
Langlands Eisenstein series for SL(n,Z)

Dorian Goldfeld

Department of Mathematics
Columbia University
New York, NY 10027

May 12, 2024

1 / 29



The generalized Upper Half Plane hn

Definition:

For n = 2, 3, 4, . . . we define the generalized upper half plane

hn = GL(n,R)
/ (

O(n,R) · R×) .
Example 1

h2 =

{(
1 x
0 1

)(
y 0
0 1

) ∣∣∣∣∣ x ∈ R, y > 0

}
.

Example 2

hn =

{
1 x1,2 x1,3 ··· x1,n

1 x2,3 ··· x2,n

. . .
...

1 xn−1,n

1




y1y2···yn−1
y1y2···yn−2

. . .
y1

1

 ∣∣∣∣∣ xi,j ∈ R, yi > 0

}
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Automorphic functions for SL(n,Z)

Definition: (Automorphic function)

An automorphic function for SL(n,Z) is a smooth function
ϕ : hn → C satisfying:

ϕ(γg) = ϕ(g)

for all γ ∈ SL(n,Z) and all g ∈ hn.

In addition we require that ϕ be square integrable, i.e.,∫
SL(n,Z)\hn

∣∣ϕ(g)∣∣2 dg < ∞.

Remark: Note that ϕ defined on hn means that ϕ(dgk) = ϕ(g) for all

g ∈ GL(n,R), k ∈ O(n,R) and all matrices d in the center of GL(n,R).
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Elementary explanation of notation for Langlands
Eisenstein series for SL(n,Z)

Let n ≥ 2. A Langlands Eisenstein series for SL(n,Z) depends on:

• An integer partition n = n1 + · · ·+ nr denoted P = Pn1,...,nr .

• A tensor product Φ := ϕ1 ⊗ ϕ2 ⊗ · · · ⊗ ϕr , where each

ϕϕϕj : h
nj → C is an automorphic function for SL(nj ,Z).

In the special case nj = 1, i.e., ϕj is on GL(1) then we always take ϕj ≡ 1.

• A vector s = (s1, s2, . . . , sr ) ∈ Cr satisfying
r∑

i=1
ni si = 0.

Notation for Langlands Eisenstein series

For g ∈ hn, the Eisenstein series is denoted: EP,Φ(g , s).
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Power function on h2

Motivating idea of a power function for h2

Let g =

(
y 0
0 1

)
∈ h2 and s ∈ C. The power function is y s

• The classical Eisenstein series for SL(2,Z) is obtained by
summing y s

|c(x+iy)+d |2s over all coprime integers c , d .

• This can be realized by letting matrices
(
a b
c d

)
∈ SL(2,Z) act on

the power function via matrix multiplication.
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Power function on hn

Ingredients for the power function

• A partition n = n1 + n2 + · · ·+ nr (denoted P = Pn1,...,nr ).

• A matrix m =

m1 ∗ ··· ∗
m2 ··· ∗

. . .
...
mr

 ∈ GL(n,R) where mj ∈ GL(mj ,R).

• A vector s = (s1, s2, . . . , sr ) ∈ Cr satisfying
r∑

i=1

ni si = 0.

Definition (Power function | |s
P
)

∣∣m∣∣sP :=
r∏

i=1

∣∣ detmi

∣∣si
The condition

r∑
i=1

ni si = 0 assures that the above power function is

invariant under multiplication by elements of the center of GL(n,R).
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Examples of Langlands Eisenstein series of small rank

Power function on h2

Ingredients:

• A partition 2=1+1 (denoted P1,1).

• A matrix m =

(
m1 ∗
0 m2

)
∈ GL(2,R) with m1 = y ∈ GL(1) and

m2 = 1 ∈ GL(1).

• A vector s = (s1, s2) ∈ C2 satisfying s1 + s2 = 0.

• The power function
∣∣m∣∣sP1,1

:=
2∏

i=1

∣∣ detmi

∣∣si = y s1 .

