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Moments of the Riemann zeto- functioru

Hourdﬁ t Littlewood initiated the studj of M, (T).

* Lindeloff Hy pothesis = For any €70,
| S(EHE)| .

e LH & for any £30, M, (T) « T'° For all ke€eN.
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Moments of the Riemann zeto- functioru

F\PP\icationsZ Moments con be used —+o

. Stud‘j the vertical distribution of non-trivial ZCroS

+ count Zeros on the critical line;

° S’cudkj extreme velues of IS(‘iH‘t\I
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Folklore Conjectuure.

v 2
f ’ S('i-ri’c)'zkdt ~ (:«,’I_(los'l')K
0

where Cw is o costant

2 T 2

\ 2K K
T (logT)  « f’S(-’z'H{:)' dt « T llogT)
/
u—PPQl’ &Ouhd . ho\ds uhCOhdH:I'OHa,“(j for <

e K= R,nelN Heath-Broww (198))

=\+ Jﬁ ), NEN  Bettin - Chandee - Rad ziwilt (20'?)

[

o

<K ¢2. Heap-Radziwitt- Soundararajan (201%)



Folklore Conjecture

3 2
f | S('i"‘i’c)'zkdt ~ CwT(\osT)K
0

where Cr is o constant

2

l T
T(‘OﬂT)K « f’s(_lz_._'t)'l“dt « _‘_“OS_‘_)K

Upper Bound : holds on RH for K70

* Sound Q,rqva:)av\/ ( 2'0043
*Harper (2.013)
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AsymptoticCs

* Hordy + Littlewood (1918): M (T) ~ T log T

-
e Tngham (1926) : M, (T) ~ —alog'T

For k73, no asymptotic formula has been proven unconditiona\\y.

° NS (20l) I\/\‘s('\ﬂ with oo power SavVing evror tcvym, assuming a
ternary additive divisor conjecture.,

. Ng-—S\nen-WonS (2022): M,(T) assuming RH and o quaternary
additive divisor conjecture.,



Why are asymptotics difficult for large K T

scredit to Fai Chandee Ffor this overview ¥

j'T\'S(_":Ht)\ZK& 3 J;TSK(Z‘ZH,G) :SK(.—:L-Ht) dt

»)
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Why are asymptotics difficult for large K T

J:\z(-'w)\”& - [ S T e

For Rel(s)>|,

o0

d (n)
‘SK(SA = E. l‘hs

n=\

wheve du(n) is the k-th divisor function:

dety= L L = w{tmumyeN®:m, - mk=n}

M-, SN



Lr‘g("i”")\zzh = for TH(Lrig) X (LriE) dt

We expect that

wlane) » T W

ne t%

S0

' T
[lsealh = [ B 20 () e
0

0 h"T'



Lr\g(-‘,-_m)\zl = j: SU(£+it) X4(Hrie) dt

We expect that
du.(lfﬂ

T(grit) x L TnmeE o
ne t%
S0
T 2 ’ (r)du(n) [ m\'
de(m n '
J‘S(“iiﬂt)\ dt ?\’l f T ()i ( ) dt
0 0 ™Mnh=
Note:
T it T if m=n
f (}T) dt = (s
o iN (Togm/m)
if m N

1o g(m/n)



J\g(%+it)‘2; . T E_ Q‘K::ﬂz

0 N :TK'Z

de(mYdy (M) sin (Tlog (m/n)
¥ AmAan |03(m/h\

", AT“'z
m#n




[lsGuala = 7D =&

N :T\ﬂlz

. de(mYdy (M) sin (Tlog (m/n))
AmAan |03(m/h\

", _L.‘\"“'z
m#n

‘og (%\ is small if m is close to n

S terms with m=n+r and v small
contribute +o thhe main termn




Example: K=3
ds (mYdz () sin (Tlc%c,L(mlm\
Aman log(m/n)
m,n!ﬂ";'z
M #n

e For mm-= TS’L‘ -\-T.H ond N '-'TSIL‘

!

log(%\ X |03(\+_|‘__): T

sin(Tlog(m/m\ _ —
log (M /)




Example: K=3
ds (mYdz () sin (Tlc%c,L(mlm\
Aman logim/n)
m,n!ﬂ";'z
M #n

* This leads to the clffyfl’cud‘c P\rob\em of

additive divisor sums :

n{% de (WY dy (n+r) |



Folklore Conjectuxe-

My (T ~ e Q«T(losT)K
(&)

wheve
2

2
o Ouie o defined vioe E_ dr ~ Qv (\OﬁT)K

1\2
ney " (K)




