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Zeta-fonctions and L-functions over [,

Let C/Fq4 be a (smooth, projective) curve, i.e. f(y,t) =0 where
f € Fqly, t]. Let Z(u, C) be the zeta-function

Z(u,C) =exp (Z W)

n=1
> (q"+ 1)u" 1
Z(u,P') = exp (2_:1 (q —: ) ) = (1= qu)(i—u0)

Weil (1949) showed that for any C/F, of genus g

P2g(u, C)
(1= qu)(1—u)

where Ppg(u, C) is a polynomial of degree 2g.

Z(u,C) = = Pag(u, C)Z(u,P*)



Zeta-fonctions and L-functions over [,

Furthermore,

2g
Pag(u, C) = H (1 - q%eiej’cu>
j=1
and the roots satisfy |u| = g 2.

Using u = g%, the roots satisfy s = 3 + i0; ¢ (Riemann
Hypothesis).



Zeta-fonctions and L-functions over [,

Furthermore,

2g
Pag(u, C) = H (1 - q%eiej’cu>
j=1
and the roots satisfy |u| = g 2.

Using u = g%, the roots satisfy s = 3 + i0; ¢ (Riemann
Hypothesis).

We also write

Pas(. ) = T[ (1 abeeu) = det (1~ g} 0c )

j=1

where O¢ is the 2g x 2g complex unitary diagonal matrix with
diagonal entries efic, j=1,...,2g.
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Families of curves over F,: Hyperelliptic curves

degf —1 dodd

Cr:y? = f(t), f(t) e Mg CFq[t], SF, 2g = {degf—Q d even

?El 1 — gl/2ei0f .-
2 ) = 1—L(l (— qu)q(l — u) ) N (1£E L’J;f_)éf Z(U’Pl)

where ¢ is the quadratic Dirichlet character over Fg[t] given by
xp : (Fqlt]/(P))" — {£1}

a»—>(i>— 1 a=0mod P
P/ 1-1 a%OmodP

1 d 1 degf odd
and 5f:{ Xde:{ egf od

0 xr even 0 degf even
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Families of curves over F,: Hyperelliptic curves

Recall that v = g%, so for n € M,

-5
deg n —sdegn deg n —s
u“e" =g gz(qg) = |n|™".

L(u,xr) = Z xr(n)udeen = Z ud Z xr(n)

neM d=0 neMy
deg f—1
Z > xe(n
I‘IEMd
ST S S 1Y -
neM d=0 neMy 1= qu
1

2P = =
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Families of curves over [F,: (-cyclic cover
For g = 1mod 2/, £ odd prime,

2 degf—1 (fd
Criyl = F(t), f(t) e MySF, _gl{ & f

14 degf —2 /(|d

2g /-1

, L(u, X"
P2g u, Cf H( ’9J,f> — H(1£LI)><1f—)zS,c

i=1
= Hdet (1 - ﬂ@x,‘f u)
i=1
where yp is the /-th power residue symbol defined by

e =(5),: (Falt)/(P)" — pec T

|P|-1
ar—~a ¢ modP




Deligne Equidistribution Theorem and RMT
Theorem (Deligne's ET, 1974)

Let Mg(Fy) be the set of isomorphism classes of curves of genus
g over .

Let f be a continuous class function on USP(2g).
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Deligne Equidistribution Theorem and RMT
Theorem (Deligne's ET, 1974)

Let Mg(Fy) be the set of isomorphism classes of curves of genus
g over .
Let f be a continuous class function on USP(2g).

. 1 B
A (#Mm) 2 “96)) =it

CeMg(

Theorem (Katz-Sarnak, 1999)

Let f(A) = D(pk(A), uk(GUE)), where iy is the kth consecutive
zeroes spacing measure on the 0; c, j=1,...,2g.

: _ 1
Jim_ (qlimwaéwgw > D(uk(ec),uk(GUE))) =0.

