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Moments of the Riemann Zeta function

T
2K

Mk IT I it de

Applications Moments can be used to

study the vertical distribution of non trivial zeros

count zeros on the critical line

o

study extreme values of 13 It it






































































Folklore conjecture
T

f 5 tit at CET logT

where Ck is a constant
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Folklore conjecture
T

15C it at CET logT

where Ck is a constant

TllogT K 5 tit at a TllogT

Lower Bound holds unconditionally for kW

Radziwill Soundararajan 2013

Heap Soundararajan 2020






































































Folklore conjecture
T

IS it at CET logT

where Ck is a constant

1109T a
fIatithdtftllog.tl

Upper Bound holds unconditionally for

K MEIN Heath Brown 1981

K It NEIN Bettin Chandee Radziwill 2017

O K 2 Heap Radziwill Soundararajan 2019






































































Folklore conjecture
T

15C it at CET logT

where Ck is a constant

1109T f tit

f Titogts

Upper Bound holds on RH for K 0

Soundararajan 2007

Harper 2013
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Asymptotics
Mk T TS Exit at

0

Hardy Littlewood 1918 M T TlogT

Ingham 1926 Ma T 1094T
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Asymptotics
Mk T T3 it at

0

Hardy Littlewood 1918 M T T logT
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Ingham 1926 Ma T 1094T

For k 3 no asymptotic formula has been proven unconditionally
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Asymptotics
Mk T IS it dt

0

Hardy Littlewood 1918 M T T logT

T
Ingham 1926 Ma T 21094T

For k 3 no asymptotic formula has been proven unconditionally

Ng 2016 Ms T with a power saving error term assuming a

ternary additive divisor conjecture

Ng Shen Wong 2022 My T assuming RH and a quaternary
additive divisor conjecture
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Why are asymptotics difficult for large K

credit to FaiChandee for this overview
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Why are asymptotics difficult for large K
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I it de It Itit itJ at

0

or Recs 1

3 s If
where dk n is the k th divisor function

dk n Em nl mi Mk EIN m Mk n
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with

log is small if m is close to n

i terms with m ntr and r small

contribute to the main term
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Example K 3
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tifmn T312
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For m 7514 T and n 1
514

10g F log I F

sinf.geYI t
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Example K 3

E
sn

ifmn T312 g

with

This leads to the difficult problem of

additive divisor sums

dk n dk htr
n x

K 2 Motohashi
1273 no asymptotic
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Folklore conjecture

Mia T akT logt

where

Ak defined via logt






































































Folklore conjecture

Mia T akT logt

where

Ak defined via 9 logt

can show that
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Folklore Conjecture

Ma T art logt

where

Ak defined via 9 logt

can show that

an 511 f II
k

gk some constant for k 3 we have cenjectures

for its value






































































Folklore Conjecture

Me T art logT
K2

Injectures for gk
Conrey Ghosh 1996 Dirichlet polynomials AFE 93 42

Conrey Gonek 1998 Dirichlet polynomials AFE 94 24024

Keating Snaith 1998 RMT Reck 9k K2 II 44
Diacona Goldfeld Hoffstein 12000 mutt Dirichletseries.aeI

Conrey Farmer Keating Rubenstein Snaith 2000 recipe KEIN

Where does the conjectured
combinatorial structure come from

I






































































The CF KRS recipe for shifted moments of s

T

Ma T J II Settat it I3 I B it dt

shifts dip are small complex numbers K logT






































































The CF KRS recipe for shifted moments of s

T

Ma T J II Jetta it I3 I B it dt

shifts L B are small complex numbers K logT

Basic recipe conjectures lower order terms É their coefficients too

i use the approximate functional equation

3 s Emts X s Is
where

X s E
t seit til I 0 t

2 multiply out

3 Ignore terms where the product of X factors is

oscillating rapidly
4 Ignore off diagonal contributions of what's left






































































Ma T Tl 3C att T1 3C's B it de
0 LEA BEB

Enjecture.CC RS 20

TAB T
T a B o

c f E new Be

I tuft at
UEA VEB o n

141 1V1

a

I stats Tarts tain mid mid mid
n l m Mz my n

U n a en

We call the cardinality ul IVI the number of swaps I






































































Example The recipe prediction for the fourth moment

EKRSRecipeprediction

f at Settat it II 3C's B it de

a Ep a

E FI new Be if Iftu de

I to

For the fourth moment take Al 1131 2

A di da

UEA O a

x2 ai da
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Example The recipe prediction for the fourth moment