Folklore Cor\jectuure,

Mu (T ~ Tﬁ_‘;_‘ 0T (logTy
K*):

wWheve

2 2
o O o defined oo de () o Qe K
efine Vi E——; - PBE (\03T)

. can show that

0««=ﬂ_(\"?3 }K::-O(KSI)Z_;T'

P



Folklore Conjectuure_

My (T) ~ _(_.3-‘;—‘ O«T(\OST)K
kK*) "

wWhevre
2 2
o o . . . d\c(‘ﬂ L K
w dt-Flnﬁd \A® E. = ~ (KIL!)Q. (‘OST)
nety
. can show that
‘ (-0 - N |
_ _ A K- S
o= TT(1-5) T (") =
P J:o J F
. gk * Some constant; For 73, we have conjectures

for its wvalue.



Folklore Conjectuure,

My (T ~ T&;_‘ 0T (logTy
k*)'!

Conj ectures ‘or Q. :

* Conrey & Ghosh (1996) gs = Yy
« Conrey « Gonek (l‘i%\ Gy = 24024
k-\
- Keating +Snaith (1998) ge = (K)!ITT
)=

* Diocontt- Goldfeld - Hoffsteun (2000)

* Conrey - Farmer- Kea‘cimj - Rubenstein - Snaith (2000)

Whevre does +he QOhJ&C‘tLLFEd

combinatoriol structure come From

(4

10



The CFKRS recipe for shifted moments of 5(s)

T
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The CFKRS recipe for shifted moments of 5(S)

+

Mae (1= f T glgrarit) T 35 +p-it)de

O deA REB

¢ “shifts" & p are small complex numbers (« ‘/'°3T>

Basic recipe (Conjectures lower order terms & their cocfficients too)
() use «he approximate Functional equation:

5V e T © XL A

where Le .
s (554 (1 0(4)
(2) mult iplﬁ owt

() Lgnore terms where the product of X-factors is
Osciuatnnj Vﬂpidlﬂ

(M) Ignore off-diagonal conbribukions of what’s left.
"



T

Mag (M f U glsrarie) T 3(5 vB-it)de

O deA REB

Conjecture (CFKRS, 2000)

.E—-O\Euo'( -BEGVB = TA\\LU \V o (n) T%}VU‘\L' (h\
) L

N
nN=\

W= - aeW)

e We call +he CQré‘\na\"o\’ \U'\ IVl eve number of “SWQPS‘ Iz



C .
FKRS Recipe Prediction

f T gl rasie) TN 3(3%-&.\&@

dEA RERB
USA,VEB Zn) e E Ty D Tgvuy ()
fw=wvi ) - -

For the
fourthh moment, take [A\ = e\ =2
= =

A = {o(.,o&z}

WeA: ¢, {a«F,
{0(1.}, id, 0(7.}

13



Example: The recipe prediction for the fourth moment

CFKRS Recipe Prediction

f TU g(5ra+it) T Z(5 +R-it)de

deA RER
. E f zn)"é‘:( &Vﬁ E Taswov- (':’te,\v‘/u (n) de
USA,vER O
\w=vl
For the fourth moment, take [A)\ = B\ =2
A= {4, d.] B = {f: P27
UesA: ¢, {af Veg: ¢, {8}
{0(1}) {o“) 0‘?..3 {51}; {g')ﬁ Z.’S

13



Example: The recipe prediction for the fourth momenrt

CFKRS Recipe Prediction
-Lx-LB

Mg (M~ LT f (=) ™ E Suvw B Rewew ) o
USA,vse
\w=vi
“O-swop" (U=V=Q) :
72_ LT SU+srBY 3L+ At B2) S +ka +R) S (1 + 2 + B2)

. J(2+4 +o2+B(+R2)

=« 2 (dida) BoBa)

I



Example: The recipe prediction for the fourth moment

CFKRS Recipe Prediction
-Lx-LB

deW  BeY Tanwvv- (M Tawvou- ()
Mae (T ~u=};v= f 21:) E = dt
\w=ivl

. _ SUraeg) 3+ + B J U+ +R)J (1 +d2+B2)
dl)dl wPa)
2 (disda) BoBa) S e oS

“1-swap " example: U= %,V =‘I:{3>7_"3
ANUUV ™ = £pa,x2’y B\VUWU = {Rir- %Y

=By N0 N o
& e e 2 () Z(pasa) po®)

