> |3, 5 D�4+Q4,= zlwk {3wt @ {wt dqg |3wt @ |wt iru doo +w> t, 5 Q4/
zklfk zloo |lhog d frqwudglfwlrq1 Vlqfh h�+Qu3 , lv ihdvleoh +iru wkh u3wk hfrqrp|,/ zh
kdyh | 5 \ �1 Revhuyh wkdw |@u3 5 \ �= Dovr/ iru vrph }wt iru hdfk +w> t, 5 Qu3 > zh
kdyh +{wt> |wt, 5 ]�+i+w> t,j,> dqg[

wt5Qu��

+|wt �zwt, .
[
wt5Qu��

}wt @ | +914,

vr [
wt5Q4

+|wt �zwt, .
[
wt5Q4

}wt @ |@u= +915,

Wklv suryhv rxu dvvhuwlrq wkdw +{3> |3, 5 D�4+Q4,= Exw wkhq

O+
S

wt5Q4
{3wt>

S
wt5Q4

|3wt, @

4
u3
O+
S

wt5Qu3
{wt>
S

wt5Qu3
|wt, A N

+916,

zklfk lv d frqwudglfwlrq1 Wkhuhiruh wkh vhtxhqfh +Qu > yu,
4
u@4 lv shu fdslwd erxqghg1

Vlqfh xwt+{> |, � O+{> \ ,.f iru doo +{> |, 5 Up
.�Uc

./ dqg iurp wkh frqvwuxfwlrq ri
wkh surgxfwlrq srvvlelolwlhv vhw iru wkh �0hfrqrplhv/ zh kdyh yu+Qu, � y�u +Qu,.f m Qu m
iru doo u1 Wkhuhiruh wkh vhtxhqfh +Qu> yu,4u@4 lv shu0fdslwd erxqghg1

Surri ri Wkhruhp 615

Jlyhq � A 3/ u� vdwlvi|lqj wkh frqglwlrqv ri D6/ dqg u3 @ qu� iru vrph srvlwlyh
lqwhjhu q/ wkhuh lv dq +{> |, 5 Du3+Qu3 , vxfk wkdw

yu3+Qu3 , �
[

wt5Qu3

xwt+{wt > |wt, . �=

Iurp D6/ wkhuh lv dq +{�> |�, 5 Du�+Qu� , vxfk wkdw[
wt5Qu3

xwt+{wt > |wt, � q
[

wt5Qu�

xwt+{wt> |wt,=
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Wkhuhiruh/ lw iroorzv wkdw
yu3+Qu3 ,

u3
� yu� +Qu�,

u�

dqg/ iurp vxshudgglwlylw|/ wkdw

yu3+Qu3 ,

u3
� yu� +Qu�,

u�

vr
yu3+Qu3 ,

u3
@

yu� +Qu�,

u�

Vlqfh wklv krogv iru doo srvlwlyh lqwhjhuv q/ zh kdyh

olp
u$4

yu+Qu,

u
@

yu� +Qu� ,

u�
=

Vlqfh

olp
u$4

�
yu +Qu,

u
@ olp

u$4

yu+Qu,

u

zh kdyh

olp
u$4

�
yu +Qu,

u
@
yu�+Qu� ,

u�
=

Vlqfh yu+Qu,
u

�
�

yu+Qu,
u

iru doo u dqg vlqfh
�

yu+Qu,
u

lv qrq0ghfuhdvlqj/ zh kdyh

�
yu +Qu,

u
@

�
yu� +Qu�,

u
iru u � u�=

Uhihuhqfhv

^4` Dqghuvrq/ U1M1 +4<<5, Wkh fruh lq shuihfwo| frpshwlwlyh hfrqrplhv/ Kdqgerrn ri
Jdph Wkhru|/ Yroxph 4 hgv1 U1M1 Dxpdqq dqg V1 Kduw/ Qruwk Kroodqg Dpvwhu0
gdp2Orqgrq2Qhz \run2Wrn|r/ 746078:1

^5` Ehqqhww/ H1 dqg Zrrghuv/ P1K1 +4<:<, Lqfrph glvwulexwlrq dqg �up irupdwlrq/
Mrxuqdo ri Frpsdudwlyh Hfrqrplfv 6/ 637064:1

