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Tensor categories

EI Rep(G) obis : reps
Morphs : G- covariant maps

compact group Other structure : ☒, I , *

¥ Finite index R-mod-pfhtrerfini-e.TL,



Planar Algebra Example

Obis • • •

③ •

Mors 1.2 + i. ¥
.

mod 0=2 .

Compose Tensor

Temperley - Lieb- Jones



Commutativity

Ordinary algebra →¥Z non -Comm
.

✗
•

• Y

• z
Comm .

Includes R-mod-R

Tensor Categories 2-dim diagrams non - Comm
.

Includes TLJ → 3-dim diagrams braided

Includes Rep(G)
→ 4-dim diagrams symmetric



Pre - Tanna Kian Categories
"
Looks like " Rep (G)

←Algebraic Group
• symmetric monoidal (including rigid)Tʰa

's

[ usually 6 in this talk
• Finite dimensional K - linear Hom spaces

• Abelian
. Objects have finite length.

• I is absolutely simple End (1) =K



Problem 1

Classify pre - Tannakian Categories
.

Additional source : "essentially Tanna Kian "

EI Representations of supergroups

E Algebraic groups in Verp Ostrik etat
.



-1hm (Deligne ) If e is pre - TannaKian over ¢

and has moderate growth then eERep(G)

length (✗ n) ≤ Cn supergroup

see Coulembier - Etingof -Ostrik for a
related than in characteristic p and

Benson -5=-0
.

and C. for additional examples



Deligne Interpolation Categories k=¢

64 : Universal Sym .

☒ - cat with an object
of dimension 1-

: symmetrically self -dual ob;
of dimension T

, i.e.

[ Subfactor

Sy : Frobenius algebra obj

of dimension -1.



Diagram description

6h
-1 µsYm

. crossing

mod 0=-1

Ot ☒ mod 0=-1

±
"

¥f%É"¥=¥, etc . 0=-1



Warning

These are not abelian !

• If TEI or IN then take Cauchy completion

• If TEI or IN work harder
.

Even more interesting in characteristic p!
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New Example (1-155)

Cauchy completion of :

Objects EUR"') for each NER≥o

Morphisms Hom (ear"'t
,
Elk"'D spanned by

n - by - m Delannoy paths \ steps of

Clifton)
Or [ 1,1)

so we call it the Delanoy Category



Composition : Poq = { C- IT r
8

Where 8 is a 3-dim Delanoy path
which projects down to Ps4 , and r

×,Y:Ex
3% 4,7 :

I ✗it :
- -€ ×, -1 :

4) Z :

✗iz :
- w -

_



Tensor product is more complicated.

Can describe Hom (Elk")Ee(R'"heck
"

'D
via (a) b) c) - Delanoy paths . But then

composing these uses 4- tim Delaunay paths
.

Aside : Could give a Planar Algebraic description

using
" a

}

Ha,
is the span of Cai , . . . ,Ug )

-

paths



Structure Lots more in paper !

•
"
New stuff

" in EUR
'") is malt

.
free

with simple summand 's L
• • • •

→
length n word.

• Tensor product is a modified shuffle product

↳
• •
② [

•
I [

• • •
⊕ [

• • •
④ [ ←

shuffle
part

☆ Bp

⊕ ↳
• • ⊕ L••⊕L••⊕L•_g-

• & . collide • & • collide



Novel Properties (Hs)
• Doesn't come from Kuper) groups or
from Deligne interpolation .

• In characteristic p it's the first example

of a semisimple pre - TannaKian cat that

does not have finite growth .

But where does it come from ?
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Concreteness

concrete: Rep(G)
,
R -mod - R

,
etc

.

Objects have internal mathematical structure

Abstract TLJ
,
etc

.

Objects are formal
.



From abstract to Concrete

Thm ( Jones) For D= 5+3
"
there's

a subcategory of R - Mod
- R equivalent

to TLJd .

Ocneanu + Popa generalize this To
unitary fusion categories and amenable
tensor categories

.



Problem 2
Can Deligne categories be made concrete?

Warning : Can't use operator algebras because negative dims !

1) Harman - Snowden answer this question
for St in characteristic Zero.

2) Their answer leads to several new
examples

,
and the Delaunay category is the nicest.



Idea :

1) Start with a group EI Saar Ant GRA

2) Define a category Perm(Gm) of permutation

representations
.

Uses a measure on G.

3) Take an abelian envelope
↑ Sometimes this envelope is Rep (G) my

← concrete !

No timeMost general version still open.
+• fit

Under strong conditions can just take Cauchy completionin this

talk !



Oligomorph :c Permutation Groups

Group G acting on a set 5h
.

G acts on Ñ with finitely many orbits

h - tuples
finitary

6 has a topology where the basic
open

subgroups are stabilizers of pts . in Rn



Closely connected to Model Theory

Oligomorphia groups are the automorphism

groups of w -categorical theories

7 ! countable model

These can be understood via Fraissés -1hm
.

EI Aut Cpf
Rado graph



Key idea ! Want to also understand
restrictions to open subgroups .

Def A G- set is a set with an action

of some open subgroup. Shrinking subgroup
doesn't change the & set .



Perm(6) M)

Objects are Very
formal symbol

where ✗ is

a finitary and smooth G-set

finitely
"

many orbits stabilizers are open subgroups

Ex Ñ
,

"
← n element subsets



r

Morphisms Homlx,Y) are G- covariant

"

✗✗Y matrices "

t Schwartz functions on ✗ Y

smooth and finitary support

How to compose ? needs a

↓ measureBOALX,Z) = §
,
BCX
, 'D ACY,Z)dY not required

to be positive!
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← 2T- 5F-✗ So ← t -2

MCR) = -1 isom. inv.

Mutt. in fibers

(-1-2)-(-1-1)
L - (-1-2)

= (t-212

✓
T - 36→

additivity



Thinks)7 ! M
,
with M.fr ) = -1 given

by Mlx) = Pdt) where
t

Pxln ) = tf ✗ˢ for n >70
.

fixed pts

Hs) The abelian envelope of Permits,M,)
is Deligne's 5-1 and can be realized a

category of modules for a completed group algebra
.

Vec
× → ECX) Schwartz functions on✗



EI Ant CIR , >)

Open subsets are G(A) fixing a finite A- ≤ IR

There's a measure give by Euler char.

|£
measure 1-2+1=0

.

Has nice properties so again get a pre -Tannak
Concrete category Red (G) .



EI Hom (Veer , Veer) = 63

≈
:=Aspanned by
✗< y ,XÉ¥ , X↑

Characteristic function

These correspond combinatorial/y to ]
,
/,T

Check AOBCX,Z) = Achy) - Bly,Z) dy

= µ / {y : Y > ✗ it })=M( ◦-7--0-1+0=-1
= -A - B - I .