21T

n=\

1S



CFKRS Recipe Prediction

f TU g(&+a+it) T 3(5 +p-it)de

s REB
-L# T -(mMT (n)
~ T f o\eu. sev E ANULY V Levwow (0
USA,VEB n
{w=tvi

T heorem (CFKRS,2000)

T‘

[ (a3 T B S Bam €Y dt ~

|

0

T
( E(dndz}ﬁ‘)Ql\
-d,- B d:-B2
+ z-rr) Z (- w“la Bz2) + (rn) z(’Bi»"‘l) Bu"")

6(:,‘31.

(S gy (F) 2 (mma )
, (_E) d\-d2- Bi-B2 z(_g’”-gl) -a\.)-o(,) > de

lo



What s 9@\ding the CFKRS heuwristic ¢

eThe CFKRS recipe conjectures are consistent withh provew
theorems from rondom matrix theory, where we also
see the Swappins ’P\r\cnor\r\c,non.

|+



What is guiding the CFKRS heuristic ¢

e The CFKRS recipe conjectures are consistent withh provevw
theorems from rondom matrix theory, where we also
see the Swappins ’Phcnomgnon.

e Katz-Sarnak Phi\osophg - behind each Family of L-Fuwnctions
is o s‘ynme:trj tgpe.

1#



What is quiding the CFKRS heuristic ¢

Theoremn (CFKRS,2003)

Let U(N) be the Qroup of WN=xN umi'l:anj wiatrice s .

Then \n&egratinﬂ with respect +o the ttaor
measure S'WCS

“ T des (I - e""M)Ie[; (1- e PMT) dm

U(N) A€EA
-La - LB
= 1 (eMy** ¢ Z(ANWUVT, B\Vuut‘)
UsA,VER /
(Al =v |

where Z (A,R):= TT (I- e—-d-p)-..

A€EABEB

11



A new OLPProac\m to proving \r\ig\r\ moments

COV\Tetj‘ Keod:’mgz The 3cnera\ idea. is 1o estimate

T

JVLA.B (T):= f TU glgrarit) T 3(5 +p-it)de

0 deA RERB

us'ms +<\he a,pproxima‘tiow

T
o = e N -1k
m £ X neX
Taln) = E. T PR M,

"My ey =N

19



How does X affect the accuracy of the approximafiow?

* CFKRS recipe predicts on asymptotic formulo for
S;TTF‘S(";_w(fit\] g(-‘;_i-ﬁ,-it\d—t,

A EA ReB
withh lower order terms,

+ The terms in the formula are carteaor‘uz,ed by certain
shared combinatorial properties,



How does X affect the accuracy of the approximafiow?

*» CFKRS \\recipe," predicts on asymptotic formulo For
S;T]T' T(4+atit)] T(L+B-it)dt

A EA ReB
withh lower order terms,

+ The terms in the formula are carteaor‘uzed by certain
shared combinatorial properties,

« The Categories are called "l-swaps."

. Tf |Al=]Bl =%, there are L-swap terms’ for

le {Oa ‘l Z. 3) :'h-} .
20



How does X

Xealn)
E n'fz-it

neX

T
X p ()
E m‘lz +it

o meX

CFKRS predicts:
O-swaps

| -swops
2 -SWOpS

£ -swops

o

affect the

~S

truncations

accuraey of the approximatior !

[

0 ®EA

0

T (Lrarit) J[ 5 (Erp-it)de

peB

CFKRS predicts:

O-swaps

| -swoaps

2 -SWOpS 2K-th moment
L -swops

2



How does X affect the accurocy of the approx\ma’éiow?

R

f e T\.?f.n; f T s (arain ] §lsrp-it)de
m'iz it

L mexX neX 0 ®EA pee
CFKRS predicts: . CFKRS predicts:
O-swaps ) . O-swaps
| -sWops . 1 -swaps
P N Jor the P \ for the full
2 -SWQpS : 2 -SWQPS 2K-th moment
. truncations : :
% -SWOPS ' )

) . k-swaps

Conrc\/-Keatfng L I)C X > T'l chen the Q-swap terms For

the truncokions on the LHS ore precisely the 2-swap
terms for the Full 2k'th woment on the RHS.