EKRSRecipePrediction

f at Settat e II 3C's B it dt

a Ep a

E f new Be if Itm a

Ethio

For the fourth moment take Al 1131 2

A a a B pupa

UEA 0 a VEB O B

a a a B2 Bupa






































































Example The recipe prediction for the fourth moment

CIKRSR_ecipepredfction

Ma.pl 1 I ftp.nrou nde
n 1

VIVI

O swap U V

Én
311 4 5 It α B2 J Ita Bi ltαztβz

n 312th that Bit B2

Z disda β Ba

1






































































Example The recipe prediction for the fourth moment

CIKRSR

ecipepredictionk.BG

jiffy
t E

h i
n

Z di da β βz
3 B 3 α B2 J ltαz β l αztβz

312th that Bit B2

1 swap example U α V B2

A UU V Bz X2 B VUU Bi α

E IfEI E ZC pz.dz psi α






































































EKRSR
ecipepredictionf.LI

36 2 4 B it dt

EI EPI a
na n

Thezem CFKRS 2000

T

Sf Ita it J tαatit Bi it Bz it dt

Raisin
E EERIE BA E ZC

BEI.tn1 swaps

E Ca PET β E I α BEEN
2 swap E ZC p.es E de

afiiesstfi.tn iieath Brown






































































What is guiding the CF KRS heuristic

The CF KRS recipe conjectures are consistent with proven
theorems from random matrix theory where we also

see the swapping phenomenon
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What is guiding the CF KRS heuristic

The CF KRS recipe conjectures are consistent with proven
theorems from random matrix theory where we also

see the swapping phenomenon

Katz Sarnak philosophy behind each family of L functions
is a symmetry type

I






































































What is guiding the CFKRS heuristic

TheoremCC.TK 2003

Let U N be the group of NXN unitary matrices

Then integrating with respect to the Haar

measure gives

Idet l e m l e BM 1 dm
UN α 4

en 8 βEβ Z A UUV_ B VUU
UEA KB
lull IV

where Z A B TI l e
α β 1

LEA BEB

I






































































A new approach to proving high moments

Conrey Keating The general idea is to estimate

series of 5 papers 2015 2019

T

Ma T J II Jetta it I3 I B it dt

using the approximation

I IIE E.IE
at

me x

Ta n E M

Mima my n

mi My ai
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How does X affect the accuracy of the approximation

CFKRS recipe predicts an asymptotic formula for

So 5 it B it dt

with lower order terms

The terms in the formula are categorized by certain

shared combinatorial properties

2






































































How does X affect the accuracy of the approximation

CF KRS recipe predicts an asymptotic formula for

Itg Ita it 3 It B it dt

with lower order terms

The terms in the formula are categorized by certain

shared combinatorial properties

The categories are called l swaps

If I Al B1 k there are l swap terms for

le O 112 3 ok
2






































































How does X affect the accuracy of the approximation

FEIEIIEI.fi ftdI3CbtatitlpI3 ftp.itldt
o MEX nex

CFKRS predicts CF KRS predicts
O swaps O swaps
I swaps l swaps

4 for
the

4
for the full

2 swaps 2 swaps 2k th moment
truncations

k swaps k swaps

2






































































How does X affect the accuracy of the approximation

I Ittf Titi It I static ftp.itldt
o MEX nex

CF KRS predicts CF KRS predicts
O swaps O swaps
I swaps i swaps

4 for
the for the full

2 swaps 2 swaps 2k th moment
truncations

k swaps k swaps

CoreyKeating If X t then the l swap terms for

the truncations on the LHS are precisely the l swap

terms for the full 2k th moment on the RHS

As X increases more l swaps match up
2






































































Conrey Keating 2015 found that the I swap terms for zeta

are the consequence of formulas for correlations of divisor

sums

2






































































Conrey Keating 2015 found that the I swap terms for zeta

are the consequence of formulas for correlations of divisor

sums

This connection has been made rigorous by A Hamieh N Ng

Theorem Hamieh and Ng 20217
Assume the expected asymptotic formula for correlations of divisor sums

If X T with Icy 2 then as o

f Ia'ak n.EE edt iii fate EI
UEA VEB
Of LUI V El

ft Ig Eu E't
taauzuvimEBumdtdwdz.IEm n Coo

men

2






































































Adapting the Conrey Keating approach

Family of all Dirichlet L functions of modulus q

Mk q pg L iz x
2K

X modq

the sum is over all y q the number of primitive
primitive characters characters mod q