Langlands Eisenstein series for SL(2,Z)

EP1,1(g , s) =
∑

γ∈( 1 ∗
0 1

)
∖
SL(2,Z)

∣∣γg ∣∣s+(1/2,−1/2)

P1,1
=

∑
γ∈( 1 ∗

0 1
)
∖
SL(2,Z)

(Im γz)s1+1/2,

where g =
(
1 x
0 1

)(
y 0
0 1

)
and z = x + iy .
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Fourier expansion and functional equation of EP1,1
(g , s)

The Fourier expansion

EP1,1(g , s) = y s1+
1
2 + ϕ(s1 +

1
2 )y

1
2−s1

+
1

ζ∗(2s1 + 1)

∑
m ̸=0

σ2s1(m)|m|−s1
√
y Ks1(2π|m|y)e2πimx ,

where

ζ∗(s1) = π−s1/2 Γ( s12 ) ζ(s1), ϕ(s1) =
ζ∗(2s1 − 1)

ζ∗(2s1)
, σs1(n) =

∑
d|n
d>0

d s1 .

Functional equation of EP1,1(g , s)

Shifting s by 1
2 simplifies the functional equation which is given by

E∗
P1,1

(g , s) := ζ∗(2s1 + 1)EP1,1(g , s) = E∗
P1,1

(g ,−s).

Note that when multiplying by ζ∗(2s1 + 1) we are clearing the
denominator in the Fourier expansion.
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The Borel Eisenstein series EP1,1,1
(g , s) for SL(3,Z)

h3 =

{
xy =

(
1 x1 x3
0 1 x2
0 0 1

)( y1y2 0 0
0 y1 0
0 0 1

) ∣∣∣∣∣ x1, x2, x3 ∈ R, y1, y2 > 0

}
.

Let s = (s1, s2, s3) ∈ C3 with s1 + s2 + s3 = 0. Then the power function
is given by ∣∣dxyk|s

P1,1,1
:=
∣∣∣( y1y2 0 0

0 y1 0
0 0 1

)∣∣∣s
P1,1,1

= (y1y2)
s1y s2

1 ,

where d is in the center of GL(3,R) and k ∈ O(n,R).

Definition: (The Eisenstein series EP1,1,1(g , s))

Then for g ∈ GL(3,R) we have

EP1,1,1(g , s) =
∑

γ∈
(

1 ∗ ∗
1 ∗
1

)∖
SL(3,Z)

∣∣γg ∣∣s+(1,0,−1)

P1,1,1

The shift by (1, 0,−1) makes the form of the functional equations as
simple as possible.
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The Functional Equation of EP1,1,1
(g , s)

Functional Equation (Selberg, Langlands, Bump)

Let g ∈ h3 and s = (s1, s2, s3) ∈ C3 with s1 + s2 + s3 = 0. Define

E∗
P1,1,1

(g , s) =
( ∏

1≤j<ℓ≤3

ζ∗(1 + sj − sℓ)
)
· EP1,1,1(g , s).

Then E∗
P1,1,1

(g , s) satisfies the functional equation

E∗
P1,1,1

(g , s1, s2, s3) = E∗
P1,1,1

(
g , sσ(1), sσ(2), sσ(3)

)
for any σ ∈ S3.

Theorem (G, Stade, Woodbury, 2023)

This functional equation is unique in that, if µ is any real affine
transformation of s such that

E∗
P1,1,1

(g , s1, s2, s3) = E∗
P1,1,1

(g , µ(s)),

then µ(s) is a permutation of s1, s2, s3.
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The Eisenstein series EP1, 2, 1⊗ϕ
(g , s)

Ingredients for the Eisenstein series

• The partition 3 = 1 + 2 denoted by P1,2.

• s = (s1, s2) ∈ C2 with s1 + 2s2 = 0.

• ϕ denotes a Maass cusp form for SL(2,Z) In the tensor product 1⊗ ϕ.

• The power function for g ∈ h3:∣∣g ∣∣sP1,2
:=

∣∣∣∣∣∣
y1y2 0 0

0 y1 0
0 0 1

∣∣∣∣∣∣
s

P1,2

= (y1y2)
s1

∣∣∣∣det(y1 0
0 1

)∣∣∣∣s2 = y s1+s2
1 y s1

2 .