¥ As X increases, move L'SWQPS maotch wp. * l



- Conrey - Kea‘cing (2015) found +that +he ) 1-swapl'-t€rms For zeta

ore <he consequence of formulasS Sfor correlationS of divisor
sums.

22



- Conrey - Kea‘cing (2015) found +that +he ) 1-swap"-t€rms For zeta

ovre the consequence of formulas Ffor correlations of divisor
sums.

- This connection has been mMmade rigorous by A.Hamiewh + N.Ng -

Theorem (Hamieh and Ng, 2021

Assume +he expected oasymptotic formule for correlations of divisor sums.

IL K=T" itk 1 ¢ ¢Z ,4hen as T 0,

T
[ CSe Cs e g 50 T
TN Yq = 0
o ix iz e = Nz —it (2Tr0 e Yee) WAV EB
O tiul =lV( &l
r - T Ga+z) - T (B+W) _
y ( £\ e gev ETAE\UzUVw o) TNV U Uz () |
x o 271 + Wdz.
Ltmwn oo Amn
M=

22



Ada,p‘ting the Conreg-Keo\tir\g approack/

Fami\\j of all Dirichlet L-functiong of modulus 9

“(qf\ = \P*(ab'\ E lL( Iz, ’)()\

‘)C(modq,

+*
i ¢ e sum s over all k?"(q,.\ the number of pr\mvhve
Pv-'\mi-\-'we chavacters clhovracters mod qr

- Like (s, progress on Mulq) is limited for large K.

L

study v t-aspect study in gq-aspect

23



Bounds: g (log %JK << E_* L2, 20" « g (log %,)K
(OW Primc\ Xmodg

Lowerbound : all k>0 Upperbound : all K>0 under GRH

K%, Radziwilf- Soundararajan (2012) Soundararajan (2009) , Horper (2013)

0<K<l, Heap- Soundararajan (2020)
Gao (2021

a4



Bounds: g (log %,)K << E_* L2, 20" « g (log %,)K
(%, Primc\ Xmodg

Lowerbound : all k>0 Upperbound : all K>0 under GRH

K%, Radziwilf- Soundararajan (2012) Soundararajon (2009) , Horper (2013)

0<K<l, Heap- Soundararajan (2020)
Gao (2021

Asymptotics:
. Pq\e\._\ (1934): M\(ob,\ ~ logcb.

* Heath-Brown (1a21), Sowdwrwq:lwn (2007),

Youmg (2010) gives *

q
Malg)~ 2b, (\o%i

a4



KZ
Bounds: (logq.) ¢
(%.u Primc\ Y Xmodq,

Lowerbound : all k>0

K71, Radziwill- Soundararajan (2012)

0<K<l, Heap- Soundararajan (2020)
Gao (2021

Asymptotics:
¢ Pq\e\._\ (1934): M\(ob,\ ~ logcb.

* Heath-Brown (1421, Sowdw'wc\:lah (2007),

Youmg (2010) gives *

q
Malg)~ 2b, (\0\3?&

U L™

« gliogq)

9?Perbomd3 all K0 under GRH

Soundararajan (2009) , Horper (2013)

Asymptoties For k%3 7

Covaec;ture .
10ga)"
Mu(%«\ ~ Ow bw L‘ﬁk;:r'__

-t
_ w2 I I
=S 'go(k+j\!

9w
a4



Introducmg extro OL\Ieragilnj ovey of

Using the large sieve inequality to obtain upper bound :

* 2k S
Hadey (1930} L L |Lenol « Qllog@) | where k=3
Or‘—Q ‘xwwdq,

a5



Introducmg extyro aVeragiﬂﬁ over Gy

Using the large sieve inequality to obtain upper bound :

Huxley (1970): i E \L_(l,_,rx)\ «Q(loSQ) , where k=34
ou,-Q ‘xrmdq,

U\sing the asymptotic large sieve (for asymptotics l.)
« Conrey-Iwaniec- Soundararajan (2012) :  +h moment w/ small averaging overt
logQ
+ Chandee- Li- Matomaki- Radziwitt (20237): L I |Liw,0) ~ 41&, Q2 _3__° )

G x(g)

+ Unondee- Li- Matomaki - Radzwitt (2023+) : 341 moment w/ small averaging ovev-t

. main term is size Q° (09&)

