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Motohashi formula: moments
o Ve CX(R):
/ 1¢(3 + it)|*V(t)dt = main term
R

T =i L(3.4y)°
t .
) L(1, 4;, Ad) (J)+cont|nuous
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Motohashi formula: moments

e Ve CXPR):
[ 166G+ /#v(@)dt = main term
R

zj: 1212?]Ad) V/(tj) + continuous.

e V ~ V certain integral transform given in terms of

hypergeometric functions.

e {4;} an orthonormal basis of cusp forms for SLy(Z).
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Motohashi formula: shifted convolution

® V and ¢ as before.

ZT(H)T(n—i- b)V(%) = main term
n>1
b1/2)\(b)L(l7¢)2 _ |
+§j: L(lej,/id)J V/(t;) + continuous
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Motohashi formula: shifted convolution

® V and ¢ as before.

ZT(I‘I)T(H + b)V(%) = main term

n>1

2

V/(tj) + continuous

B2 (B)L(S, )
+2 L(Jl,wj,Azd)J

e V s V certain integral transform.

® 7: divisor sum, \;: Hecke eigenvalues.
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Motohashi formula: integral transform

V(t) = /0 " Ka(ty)V(y)dy
and
V(t) = /O Ka(t, )V (y)dy:
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Motohashi formula: integral transform

=AwKﬂLMVUMy

and
/ Ka(t,y)V(y)dy;
where
1 i TS+ i)
Kalty) =5 3 (1% s ) 2
24 sinh(rt) M(1+2it)
F(3+it, 5 +it,1+2it,—1/y)
and

dx

Ka(t,y) = 2/0Oo (/_Z cos (y Iogxi— 1))K1(t,x)x(1+x).
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Remarks

® None of these formulas are easy to predict.

Subhajit Jana Queen Mary University of London



Remarks

® None of these formulas are easy to predict.

® No apparent reason for the existence of a relation between the
fourth moment of GL(1) and the cubic moment of GL(2)
L-functions.
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Remarks

® None of these formulas are easy to predict.

® No apparent reason for the existence of a relation between the
fourth moment of GL(1) and the cubic moment of GL(2)
L-functions.

® The integral transforms look “artificial”.
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Questions

Can one replace 7(n) by other Hecke eigenvalues?
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Questions

Can one replace 7(n) by other Hecke eigenvalues?

How about replacing |((3 + it)[? by L(3 + it, 7) for some
GL(2)-automorphic 77

Can one give more structural interpretations of the integral
transforms from a representation theoretic point of view?
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Prior work

® Blomer—Harcos (2008): For h € C°((R*)?) and 71, 72
cuspidal representations for GL(2), there exists

{Wy : R* — C | 7 unitary aut. rep. for GL(2)}

such that for b > 0

)‘7r1(|”1’))‘7r2(|n2’)h ny, np) = )\w(b)W b
nngz::b \/m ( ’ 2) /W;étriv 7r( )
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Prior work

® Blomer—Harcos (2008): For h € C°((R*)?) and 71, 72
cuspidal representations for GL(2), there exists

{Wy : R* — C | 7 unitary aut. rep. for GL(2)}

such that for b > 0

)‘7T1(|n1’))‘7rz(|n2’) niy, np) = )\W(b)
nlJZZ::b \/m h( v 2) /Tritriv \/E WW(b)

® Growth properties of W, are obtained that are enough for
certain applications.
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Other related works

¢ Blomer—Humphries—Khan—Milanovich (2020):
Non-archimedean analogue of Motohashi (a fourth moment of
Dirichlet L-functions)
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Other related works
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Other related works

¢ Blomer—Humphries—Khan—Milanovich (2020):
Non-archimedean analogue of Motohashi (a fourth moment of
Dirichlet L-functions)

® Michel-Venkatesh (2010): formally discussed a
period-theoretic approach. Sheds some light on the local
transforms.

® Wu (2022): Somewhat different period theoretic approach.
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Other related works

Cubic moment ~»  fourth moment:
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Other related works

Cubic moment ~»  fourth moment:
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Other related works

Cubic moment ~»  fourth moment:
e |vi¢ (2001)

¢ Conrey—lwaniec (2000): Quadratic twists.

Petrow (2015), Petrow—Young (2020, 2023): General twists.

Nelson (2019+), Bolkanova—Frolenkov—Wu (2021+): Period
theoretic approach.

Kwan (2023): Cuspidal variants of the cubic moment.
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Today's content

Replace 7(n) by A(n) in the shifted convolution problem.

Subhajit Jana Queen Mary University of London



Today's content

Replace 7(n) by A(n) in the shifted convolution problem.

Replace |¢(3 + it)|? by L(3 + it 7)

Subhajit Jana Queen Mary University of London



Today's content

Replace 7(n) by A(n) in the shifted convolution problem.

Replace |¢(3 + it)|? by L(3 + it 7)

Structural description of the local integral transforms.

Subhajit Jana Queen Mary University of London



Today's content

Replace 7(n) by A(n) in the shifted convolution problem.
Replace |¢(3 + it)|? by L(3 + it 7)
Structural description of the local integral transforms.

Integral transforms in the Maass cusp form case match with
Motohashi’s.
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Difficulties

® Motohashi's proof does not generalize right away!
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Difficulties

® Motohashi's proof does not generalize right away!

e Factorization for 7(n) (equivalently, [¢|?) is not available for A

(equivalently, L).

¢ Use: Michel-Venkatesh/Nelson's period approach.
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Difficulties

Motohashi's proof does not generalize right away!

¢[?) is not available for

® Factorization for 7(n) (equivalently,
(equivalently, L).

Use: Michel-Venkatesh/Nelson's period approach.