Like Jls progress on Mal q is limited for large K

study in t aspect study in q aspect

2






































































What is known

Bounds qllogq as 111112,4112 as qllogq
q prime modq

Lowerbound all KIO

IE iK 1 Radziwill Soundararajan 2012

Ockel Heap Soundararajan 2020
Gao 2021

2






































































What is known

Bounds qllogq as 111112,4112 a qllogq
q prime modq

Lowerbound all k 70

IE iiK 1 Radziwill Soundararajan 2012

Ockel Heap Soundararajan 2020
Gao 2021

Asymptotics

Paley 1934 M q logq
Heath Brown 1981 Soundararajan 2007

Young 2010 gives

Malq 2b 1 7

2






































































What is known

Bounds qllogq as 111112,4112 as qllogq
q prime modq

Lowerbound all KIO

K 1 Radziwill Soundararajan 2012

Ockel Heap Soundararajan 2020
Gao 2021

Asymptotics

Paley 1934 M q logg Asymptotic for k 3

Heath Brown 1981 Soundararajan 2007
conjecture

Young 2010 gives Mulq grabic

Malq 262 9 g
k city

2






































































Introducing extra averaging over q

Using the large sieve inequality to obtain upper bound

Huxley 1970 E ILL iz x a Q logQ where 4 314
qEQ xmodq

25






































































Introducing extra averaging over q

Using the large sieve inequality to obtain upper bound

Huxley 1970 ILC 2 a Q logQ where 4 314
q Q modq

Using the asymptotic large sieve for asymptotics

Conrey Iwaniec Soundararajan 2012 6th moment w small averaging overt

Chandee Li Matomaki Radziwill 12023 1 EgEq 141121
716 425 Q2 110990

Chandee Li Matomaki Radziwill 2023 8th moment w small averaging overt

main term is size Q ogQ

error term is size Q logQ
s

2






































































Introducing extra averaging over q

Using the large sieve inequality to obtain upper bound

Huxley 1970 ILC 2 a Q logQ where 4 314
q Q modq

Using the asymptotic large sieve for asymptotics

Conrey Iwaniec Soundararajan 2012 6th moment w small averaging overt

Chandee Li Matomaki Radziwill 12023 1 EgEq 141121
716 425 Q2 110990

Chandee Li Matomaki Radziwill 2023 1 8th moment w small averaging overt

main term is size Q ogQ
Asympotic large

sieve

a framework that
harnesses error term is size Q logQ

s

the extra averaging to work

with off diagonal
terms

2






































































Adapting the Conrey Keating approach
The 212th moment IAI IBI K

ELIA L α βILl B x ̅

Approximate by

E E T.LI
qeQxmodqmEX nex

b primitive even

2






































































Adapting the Conrey Keating approach
The 212th moment IAI IBI K

Emigatta L α βILl B x ̅

Approximate by

Emof Ex t.ttnqEQ
The twisted 24th moment averaged over q

INFIK TREE
q Q modq my n X

b primitive even

2






































































Twisted moment of Dirichlet polynomial approx

D

SChik E W E E XCHICK
Xmodq

a

x E TAKEI V F EE T.IM v Ern

Here

W V are smooth cut off functions

b denotes that the sum is over even primitive characters

modulo q

What does the CFR RS recipe predict for sch k

2






































































Notation gathering the ingredients

Ie Chik W E Idg Ii Ie Ie X VCs V sa

Cq hk l

x 11

waivers
In HIIIII qthe sum of all

the l swap terms
Tom the recipe lui IVI L
orediction

x E
i m no

TAsius.tk tBsNszuUsi dszds

mh nk
mniq l

s ITV x XS dx

Mellin transform of y
06 s its E iffy

2






































































The recipe conjecture

Recipe Conjecture Let A dis idk B Bio pic with

di Bj K YogQ For all X 0 where X is the length of the

L function approximations

Schik É Ie Chik
as Q o

2






































































The recipe conjecture

Recipe Conjecture Let A dis idk B Bio pic with

di Bj K YogQ For all X 0 where X is the length of the

L function approximations

Schik Ef Ie Chik
as Q o

Roughly the 2k th moment of the Dirichlet polynomial
approximations of the L functions with length X 0 is

asymptotic to the sum of the predicted O l k swap

terms of the approximations

29






































































Main Result

Theorem S Baluyot and C T B 2022 7

Let Q be a large parameter and X Q with Ian c2 Let

A dis idk B Bi Bk with Li Bj K YogQ Then assuming the

Generalized Lindelof Hypothesis we have

sch k Io Chik I Ch k

3






































































Main Result

Theorem S Baluyot and C T B 2022 7

Let Q be a large parameter and X Q with Ian c2 Let

A dis idk B Bis Bk with Li Bj K YogQ Then assuming the

Generalized Lindelof Hypothesis we have

sch k n Io Chik I Ch k

Roughly the 2k th moment of the Dirichlet polynomial
approximations of the L functions with lengths Q I n 2