(S+E
e errov tevm ic gize (OSQ\



Introclucmg extyro aVeragiﬂﬁ over g

Usmg the lmrge, sieve inequalﬂ—ﬂ to obtain upper bouwnd

* 2k (3
Huxley (1970): i [_ L, )| « QZ(MSQ)K , where k=34
on,‘.Q ‘xmodq,

b\sing the asymptotic large sieve (for asymptotics |.\

¢ Conrey-Iwoniec- Soundararajan (202) : £+h moment w/ small averaging overt

q
+ Unandee- Li- Matomaki - Radziwitt (2023+): L L_ |‘-("""°\‘ v H1E;Q° & ?)
G<Q % q:

. Chandee- Li- Matomaki - Radzwitt (2023+) : 941 moment w / small aVemglng overt

° Main term is Size ®2Q09&)“

leve
Asympotic large Ste I5+E

- Q -froumewor\L thot hoxnessei- ® errov tevm is SizZe &z(\o\ﬁ@\
“c WoY

e extra overagng
thw\-\;h (,.]:,f—diagoha\ ermS



Adapt'mg t\f\e COV\V’eg-Keating &Pproacw

The 2kth nmoment :
b lal=1Bl =K
LTl Ly
xmadg AEA L(Z{.d'fﬂ;l;\;‘_“idkgﬁx\

Approximate by °

b T =
Al ) X () Teal

E E E 2 )X

%“.Q ’Xmodo“, MEX A " g)( (=3 V\V\ (V\X

b primitive, evew

20



Adapt'mg t\f\e COV\V’eg-Keating &Pproadv

The 2kth moment : Ial=1gl = K
b
YT L(sr a0 Tl L8 )
’wad%.a(.—/-\ RER

Approximate by °

b Talm)X(m) T e (W)X(N)
Z_ A E AW
‘;‘Q "‘E'““‘ir mex M ax MM

The twisted 2kth moment, QVeraae,d ovev %,:

Talm)K(m) ’te,(hh((n\
C L g [ et L

FeQ Xy mMEX

b primitive, evew

20



Twisted moment of Diridhlet po\\jnomia\ approX.

S(h):= i W(%)Eb X (Y X(4)

=l Xmodcb,

o0 00
Tal) K (m) _m_>E T e (M XA _"_)
" E\ ATFWT \/(x n=| Bh‘““ V(x'

Heve
- W,V are smoothy cut-off functions

+ b denotes that +the sumis over even, primitive characters
modulo %

What does +he CFKRS recipe predict for Sthek) ¢

27



Notation: gathering the ingredients

= b ( Si+tS2 ~ ~
5 0° (sIV(s2
I‘Q(\m“'ﬂzz ;‘ W( Q) 'X;d‘k (zwd) J:e J:e) X V )
LA o (L+a+s.) X (L+p+s.)
YT =2 1N
ek F ey FF
WeA,VER
lwd=\v =2

% E tAS.\ us. o Vs.z (W\\ ﬂtBS&\VSzlu.__-wg' (n\ QlS'zdS[

l&m, n <00 W
mh=nt
meou,\q
oy (32 %)
00 _ - L )
V)= L V()% dx o ()= TT \"(';_s')
(MeWn transform of V)

28



The recipe conjecture

Recipe Conjecture - \Let A= {otndn, B = Lpu-BrY with
Ai, 63 <« '/Iog& . For all X>0, where X is +he \ehg’f\’\oF-l—\nQ

L-function approximotions,

K
Sl ~ L T,Gnwk)

oS Q —> 00 . Q=0

21



The recipe conjecture

Recipe, Conjecture - \let A={on-del, B=1pu-»PeY with
Ai, 63 <« l/Io\g& . For all X>0, where X is +he lehs’f\’\oFHnQ

L-function approximotions,

K
Sl ~ L T,Gnwk)

oS Q —> 00 . Q=0

Roughly :  the 2k-th moment of +he Dirichlet polynomial
opproximations of +he L-functions with \engt\r\ X >0 is

asymptotic to +he Sum of -tlhe predic‘cecl O,1,--sK-swap
terms of the approximations.

29



Theorem (S.Baluyot and C.T-8., 7-022"')
let Q@ be alarge porameter ond XK= Q" with 147<2Z. Let
A={0(|>---10(K3,B‘S.Lﬁn---)?w-g with i, BJ « '/log& Tlr\eh) assuming the

Generalized Lindelsf Hypothesrs, we have

Stuk) ~ T,(ht) + T, (h4).