Definition of the Eisenstein series

Every g ∈ h3 can be written in the form g =
(

m1(g) ∗
m2(g)

)
where

m1(g) ∈ GL(1,R) ∼= R× and m2(g) ∈ GL(2,R). Then we define:

EP1,2, 1⊗ϕ
(g , s) =

∑
γ∈
( ∗ ∗ ∗

∗ ∗
∗ ∗

)∖
SL(3,Z)

ϕ
(
m2(γg)

) ∣∣ detm1(γg)
∣∣s1+1 ∣∣ detm2(γg)

∣∣s2−1/2
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The functional equation for EP1, 2, 1⊗ϕ
(g , s)

Let ϕ be a Maass cusp form for SL(2,Z) whose completed L-function
L∗(s, ϕ) satisfies the functional equation

L∗(s, ϕ) = π−s Γ
(
s+α1

2

)
Γ
(
s+α2

2

)
L(s, ϕ) = L∗(1− s, ϕ).

Theorem (Langlands, 1976)

Let s = (s1, s2). Define

E∗
P1,2,1⊗ϕ(g , s) := L∗(1 + s2 − s1, ϕ)EP1,2,1⊗ϕ(g , s),

(
s1 + 2s2 = 0

)
,

E∗
P2,1,ϕ⊗1(g , s) := L∗(1 + s2 − s1, ϕ)EP2,1,ϕ⊗1(g , s),

(
2s1 + s2 = 0

)
.

Then we have the functional equation

E∗
P1,2,1⊗ϕ

(
g , (s1, s2)

)
= E∗

P2,1,ϕ⊗1

(
g , (s2, s1)

)
.

Theorem (G-Stade-Woodbury, 2023)

If µ is any real linear transformation of s = (s1, s2) such that

E∗
P1,2,1⊗ϕ

(
g , (s1, s2)

)
= E∗

P2,1,ϕ⊗1

(
g , µ(s)

)
,

then µ(s) = (s2, s1).
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Langlands Parameters

Definition (Langlands Parameter)

A “Langlands parameter” for GL(n) is an n-tuple

α = (α1, α2, . . . , αn) ∈ Cn satisfying
n∑

i=1

αi = 0.

Definition (Langlands Parameter for an automorphic form)

Let F : hn → C be a smooth SL(n,Z) invariant function. Suppose F is
an eigenfunction of all GL(n,R)-invariant differential operators on hn.

We say that F has Langlands parameter α = (α1, α2, . . . αn) if F has the
same eigenvalues as the power function:∣∣ ∗ ∣∣α+ρB

B ,

where B denotes the partition n = 1 + 1 + · · ·+ 1, and

ρB =

(
n − 1

2
,
n − 3

2
, . . . ,

1− n

2

)
.
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The Eisenstein series EP2, 2, ϕ1⊗ϕ2(g , s) for SL(4,Z)

Ingredients for the Eisenstein series

• The partition 4 = 2 + 2 denoted by P2,2.

• s = (s1, s2) ∈ C2 with 2s1 + 2s2 = 0.

• ϕ1, ϕ2 are Maass cusp forms for SL(2,Z) In the tensor product ϕ1⊗ϕ2.
• The power function for g ∈ h4:

∣∣g ∣∣sP2,2
:=

∣∣∣∣∣
(

y1y2y3 0 0 0
0 y1y2 0 0
0 0 y1 0
0 0 0 1

)∣∣∣∣∣
s

P2,2

=
∣∣∣det( y1y2y3 0

1 y1y2

)∣∣∣s1 · ∣∣det ( y1 0
0 1

)∣∣s2

= y2s1+s2
1 y2s1

2 y s1
3 .
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Functional Equation of EP2, 2, ϕ1⊗ϕ2(g , s)

Definition of the Eisenstein series

Every g ∈ h4 can be written in the form g =
(

m1(g) ∗
m2(g)

)
where

m1(g) ∈ GL(2,R) and m2(g) ∈ GL(2,R).
Then we define:

EP2,2, ϕ1⊗ϕ2(g , s) =
∑

γ∈
( ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗
∗ ∗

)∖
SL(4,Z)

ϕ1
(
m1(γg)

)
ϕ2
(
m2(γg)

)
·
∣∣γg ∣∣s+(1,−1)

P2,2

Recall the Rankin-Selberg L-function L∗(s, ϕ1 × ϕ2). The completed L-function for this is given by

L∗(s, ϕ1 × ϕ2) := π−2s

(
2∏

j,k=1
Γ
( s+α1,j+α2,k

2

))
· L(s, ϕ1 × ϕ2).