^6` Eloohud/ O1 M dqg El{e|/ U1 H1 +4<:7,/ Pdunhw uhsuhvhqwdwlrq ri q0shuvrq jdphv/
Exoohwlq ri wkh Dphulfdq Pdwkhpdwlfdo Vrflhw| ;3/ 85508591

^7` Erhkp/ Y1 +4<:7,/ D olplw wkhruhp rq wkh fruh ri dq hfrqrp| zlwk surgxfwlrq/
Lqwhuqdwlrqdo Hfrqrplf Uhylhz 48/ 476047;1

^8` Frqoh| M1 +4<<7, Frqyhujhqfh wkhruhpv rq wkh fruh ri d sxeolf jrrgv hfrqrp|=

Vx!flhqw frqglwlrqv/ Mrxuqdo ri Hfrqrplf Wkhru| 95/ 4940;81
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^9` Frqoh|/ M1 dqg Zrrghuv/ P1K1 +4<<8, �Khgrqlf lqghshqghqfh dqg wkh wdvwh kr0
prjhqhlw| ri rswlpdo mxulvglfwlrqv lq d Wlherxw hfrqrp| zlwk furzglqj w|shv/�
Xqlyhuvlw| ri Loolqrlv/ Fkdpsdljq/ R!fh ri UhvhdufkZrunlqj Sdshu <8044;/ 4<<81

^:` Frqoh|/ M1 dqg P1K1 Zrrghuv +4<<;d, Dqrq|prxv sulflqj lq Wlherxw hfrqrplhv

dqg hfrqrplhv zlwk foxev/ Wrslfv lq Sxeolf Ilqdqfh/ G1 Slqhv/ H1 Vdgnd dqg L1
]lofkd/ hgv1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ ;<04531

^;` Frqoh|/ M1 dqg P1K1 Zrrghuv +4<<;e, Wkh Wlherxw K|srwkhvlv= Rq wkh h{lvwhqfh

ri Sduhwr h!flhqw frpshwlwlyh htxloleulxp Xqlyhuvlw| ri Wrurqwr Zrunlqj Sdshu1

^<` Hqjo/ J1 dqg Vfrwfkphu/ V1 +4<<4, Wkh fruh dqg khgrqlf fruh= Htxlydohqfh dqg

frpsdudwlyh vwdwlfv/ plphr

^43` Kloghqeudqg/ Z1 +4<:7,/ Fruh dqg Htxloleuld ri d Odujh Hfrqrp|/ Sulqfhwrq
Xqlyhuvlw| Suhvv/ Sulqfhwrq/ QM1

^44` Lvfkllvkl/ W1 +4<::,/ Frdolwlrq vwuxfwxuh lq d oderxu0pdqdjhg pdunhw hfrqrp|/
Hfrqrphwulfd 78/ 67406931

^45` Ndqhnr/ P1 dqg Zrrghuv/ P1K1 +4<;9, Wkh fruh ri d jdph zlwk d frqwlqxxp ri

sod|huv dqg �qlwh frdolwlrqv= Wkh prgho dqg vrph uhvxowv Pdwkhpdwlfdo Vrfldo
Vflhqfhv 45/ 438046:1

^46` Nrydohqnry/ D1 dqg P1K1 Zrrghuv +4<<:d, Wkuhh wkhruhpv rq qrq0hpswlqhvv

ri dssur{lpdwh fruhv> Sduw 41 Jdph0wkhruhwlf uhvxowv Dxwrqrpd Xqlyhuvlw| ri
Edufhorqd Zrunlqj Sdshu Qr1 6<31<:1

^47` Nrydohqnry/ D1 dqg P1K1 Zrrghuv +4<<:e, Wkuhh wkhruhpv rq qrq0hpswlqhvv

ri dssur{lpdwh fruhv> Sduw 51 Hfrqrplhv zlwk foxev Dxwrqrpd Xqlyhuvlw| ri
Edufhorqd Zrunlqj Sdshu Qr1 6<41<:1