Theorem (S.Baluyot and C.T-8, 2022"')
let Q@ be alarge porameter ond XK= Q" with 147<2Z. Let
A’-{dn---:dk}:Bziﬁn-“)%\LE with i, QJ « '/log& Tlf\eh) assuming the

Generalized Lindelof Hypothesrs, we have

Stuk) ~ T, (ht) + T, (h4).

'Roug‘r\\y : the 2K-th moment of +he Dirichlet Po\yhomm\
a.pproximations of the L-functions with \eng‘o‘/\s Qﬂ) l¢n ¢,
1S asymptotic o the sum of the Predicted O,\-swap

terms of the opproximations.



LTnterpretation of result

. the Ll-swap terms Pred\'c:te.d by the CFKRS recipe ovre
correct for this family of L-fwnctions, averoged OVer g .

*For the genera\ 2kth moment , this gives the first rigorous
proof of the validify of the CFKRS heuristic " beyond the

d(agor\a\" for this Family of L-functions.

3|



Overview of proo'P

e Start with

S (nkR):= i w(—g—)t" X () X ()

=1 ’Xmodou,

o0
Talm)X(m)

00 -—
m Tg(“yx(h\ V
) L Xy

32



Overview of proo'P

e Start with

s(hk):= L W(%)Eb X () X (%)
F=! ’Xmodou,

oo 00 —
Talv) X (m) LV\_> T o ()X _“_)
L g ) e ()

o Brin3 in the sum over L, ond use +\he stondord \emmee

z;b x(mh\%(r\‘h\ = ‘E( .E &P(JBM(C\ + tq(d)}*@'\>

‘Xmodcb,

3L



* We +hen split Slhik) into +three pleces :

Sthek) = LGhdk)  +  Dhke) + Ulh+h)

where
L (k) = suw of +he terms witlhh ¢ > C

M

sum of +he "dragonal" terms with ¢ &C
ond mh=nk,

D k)

Uhit) = " )
S‘;'A:g o:h**:;&?#-d(asom\ terms with ¢ £C



* We +hen split Slhik) into +three pleces :

Sth) = LGhk)  + [ Dlhk) + WUlhh)

where
L (k) = suw of +he terms witlhh ¢ > C

Dht) = sum of the "dn’agonal" terms with ¢ &C
and mh=nk.

Uht) = sum of +he “o-F-F—cl,(asom\" terms with ¢ £C
and mh#nk



* We <hen SP\H:' Slhik) into +three pleces:

Shhk) = LGhk) + D) + Ulh+)

wWhere
L (k) = suw of +he terms witlhh ¢ > C

M

sum of +he "dn’agonal" terms with ¢ &C
ond mh=nk.

D k)

Uht) = sum of +he “O-F-F-d,(asom\" terms with ¢ £C
and mh#nt

\As(ns stondord methods, recover the O-Swap terms Frowu DhB) .

Where are the :L-SWaP tevms?



The "long" sum, LGuR), 7

Talm) T (n) m
L) = & L W(’Lw: (W( V(7)V('r>\ﬁ

l‘- 00 w\,n< 00
(q),h'b.\ \ (mn.q\ =

( Z Pryplcy + Z CP(&)/&LC\) |

C7C)d7’ Q)C,d’l\
cd=qp cd=qp
d|mhent d|mh-nt

. detect d|mhtnk usinﬂ orb\nosona\i’c‘j of chavracters

M



The "Ionﬁ" sum, LUGuhk), 7

Lt = & T w(EB) T === v v

l‘- 00 lEm,n<e 00
(q),wb.\ \ (mnq)=1
( L RHpey + ) cv(cn/&m) .
yC,d>| eyC)d 7|
Cd-%— Qd:cb,
d|mhent d|mh-nt

. detect d|mhtnk Usinﬂ orb\nosona\i’c‘j of chavracters

- splie LUhh) = Lo (hek) + Lo (h R

Lolhh): contribution of the P\’W\Cipa\ choracter mod d

Lr ('hl‘b'\ the vrest.

2



The "Ionﬁ" sum, LUuk), 7

Lt = & T w(EB) T == v v

l‘- 00 lEm,n<e 00
(q),wh\ ] (mnq)=|
(L awne + L awme)
<yC,d 7| cyC,d 7|
cd =g cd =g
d|mhent d|mh-nt

. detect d|mhtnk usinﬂ ort\nosona\i’c‘j of chavracters

- splie LUhb) = Lo (hih) + Lo (h R)
Lo(hh): contribution of €he Principa\ choracter mod d
Lo (hR) the rest.