Theorem (Langlands 1976)

Let s = (s1, s2). Then

E ∗
P2,2, ϕ1⊗ϕ2

(g , s) := L∗(1 + s2 − s1, ϕ1 × ϕ2)EP2,2, ϕ1⊗ϕ2(g , s)

= E ∗
P2,2, ϕ2⊗ϕ1

(
g , (s2, s1)

)
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Parabolic subgroups of GL(n,R)

Standard Parabolic Subgroup

P := Pn1,n2,...,nr :=


 GL(n1) ∗ ··· ∗

0 GL(n2) ··· ∗
...

...
. . .

...
0 0 ··· GL(nr )


 .

Unipotent radical of P

NP :=




In1 ∗ ··· ∗
0 In2 ··· ∗
...

...
. . .

...
0 0 ··· Inr


 ,

(
Ik = k × k identity matrix

)

Levi subgroup of P

MP :=


 GL(n1) 0 ··· 0

0 GL(n2) ··· 0

...
...

. . .
...

0 0 ··· GL(nr )
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Automorphic form Φ associated to a parabolic P

• Partition n = n1 + · · ·+ nr denoted P = Pn1,...,nr ⊆ GL(n,R).

• ϕi : GL(ni ,R) → C be either the constant function 1 (if ni = 1)
or a Maass cusp form for SL(ni ,Z) (if ni > 1).

Definition (The automorphic form Φ)

Let GL(n,R) = P(R)K where K = O(n,R). Define Φ := ϕ1 ⊗ · · · ⊗ ϕr
by the formula

Φ(umk) :=
r∏

i=1

ϕi (mi ), (u ∈ NP ,m ∈ MP , k ∈ K )

where m ∈ MP has the form m =

m1 0 ··· 0
0 m2 ··· 0

...
...
. . .

...
0 0 ··· mr

, with mi ∈ GL(ni ,R).
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Power function for a parabolic subgroup P

• Partition n = n1 + · · ·+ nr denoted P = Pn1,...,nr ⊆ GL(n,R).

• Complex variables s = (s1, s2, . . . , sr ) ∈ Cr satisfying
r∑

i=1

ni si = 0.

For g ∈ P, with diagonal block entries mi ∈ GL(ni ,R), recall the power
function:

|g |s
P
:=

r∏
i=1

|det(mi )|si .

Definition (ρ-function for a parabolic subgroup P )

Let P be the parabolic subgroup P := Pn1,n2,...,nr . Then we define

ρP (j) :=

{ n−n1
2 , j = 1,

n−nj
2 − n1 − · · · − nj−1, j ≥ 2,

and ρP = (ρP (1), ρP (2), . . . , ρP (r)).

Remark: The ρ-function is introduced as a normalizing factor (a shift in
the s variable) in Eisenstein series to simplify later formulae.
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Langlands Eisenstein series for SL(n,Z)

Definition

Ingredients:

• Γn = SL(n,Z).
• P := Pn1,n2,...,nr is a parabolic subgroup.

• Φ is a Maass form associated to P.

• Complex variables s = (s1, s2, . . . , sr ) ∈ Cr with
r∑

i=1
ni si = 0.

• The power function |g |sP .

EP,Φ(g , s) :=
∑

γ∈(Γn∩P)\Γn

Φ(γg) · |γg |s+ρP
P .
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Borel Eisenstein series

Consider the partition

n = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n times

,

associated to the Borel parabolic subgroup

B := P1,1,...,1 :=



∗ ∗ · · · ∗
0 ∗ · · · ∗
...

...
. . .

...
0 0 · · · ∗


 .

Then the Borel Eisenstein series is

EB(g , s) =
∑

γ∈(Γn∩B)\Γn

|γg |s+ρB
B .
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Character of the Unipotent Group

Unipotent Group

Un(R) :=


 1 ∗ ∗ ··· ∗

1 ∗ ··· ∗
. . .

. . .
...

1 ∗
1

 ⊂ GL(n,R)

Character of the Unipotent Group

Let M = (m1,m2, . . . ,mn) ∈ Zn.
We define

ψ
M
(u) := e2πi

(
u
1,2

m1+u
2,3

m2 ··· +u
n−1,n

mn

)
for

u =


1 u

1,2
u
1,3

··· u
1,n

1 u
2,3

··· u
2,n

. . .
. . .