is asymptotic to the sum of the predicted O l swap

terms of the approximations

3






































































Interpretation of result

the 1 swap terms predicted by the CF KRS recipe are

correct for this family of L functions averaged over q

For the general 2k th moment this gives the first rigorous

proof of the validity of the CF KRS heuristic beyond the

diagonal for this family of L functions

3






































































Overview of proof

start with

Schik NL E qXCh Xk

E.amIvII E.tetfIvE

3






































































Overview of proof

start with

Schik W F Fifth xC̅k

E.EEmIvII E tetfIv

Bring in the sum over and use the standard lemma

1mn e d Mlc uld µ a
modq q dc q dc

d mhtnk d 1mn nk

3
















































We then split schik into three pieces

Sth k L Chik D Ch k Uch k

where parameter

Chik sum of the terms with c g ed
small power ofQ

The role of C make bound from large sieve a Q2 E

D Chik sum of the diagonal terms with CIC

and mh nk

UChik sum of the off diagonal terms with E IC

and mh ok

33
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Sth k L Chik D Ch k Uch k

where parameter

Chik sum of the terms with c g ed
small power ofQ

The role of C make bound from large sieve a Q2 E

D Chik sum of the diagonal terms with CIC

and mh nk

UChik sum of the off diagonal terms with E IC

and mh ok
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We then split schik into three pieces

Sth k L Chik D Ch k Uch k

where parametersmall power ofQ
Chik sum of the terms with c D E

The role of C make bound from large sieve a Q2 E

D Chik sum of the diagonal terms with CIC

and mh nk

UChik sum of the off diagonal terms with E IC

and mh ok

Using standard methods recover the O swap terms from D Chik

Where are the 1 swap terms
3





























































The long sum Chik a C

Chik E E W E E MÉBM_V 4 f
Iqra 11m NCD

q hk I Cmnq I

old Mcc al d Mcc
c c dat c c d'll
cd q cd q
dlmhtnk d mh nk

detect d mh Ink using orthogonality of characters

3













































The long sum Chik a C

Chik E E W E E tamed V 7 E
Iqa 11m NCD

q hk i Cmnq I

old Mcc Ucd Mcc
c c d'll c c d'll
cd q cd q
dlmhtnk d mh nk

detect d mh Ink using orthogonality of characters

split Chik Lo Chik Er Ch k

Lo Chik contribution of the principal character mod d

Er Chik the rest

34


































The long sum Chik c C

Link IE.NL EEggt In VCE VCF
Cqshk 1

Qld Mcc a d MCC
c C dial c C d l
cd q cd q
d mhtnk d mh nk

detect d mh Ink using orthogonality of characters

split Chik Lo Chik Lr h k

Lo Chik contribution of the principal character modd

r ch k the rest

bound Lr Chik using the large sieve inequality and GLH

Loch k ends up cancelling with a contribution from Uchik

3






































































Finding the predicted 1 swap terms

Schik Dchik Chik Uh k
short diagonal long short off diagonal
0 swap A
terms

Lochik Lr Chik
eventually
cancels

bounded
under GLH

35



































Finding the predicted 1 swap terms

Schik Dchik Ch k Uh k
short diagonal long short off diagonal
0 swap A
terms

Lochik Lr Chik I
a c Y In L the 1 swap

terms are hidden
here

Uchik w 8 In.imnBIvCF v
1 q oo
q hk mh nk

Qld Mcc 9 d MCC
KC Gd 1 1
Cd q
d mhtnk d mh nk

35






























Finding the predicted 1 swap terms

Schik Dchik Ch k Uh k
short diagonal long short off diagonal
0 swap A
terms

Lochik Lr Chik
eventually
cancels u the 1 swap

terms are hidden
here

Uchik w 8 In.im IvCF v
1 q oo
q hk mh nk

Qld Mcc 9 d MCC
KC Gd 1

12 44Cd q
d mhtnk 4mn nk

The large sieve is not strong enough to use as

before because d can be as large as Q

35






































































Crux of argument

We switch to the complementary modulus

d Imhinkl so instead consider l mhtnt
d

3





























Crux of argument

We switch to the complementary modulus

d Imhinkl so instead consider l mhtnd
d

Split Uch k Mo Chik Ur Chik

No Chik contribution from principal character mod l

Bound Ur Chik more delicate than Lr Ch k

interdependence of variables and the complexity of the

multivariable Mellin transform

Closely follow work of Conrey Iwaniec Soundararajan 2019

This is where we must assume GLH because we are

working with an arbitrarily large number of L functions

3





























Crux of argument

We switch to the complementary modulus

d Imhinkl so instead consider l mhtnkld

Split Uch k Mo Chik Ur Chik

No Chik contribution from principal character mod l

Bound Ur Chik more delicate than Lr Ch k

interdependence of variables and the complexity of the

multivariable Mellin transform

Closely follow work of Conrey Iwaniec Soundararajan 2019

This is where we must assume GLH because we are

working with an arbitrarily large number of L functions
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Finding the predicted 1 swap terms