« bound [, (h, %) using the large sieve wequality and GLH

o Lolh+R) ends up Qow\cc\\\’n%. With o contri bution FromWU(hth)
3



\:indimj +he predicted 1~swap terms

S(hk) = Dlhh) + LOGWR)  + Ul k)
short , di &3““%\ lon ) short, offF dtasma.‘
O-swap N\
sers L) + LeChib)

(Sventuall bounded
cancels { wnder GLH



Findins +he predicted 1~swap terms

Sth) = Dlh+h) + LUR) + U(h k)
short ,diasona\ lor\s short, -F-Fd,.o\gmq,‘
O-swap N\
s L) + Lo Chb)

(CVCV\‘HAG l\ b oun ded
cancels { wnder GLH the d-swap

+erms ave h \ddeVl
hevre
k' Talm) T (l‘\\ n)
uh) = £ T WL == Vi) V)
(g ) =1 Mh:l;n'h
( L @omey + ) @(cn;&m) .
ltceC,d7)\ 1ce e Cd 7|
Cd=cb— C,d:%,
d|mhint d|mh-nt
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\:inding +he predicted 1~swap terms

S(hR) = Dihhw) + LR + U(h k)

A
Lo(‘hak) v L, (‘l’ll'ﬁ)

the d-swap
+erms are h \ddeVI
here
Talm) Ty (n)
uthk):= £ T wW(E)L === v(%) V(%)
1£Q<£00 l£wm,n¢00
($?:‘h\ = mh#ne
'( Z Q(dyple) + z CPH);LLC\) .
ltceC,d7) 1ee eC,d 7|
Cd'-'%r Cd=%'
dlm\r\m-k cL|mh-v\-h

The \arge sieve is not strong enough/ to use as

before because d can be as large as Q.



Crux of oursumevﬂ: :

We switchh to t\r\e_“c,om?\ementmrsj wodulus

Clll“"ht"‘k\ , 80 ‘nstead consider L:=

lmh *ng |

d

3b



Crux of oursumenb :

We switchh to t\r\e_“c,om?\ementmrsj wodulus
Imh fn+\

dl'“"ht"‘k\ , 80 ‘nstead consider L:= 3

Split AR = WUe Chebh) + U Ghk)
© Uy = contribution from principal chorocter mod L

Bound Ur (hR) ~ more delicate thoan L, (+h,R)

* interdependence of variobles and the complexity of +he

nmultivariable Mellin tronsform.

¢ Closely followr work of Convey - Twaniec- Seuwndararajan (2019).

* This is where we must assume GLH, because we oare
working with an orbitrarily lorge number of L-functions
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Crux of oursumenb :

We switchh to t\r\e_“c,om?\ementmrsj wodulus
Imh fnt\

dl'“"ht"‘k\ , 80 ‘nstead consider L:= 3

Split UG R) = WUe Chebh) + U Ghk)
© Uy ) : contribution from principal chorocter mod L

Bound Ur (hR) ~ more delicate thoan L, (+h,R)

* interdependence of variobles and the complexity of +he

nmultivariable Mellin tronsform.

¢ Closely follow work of Convey - Twaniec- Seuwndararajan (2019).

* This is where we must assume GLH, because we ore
working with an orbitrarily lorge number of L-functions

3



Findins +he predicted l*swap terms

S(thk) = Dlhih) + LUR) + U(h k)

short ,di asonu\ lon 5 short ' off d,.o\smq,‘
O-Swap
termg A AN Ue(h,R)
L,the) + L, (ht) U, (hik) + Urlh,
(cvenituall bounded bounded
cancels wnder GLH e 1-Swaps wnder GLH

Snhould be here

3+



Findins +he predicted l*swap terms

Sthe) = Dihih) + LGR)  + U(h k)

A AN
Lhi) + L, Chib) Uy (k) + Ur(hyR)

the 1-Swaps
Srhould be here

Focusing on U ()

We O.PP\\/ Mellin Inyersion to W and move o line of ‘m—k.es\rat(or\
o wvite

’Mo(h.‘h\ = ’(A.U’h‘h) *uz(“’h‘h)

wWhere U Chk) is the residue (From 5(1+wWY) and U2(ht)

is +he vest.