^48` Nrydohqnry/ D1 dqg P1K1 Zrrghuv +4<<;, F|folf prqrwrqlflw| dv dq h{suhvvlrq

ri wkh Odz ri Vfduflw|/ Suhvhqwhg dw wkh 4<<; FRGH Zrunvkrs rq Jhqhudol}hg
Frqyh{lw| dqg Prqrwrqflw|/ Dxwrqrprxv Xqlyhuvlw| ri Edufhorqd +w|shvfulsw,1

^49` Urvhqwkdo/ U1 Z1 +4<:4,/ H{whuqdo hfrqrplhv dqg fruhv/ Mrxuqdo ri Hfrqrplf
Wkhru| 6/ 4;504;;1

^4:` Urvhqwkdo/ U1 Z1 +4<:9,/ Pdunhw jdphv zlwk surgxfwlrq dqg sxeolf frpprglwlhv/
Glvfxvvlrq sdshu Qr1 489 +uhylvhg,/ Wkh Fhqwhu iru Pdwkhpdwlfdo Vwxglhv lq
Hfrqrplfv dqg Pdqdjhphqw Vflhqfh1

^4;` Vfrwfkphu/ V1 dqg Zrrghuv/ P1K1 +4<;;, Prqrwrqlflw| lq jdphv wkdw h{kdxvw

jdlqv wr vfdoh/ LPVVV Whfkqlfdo Uhsruw Qr1 858/ Vwdqirug Xqlyhuvlw|/ wr dsshdu
rq0olqh dw kwws=22zzz1fkdvv1xwrurqwr1fd2�zrrghuv11

^4<` Vkdsoh|/ O1 V1 +4<9:,/ Rq edodqfhg vhwv dqg fruhv/ Qdydo Uhvhdufk Orjlvwlfv Txdu0
whuo| 47/ 78607931
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^53` Vkdsoh|/ O1 V1 +4<:7,/ Fkdudfwhulvwlf ixqfwlrq/ fruh/ dqg vwdeoh vhwv/ Udqg Php0
rudqgxp U<37291

^54` Vkdsoh|/ O1 V1 dqg Vkxeln/ P1 +4<99,/ Txdvl0fruhv lq d prqhwdu| hfrqrp| zlwk

qrqfrqyh{ suhihuhqfhv/ Hfrqrphwulfd 67/ ;380;5:1

^55` Vkxeln/ P1 +4<8<, Hgjhzruwk pdunhw jdphv/ Frqwulexwlrqv wr wkh Wkhru| ri
Jdphv +D1 Z1 Wxfnhu dqg U1 G1 Oxfh/ hgv1,/ Yro1 LY/ Sulqfhwrq Xqlyhuvlw| Suhvv/
Sulqfhwrq/ QM/ 59:05:;1

^56` Vkxeln/ P1 +4<;5,/ Jdph Wkhru| lq wkh Vrfldo Vflhqfhv/ Frqfhswv dqg Vroxwlrqv/
Wkh PLW Suhvv/ Fdpeulgjh/ PD dqg Orqgrq/ Hqjodqg1

^57` Vkxeln/ P1 dqg Zrrghuv/ P1 K1 +4<;5d,/ Dssur{lpdwh fruhv ri d jhqhudo fodvv ri

hfrqrplhv= Sduw 4/ Uhsolfd jdphv/ h{whuqdolwlhv/ dqg dssur{lpdwh fruhv/ Frzohv
Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 94</ Pdwkhpdwlfdo Vrfldo Vflhqfhv 9 +4<;6,/
5:07;1

^58` Vkxeln/ P1 dqg Zrrghuv/ P1 K1 +4<;5e,/ Dssur{lpdwh fruhv ri d jhqhudo fodvv

ri hfrqrplhv= Sduw LL1 Vhw0xs frvwv dqg �up irupdwlrq lq frdolwlrq surgxfwlrq

hfrqrplhv/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 9531 Pdwkhpdwlfdo Vrfldo

Vflhqfhv 9 +4<;6,/ 5;806391

^59` Vkxeln/ P1 dqg Zrrghuv/ P1K1 +4<;5f, Qhdu0Pdunhwv dqg Pdunhw0Jdphv/
Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 98:/ Sxeolvkhg lq sduw lq Hfrqrplf