...
1 u

n−1,n

1

 ⊂ Un(R).
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Jacquet’s Whittaker function

Definition (Completed Whittaker function)

Let α = (α1, α2, . . . , αn) ∈ Cn with
n∑

i=1

αi = 0.

We define the completed Whittaker function W
(n)
α : hn → C, with

Langlands parameter α, by the integral

W (n)
α (g) =

 ∏
1≤j<k≤n

Γ
( 1+αj−αk

2

)
π

1+αj−αk
2

 ∫
Un(R)

∣∣wn · ug
∣∣s+ρB
B ψ1,1,...,1(u) du,

where wn is the long element of the Weyl group for GL(n,R), and |∗|sB is
the power function for the Borel B.
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The M th Fourier coefficient of EP,Φ

Theorem (G - 2006))

Let M = (m1, . . . ,mn−1) ∈ Zn−1
>0 .

Then the M th term in the Fourier expansion of EP,Φ is:

1∫
0

· · ·
1∫

0

EP,Φ(ug , s)ψM(u)
∏

1≤i<j≤n

dui,j =
AP,Φ(M, s)

n−1∏
k=1

m
k(n−k)/2
k

WαP,Φ
(s)

(
Mg
)

where AP,Φ(M, s) = AP,Φ

(
(1, . . . , 1), s

)
· λP,Φ(M, s), and

λP,Φ

(
(m, 1, . . . , 1), s

)
=

∑
c1,c2,...,cr ∈Z>0

c1c2···cr=m

λϕ1(c1) · · ·λϕr (cr ) · c
s1
1 · · · csrr

is the (m, 1, . . . , 1)th Hecke eigenvalue of EP,Φ.
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The first coefficient AP,Φ
(
(1, . . . , 1), s

)
of EP,Φ

Theorem (G-Stade-Woodbury (2023))

Suppose each ϕj in Φ has Langlands parameter (αj,1, . . . , αj,nj ), with the
convention that if nj = 1 then αj,1 = 0. We also assume that each ϕj is
normalized to have Petersson norm ⟨ϕj , ϕj⟩ = 1.

Then the first coefficient AP,Φ

(
(1, . . . , 1), s

)
is given by

r∏
k=1
nk ̸=1

L∗
(
1,Ad ϕk

)− 1
2
∏

1≤j<ℓ≤r

L∗
(
1 + sj − sℓ, ϕj × ϕℓ

)−1

up to a non-zero constant factor with absolute value depending only on n.
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Functional equation of Langlands Eisenstein series EP,Φ

Action of the symmetric group Sr on P,Φ, s
The action of σ ∈ Sr on P, Φ, and s is given by

σP := Pnσ(1),nσ(2),...,nσ(r)
, σΦ := ϕσ(1) ⊗ ϕσ(2) ⊗ · · ·ϕσ(r)

σs :=
(
sσ(1), sσ(2), . . . , sσ(r)

)
.

Theorem (Langlands 1976)

Suppose σ ∈ Sr acts on P, Φ, and s as above. Then we have the
functional equation

E ∗
P,Φ(g , s) = E ∗

σP, σΦ(g , σs)

for all g ∈ GL(n,R).

25 / 29



Functional equation of Langlands Eisenstein series EP,Φ

Action of the symmetric group Sr on P,Φ, s

The action of σ ∈ Sr on P, Φ, and s is given by

σP := Pnσ(1),nσ(2),...,nσ(r)
, σΦ := ϕσ(1) ⊗ ϕσ(2) ⊗ · · ·ϕσ(r)

σs :=
(
sσ(1), sσ(2), . . . , sσ(r)

)
.

Theorem (Langlands 1976)

Suppose σ ∈ Sr acts on P, Φ, and s as above. Then we have the
functional equation

E ∗
P,Φ(g , s) = E ∗

σP, σΦ(g , σs)

for all g ∈ GL(n,R).