Schik Dchik Chik Uh k
short diagonal long short off diagonal
0 swap A
terms

Lochik Lrchik Hochik Urchik
eventually bounded bounded
cancels under GLH the 1 swaps

under GLH

should be here

37







































Finding the predicted 1 swap terms

Schik Dchik Ch k Uh k
short diagonal long short off diagonal
0 swap A
terms

Lochik Lr Chik Hochik Urchik
eventually bounded bounded
cancels under GLH the 1 swaps

under GLH

should be here

Focusing onVolhill
We apply Mellin inversion to W and move a line of integration
to write

Mochi k M Chik Uz Chik

where Michik is the residue from 3C w and Uzchik

is the rest

37






































































Finding the predicted 1 swap terms

After careful manipulation we realize U.ch k

cancels with Loch k

Schik Dchik Chik Uh k
short diagonal long short off diagonal
0 swap A
terms

Lochik Lrchik Hochik Urchik
bounded bounded
under GLH under GLH

cancels M Chik Machik

3






































































Finding the predicted 1 swap terms

After careful manipulation we realize U.ch k

cancels with Loch k

Schik Dchik Chik Uh k
short diagonal long short off diagonal
0 swap A
terms

Lochik Lrchik Hochik Urchik
bounded bounded
under GLH under GLH

cancels M Chik Machik

Ah ha
The 1 swaps
must be here

3















































Finding the predicted 1 swap terms

We are left with

Machin EE MI En taken VCE Va ieChc
mn c ceig l

oink I

mhtnk.EEIif dmgInkIWu w scitwsdw

Write U2 Chik as an Euler product after
separatingthe variables in Imh Ink w

luse a lemma from C1519

Use Mellin inversion express Uz Chik as a quadruple integra

3






































































Finding the predicted 1 swap terms

The recipe tells us what the asymptotic largeDifficulty
the 1 swaps look like sieve tells us where

but no information on Twtobridge the 1 swap termsthe gap
how to extract them are hiding

4













































Finding the predicted 1 swap terms

The recipe tells us what the asymptotic largeDifficulty sieve tells us wherethe I swaps look like
Towtobridge the 1 swap termsbut no information on the gap

how to extract them are hiding

We find the 1 swaps via strategic contour integration
and proving identities involving several Euler products
so that we can match to what the recipe predicts

4






































































The map of the argument

Schik Dchik Ch k Uh k
short diagonal long short off diagonal
0 swap A
terms Chik rchik U'Chik Urchik

bounded bounded
under GLH

cancels M Chik Machik

1
The 1 swaps are here

match with recipe prediction

4






































































Generalizedlindelofftlypothesis
The Linde toff Hypothesis is true and for all e 0 and all

nonprincipal characters mod q

I it x K q I It D
E

We assume GLH in a handful of places in the proof to control

the large number of Zeta and L function factors

4






































































Generalizedlindelofflypothesis
The Lindeloff Hypothesis is true and for all e 0 and all

nonprincipal characters modq
it x k q 1 1 1

E

We assume GLH in a handful of places in the proof to control

the large number of Zeta and L function factors

We expect

K 1,213,4 the result is unconditional

K 5 we can assume a weaker

hypothesis that depends on K

4






































































Generalizedlindelofflypothesis
The Lindeloff Hypothesis is true and for all e 0 and all

nonprincipal characters modq
it x k q 1 1 1

E

We assume GLH in a handful of places in the proof to control

the large number of Zeta and L function factors

Making thisWe expect
precise is

12 1,213,4 the result is unconditional work in progress

with student
K 5 we can assume a weaker

Bowen Li

hypothesis that depends on K

4






































































Finding I swaps in other families

NSF FRG Averages of L functions Arithmetic stratification

Conrey Rodgers 227 convey Fazzari 23

family of quadratic L functions assoc_with

L functions primitive cusp forms of
level 1 in weight aspect

symplectic orthogonal
Poisson summation Peterson trace formula

assumes GLH assumes GLH

43






































































Thank you for your
attention














































