Vwxglhv Txduwhuo| 6:/ 5;<05<<1

^5:` Zrrghuv/ P1K1 +4<:<, D Fkdudfwhul}dwlrq ri dssur{lpdwh htxlole0

uld dqg fruhv lq d fodvv ri frdolwlrq hfrqrplhv/ +D uhylvlrq ri Vwrq|
Eurrn Ghsduwphqw ri Hfrqrplfv Zrunlqj Sdshu Qr1 4;7,/ rq olqh dw
kwws=22zzz1fkdvv1xwrurqwr1fd2�zrrghuv51

^5;` Zrrghuv/ P1 K1 +4<;3d,/ Wkh Wlherxw k|srwkhvlv> qhdu rswlpdolw| lq orfdo sxeolf

jrrg hfrqrplhv/ Hfrqrphwulfd 7;/ 479:047;81

^5<` Zrrghuv/ P1K1 +4<;3e, Dv|pswrwlf fruhv dqg dv|pswrwlf edodqfhgqhvv ri odujh

uhsolfd jdphv +Vwrq| Eurrn Zrunlqj Sdshu Qr1 548/ Uhylvhg dqg h{whqghg,rq
olqh dw kwws=22zzz1fkdvv1xwrurqwr1fd2�zrrghuv51

^63` Zrrghuv/ P1 K1 +4<;4d,/ Wkh hsvlorq fruh ri d odujh jdph/ Frzohv Irxqgdwlrq
Glvfxvvlrq Sdshu Qr1 945 +Uhylvhg,/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 44
+4<;6, 5::06331

^64` Zrrghuv/ P1 K1 +4<;4e,/ D olplw wkhruhp rq wkh %0fruh ri dq hfrqrp| zlwk orfdo

sxeolf jrrgv/ Qdwlrqdo Wd{ Lqvwlwxwh ri Mdsdq Sdshu Qr1 53/ sxeolvkhg lq sduw lq
Pdwkhpdwlfdo Vrfldo Vflhqfhv 4; +4<;<, 660881

^65` Zrrghuv/ P1 K1 +4<;6,/ Vwdelolw| ri foxe vwuxfwxuhv lq hfrqrplhv zlwk orfdo sxeolf

jrrgv/ Xqlyhuvlw| ri Wrurqwr Glvfxvvlrq Sdshu1 Sxeolvkhg lq Pdwkhpdwlfdo Vrfldo

Vflhqfhv 48 +4<;;,/ 5<07<1
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^66` Zrrghuv/ P1K1 +4<<5d, Lqhvvhqwldolw| ri odujh jurxsv dqg wkh dssur{lpdwh fruh

surshuw|> Dq htxlydohqfh wkhruhp/ Hfrqrplf Wkhru| 5/ 45<047:1

^67` Zrrghuv/ P1K1 +4<<5e, Wkh dwwulexwh fruh/ fruh frqyhujhqfh/ dqg vpdoo jurxs

h�hfwlyhqhvv> wkh h�hfwv ri surshuw| uljkwv dvvljqphqwv rq dwwulexwh jdphv/ wr
dsshdu lq Hvvd|v lq Krqru ri Pduwlq Vkxeln/ Gxeh|/ S1 dqg Jhdqdnrsorv/ M1 hgv1

^68` Zrrghuv/ P1K1 +4<<7d, Odujh jdphv dqg hfrqrplhv zlwk h�hfwlyh vpdoo jurxsv/
lq Jdph0Wkhruhwlf Phwkrgv lq Jhqhudo Htxloleuxp Dqdo|vlv/ hgv1 M0I1 Phuwhqv
dqg V1 Vrulq/ Noxzhu Dfdghplf Sxeolvkhuv Gruguhfkw2Ervwrq2Orqgrq 47805391

^69` Zrrghuv/ P1K1 +4<<7e, Htxlydohqfh ri jdphv dqg pdunhwv Hfrqrphwulfd 95/
4474044931

^6:` Zrrghuv/ P1K1 dqg ]dph/ Z1U1 +4<;7, Dssur{lpdwh fruhv ri odujh jdphv/ Hfrqr0
phwulfd 85/ 465:046831
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