3t



\:indin(}) +he predicted 1*swap terms

- After carefu\ moanipulation, we vealize ’Mc({m‘h)
cancels with Lo(r) .l

Sthk) = Dlhih) + LhR)  + U k)

short , diagonal long short, off d,.o\amq,(
O-swap N\ /\ AN
S UL k) ¢ L thie) U (k) + Ue(hy
° bounded bounded
,\ wnder GLH /\ wnder GLH

Cthe/s! S>W (W) + 'U:.C‘r\rb\

3%



\:indins +he predicted 1*swap terms

- After carefu\ moanipulation, we vealize ’Mc({m‘h)
cancels with Lo(r) .l

Sthk) = Dlhih) + LhR)  + U k)

short , diagonal long short, off d,go\ama,‘
O-swap N\ /\
e L (hi) + L, Chb) U_(hk) + Ur(h, R
ounde bounde
’\ :\der gLél /\ wnder ?,LS

Cq
")Ce/g! W (W) + (u:_("‘\\“bx

38



Find\‘ns +he predicted 1~swap tevrms

We are left with

)
wowy: T o [ BRIy L
leceC St Cei9) =
O R sy
w
peay L clmhtnh\) ~
x ey 21T£J ( 9Q WO-w) 51+ wYdw-.
o»\s -£)

-Write Uz(h k) as an Euler product ofter sepcurortih3
the Variables in Inmhtnt|” (use o lemma From cIs'a)

e Use Mellin 'wwev—s(on:‘f— express 'Lh(hrb.\ as o quadruple 'm'besm\.
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Findins +he predicted :L“SW&P terms

The recipe tells us what The ovsjmp‘tot(c, \arge

Difficulty:
the d-swaps lock like, ———  sfeve tells us wheve
but no information on Ho:hteos‘z;?dge the 1-swop terms
how™ to extract them. ore hiding.

40



Findins +he predicted l’swap terms

The recipe tells us what The asjmp‘totic, \arge

DiffFiculty:
the d-swaps look like, A sieve tells us whevre
but no information on Ho:hzos‘z;?dge the 1-swop terms
how™ to extract them. ore hiding.

We find the Ll-swaps viee stirategic contowr integration
ond Proving identities 'nr\vo\ving severol Euwlev P\rodutc'ts

sO that we con matchh to what the \recipe P\redl'c:tS.

40



The map of +he ouraumen-b

S(thk) = Dihh)

+ (k) + u(-h.‘b—)

A AN
[2Chik) + L, (ht) U lhik) + Ur (k)

\ /\

C
Meery W (k) + UaChik)

J |

The |-swaps are \heve!
(match with recipe predictiow)

di



Genera\'\zec\ Linde\bf)c l—\ﬂpothesis

The Lindeloff Hypothesis is true,and for all £>0 and oll
nonprincipal characters med >

L(z+it ,7(3 « (%_ (1+ H:I\)E .

e We assume GLH in o handful of places in the Proof o corvtvol

the large number of Zeta - and L-Function factors.
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Genera\'\zec\ Linde\bf)c l—\ﬂpothesis

The Lindeloff Hypothesis is true,and for all £>0 and oll
nonprincipal characters med >

L(Z+it,x)« (Gﬁ' (I+ H:l\)E :

- We asswme GLW in o handful of places in the proof o cortrol

the large number of Zeta - and L-Function factors.

We expect:

* K=L,2)34 ¢ the result is wn conditional

, K75 + We con assume o weoker
hgpot\nes\s that depends on K.

41



Genera\'\iec\ Linde\éf)c Hﬂpothesis

The Lindeloff Hypothesis is true,and for all £>0 and oll
nonprincipal characters med %>

L(Z+it,1)« (%_ (1+ H:l\)E :

e We assume GLH in o handful of places in the Proo'F to corvtvol

the lorge number of zeta - ond L-Ffunction factors.

We expect: Mg this
prec\se \S

c K=h23H : the result is wnconditional ork .m,?m%ress
Wikl student

., K75 : We con assume a weoker Bowen L

hypothesis that depends on K.

41



Finding "1-swaps” in other families

NSF FRG - A\lerages of L-functions € Arithmetic Stratification

Conrey -Rodgers ('22+) Conrey-Fazzari ('23)
-;familtj of quadratic o L-functions assoc.with
L- functions primitive cusp forms of

level 1 in weight aspect

& ngp\ect'\c, . Orthoaona\
- Poissorv summation * Peterrson trace ;Formu\a..
- ussumes GLH - ssumes GLH
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T hank You for Your
attention |