25 / 29



Functional equation of Langlands Eisenstein series EP,Φ

Action of the symmetric group Sr on P,Φ, s
The action of σ ∈ Sr on P, Φ, and s is given by

σP := Pnσ(1),nσ(2),...,nσ(r)
, σΦ := ϕσ(1) ⊗ ϕσ(2) ⊗ · · ·ϕσ(r)

σs :=
(
sσ(1), sσ(2), . . . , sσ(r)

)
.

Theorem (Langlands 1976)

Suppose σ ∈ Sr acts on P, Φ, and s as above. Then we have the
functional equation

E ∗
P,Φ(g , s) = E ∗

σP, σΦ(g , σs)

for all g ∈ GL(n,R).

25 / 29



Functional equation of Langlands Eisenstein series EP,Φ

Action of the symmetric group Sr on P,Φ, s
The action of σ ∈ Sr on P, Φ, and s is given by

σP := Pnσ(1),nσ(2),...,nσ(r)
, σΦ := ϕσ(1) ⊗ ϕσ(2) ⊗ · · ·ϕσ(r)

σs :=
(
sσ(1), sσ(2), . . . , sσ(r)

)
.

Theorem (Langlands 1976)

Suppose σ ∈ Sr acts on P, Φ, and s as above. Then we have the
functional equation

E ∗
P,Φ(g , s) = E ∗

σP, σΦ(g , σs)

for all g ∈ GL(n,R).

25 / 29



Functional equation of Langlands Eisenstein series EP,Φ

Action of the symmetric group Sr on P,Φ, s
The action of σ ∈ Sr on P, Φ, and s is given by

σP := Pnσ(1),nσ(2),...,nσ(r)
, σΦ := ϕσ(1) ⊗ ϕσ(2) ⊗ · · ·ϕσ(r)

σs :=
(
sσ(1), sσ(2), . . . , sσ(r)

)
.

Theorem (Langlands 1976)

Suppose σ ∈ Sr acts on P, Φ, and s as above. Then we have the
functional equation

E ∗
P,Φ(g , s) = E ∗

σP, σΦ(g , σs)

for all g ∈ GL(n,R).

25 / 29



Uniqueness of functional equations

Uniqueness Conjecture (G,-Stade-Woodbury 2023)

Let σ′ ∈ Sr . Suppose E ∗
P,Φ(g , s) satisfies a functional equation of

the form
E ∗
P,Φ(g , s) = E ∗

σ′P,σ′Φ(g , µ(s))

for some affine transformation

µ

([ s1
s2
...
sr

])
=

[ a11 a12 ··· a1r
a21 a22 ··· a2r
...
a11 a12 ··· ar1

][ s1
s2
...
sr

]
+

 b1
b2
...
br

 ,
where aij , bi ∈ R for all 1 ≤ i , j ≤ r .

Then, in fact, µ = σ for some σ ∈ Sr for which σP = σ′P and
σΦ = σ′Φ.
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Uniqueness of functional equations continued

Theorem (G-Stade-Woodbury 2023)

The uniqueness conjecture holds in the special case that

ϕ1 = ϕ2 = · · · = ϕr

is the same automorphic form with r ≥ 2.

In this case, every permutation σ ∈ Sr has the property that
σP = P and σΦ = Φ.
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A conjecture about Maass forms

Maass form Conjecture (G-Stade-Woodbury 2023)

Fix an integer N ≥ 2. Let ℓ1, ℓ2, . . . , ℓN ∈ Z>1. Let

F1, F2, . . . ,FN

be distinct Maass forms. Each Fj is a Maass form for SL(ℓj ,Z)
with associated nth Hecke eigenvalue λj(n).

Then there exists a prime p such that λ1(p), λ2(p), . . . , λN(p)
are all distinct and non zero.
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Uniqueness of functional equations continued

Recall the uniqueness conjecture:

E∗
P,Φ(g , s) = E∗

σ′P,σ′Φ(g , µ(s))

with

µ

 s1
s2
...
sr

 =

 a11 a12 ··· a1r
a21 a22 ··· a2r
...
a11 a12 ··· ar1

 s1
s2
...
sr

+

 b1
b2
...
br

 ,
Theorem (G-Stade-Woodbury 2023)

Assume the Maass form Conjecture.

If the transformation µ given in the Uniqueness Conjecture is
linear, i.e., bi = 0 for each i = 1, 2, . . . , r . Then the
Uniqueness conjecture holds.
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