Integral transform: from local viewpoint. Serious
convergence/regularization issue!
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Global result (shifted convolution)

Theorem (BJN, 2024+ )
Let 71, be two Maass-cusp forms for SLy(Z). We have

)\m(|n1|))\“2(|n2|) ny, ny) = )\w(b)cﬂ' Vi ™
nl—zn;_b \/W h( b 2) /7r75triv ( )h ( ’b)d

where

\/L(%ﬂrl ® M @)
L(1,Ad,n)

and h ~ h" is a certain integral transform.

|e(m)| =
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Global result (shifted convolution)

Theorem (BJN, 2024+ )
Let 71, be two Maass-cusp forms for SLy(Z). We have

)\m(|n1|))\“2(|n2|) ny, ny) = )\w(b)cﬂ' Vi ™
nl—zn;_b \/W h( b 2) /7r75triv ( )h ( ’b)d

where

\/L(%,Wl ® T @ )
L(1,Ad,n)

and h ~ h" is a certain integral transform.

|e(m)| =

® Generalization to arbitrary number fields, ramifications, and
cuspidal representations.
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Local result (shifted convolution)

Theorem (BJN, 2024+)
We have

B (. b) = /R h(tb, (£ — 1)b)a(t, 7 71, x2) d*

where

t—1 £ |2

tmmLXx2) =xX2 |\~ ) |71
K(t, ™1, X2) Xz( F > F 1

x /ﬂ b renim et e x
X =0

where x> is the character of R* that induces 5.
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Global result (Moments of L-functions)

Theorem (BJN, 2024+)
Le

t

@)= [ [ Hevafayan ww = [ pEnay,
R* JRX RX*

Then

/ L(3+it, m)L(5—it, m)w(t) dt = M+/ L(3, m)c(m)h(m) dm
R mF£triv

where

b L(1+s,m ®m) n s i
M = sll_r;rz) 2 (1 £25) /RX h(z, z)Jz, r,(2)|2|° A7z

and J,jflm are the Bessel distributions attached to m ® .
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Proof idea: Moments

¢ Kirillov theory: ¢; € 7; with

Wi(a(y1))Wa(a(y2)) = h(y1, y2)-

W; are Whittaker functions of ¢;.
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Proof idea: Moments

¢ Kirillov theory: ¢; € 7; with
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Proof idea: Moments
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Proof idea

® Spectral decomposition:

LHS "=" / > (P2 9) ( /@ . 90> dr.

T peB(r)
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Proof idea

® Spectral decomposition:

LHS "=" / > (P2 9) ( /@ . 90> dr.

T peB(r)

e Watson—Ichino + Hecke theory of GL(2) x GL(1) ~» RHS

Subhajit Jana Queen Mary University of London



Proof idea

® Spectral decomposition:

LHS "=" / > (P2 9) ( /@ . @) dr.

T peB(r)

e Watson—Ichino + Hecke theory of GL(2) x GL(1) ~» RHS

® The last integral does not converge if 7 is Eisenstein!
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Proof ideas

® Regularization:

o= / S(1(x))s  $reg == @ — 0.
Q\A
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Proof ideas
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Proof ideas

® Regularization:

o= / S(1(x))s  $reg == @ — 0.
Q\A

® Hecke theory: f@x\Ax ¢reg(a(y))|y|® converges absolutely for
R(s) > 1/2.

® Re-work with

/ (£173)reg (2 IY[* + / (e173)0 ()l I*.
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Proof ideas

Regularization:

o= / S(1(x))s  $reg == @ — 0.
Q\A

Hecke theory: fo\Ax ¢reg(a(y))|y|® converges absolutely for
R(s) > 1/2.

® Re-work with

/ (£173)reg (2 IY[* + / (e173)0 ()l I*.
Q*\AX QX \AX

Meromorphic continuation to R(s) = 0; Residues +
Degenerate term = M.
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Proof idea

® |nduced vector f5 ~~ Wh.
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Proof idea

® |nduced vector fr ~~ Wh.
® Then

= Y ([ weon) / WMEW

WeB(r)
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Proof idea

® |nduced vector fr ~~ Wh.
® Then
h(n) (/ W (a(y) )/ WihW.
WeB(r)

® Local representation theory (Mellin theory of Bessel
distribution):

= > W(w()

WeB(r)
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Proof idea

® |nduced vector fr ~~ Wh.
® Then
h(n) (/ W (a(y) )/ WihW.
WeB(r)

® Local representation theory (Mellin theory of Bessel
distribution):

= > W(w()

WeB(r)

® Can we find the inverse transform?
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Local result

Theorem (BJN, 2024+)
If

W (my) = > W(aly)) Wih W,
WeB(r) N\G

then we have

_ ‘}/2’ \ Y1 . -1
h()/1a}/2) = m : h (7T7Y1 - YZ)/‘G <y1_y277T: T1, X2 ) dm

where G is the class of unitary irreducible representations of
PGLy(R).
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Local result

What we have so far:

Whit(?‘l’l) ® Whit(ﬂ’z) _ Whit(ﬂ‘l) ® Il’ld(X2)

I !

{h:RX x RX = C} ¢-------——- y {hV: G x RX = C}.
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An application

Theorem (BJN, 2024+)

Let 1 <Y < X/10,1 < b < X/2 an integer, and V € C*([1,2]).
Then

S(X,Y,b) ZAme Amy(n )v( YX)

x1+e
Y

Yb1/4>

LV, m1,ma,e X

(YY/2 4 b/2) min <b9, 1+
and

2X b
/ IS(x, Y, b)|? dx K mympe BPIX2TE (1 + —)
X Y

with 6 < 7/64.
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Thanks for your attention!
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