CeMg(Fq)
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The mixed trace functions
Let -
Pr(U) =[] Tr(W)y, A=1M2% .
j=1

Theorem (Meisner, 2021)
For X\ such that |\| = > jA\j < g, respectively |\| < :%g

1
lim > PA(©y) :/ Py (U) dU
a—oo |F3(g)| eFie) U(e)
1 Al —
lim ——— qe6 P)\(@X) = / P\(U) det(1 — N3U) dU
g—oo | F3(g) veFie) U(g)

det(1 — A3U) = H (1 — xixi,Xxi;) , xi are the g EVs of U.
1<i<ih<iz<g

We remark that ql%‘ P\(©c¢) = P,\(q%@c).



The mixed trace functions

Conjecture (Meisner, 2021)
Let f be a continuous class function on U(g). Then
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The mixed trace functions

Conjecture (Meisner, 2021)
Let f be a continuous class function on U(g). Then

1 1 I
fim 3 f(q6@x)~/ F(U) det(1 — 730) dU.
a0 | F3(g) eTie) U(e)

Taking f(U) = det(1 — U), we have

g
f(956,) = det(1 - qi©,) = [ ] (1 — qbe™~)

=11 (1 - q%e”’f’Xq’%> = £(g72,%) = L(3,%)-

J=1



Theorem (D-Meisner, 2023)
Let g be an odd prime power, ¢ = 1 mod 3, and

H(g) = {XD = (5>3 : D SF and the genus of xp is g.}

Then, as g — o0,

and taking the g-limit, we get

g+ 0(1) = / deg(1 — U)det(1 — A3U)dU.
U(3g)

We compute the cubic moment at s = % At s = % Friedberg—
Hoffstein—Lieman (2003), Luo (2004), Baier-Young (2010), Rosen
(1995) and D-Florea-Lalin (2021, 2022), Guloglu (2023).



Cubic moment for % <s<l1
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Cubic moment for % <s<l1
For any % < s <1, we have

Z L(s,x) = M(s) + O(q(%fs)@gﬂ)—i-...)
g
XEH(3g)
deg P(|P|+2
Z L(3:x) = ( &1+ Xp PRI )1> +0(1)
XEH(3g)
~ Cq g, qfixed, g — 00
~g, 900
where

1
M(s) = Go(39) [ (1 - 1P|3S(|Pr+1)>

P

co=T1(* pgerem)

P
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1
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Functional equation for £(u, x)

If \ is odd, then

£lun) = w00 (Vanee ( o.x)

Proof: Pog(u, C) = L(u, x)L(u.X), and




Approximate functional equation

Let x be a primitive character of genus g, and A= cg,0 < c < 1.
If x is odd, then

Lo x) = Y, T;Qw(x)(q%_s)g > ﬁfflf_)s

fGMSA fGMgngfl




Approximate functional equation

Let x be a primitive character of genus g, and A= cg,0 < c < 1.
If x is odd, then

X o) (g )¢ x(f)
Z (q ) Z ’f|1—s

f€A4<A f€A4§g7A71

1 s X
feMc

f) x(f)
‘flfs—'_ Z fls)

f€A4g_A_1

If x is even, then

L(g7%,x) = >
f6M<A+1

=]

(42 °)8 (2 — )
P e ( 2

f€A4g_A



Principal Sum and Dual Sum

H(3g) ={xp = ( )3 : genus (xp) = 3g,D SF}

= {xp = (5)3 .deg D = 3g +1,D SF}
={xp = <5>3 :D € SF3zgq1}



Principal Sum and Dual Sum

M(38) = {x0 = (
={xp = (
={xp = (

)3 : genus (xp) = 3g, D SF}

)3:degD:3g+1,DSF}

Nel

)3 :D e S.F3g+1}

O

P(3g.34)= Y Y Xﬁ(f)

DeSFzgi1 fEM<3a

Di(3g,34) = ¢ 9% 3" wixp) D

DESF3g+1 f€M§3g73A71

Xo(f)
‘f’l—s




Principal Sum and Dual Sum

For % <s<1,
A (1-3s)A
Ps(3g,3 )N/\//() ¢, q paa
H(3g)| -
P1(3g,3A)

3 deg(P)
#(3e)] ( ZIPPHP! )

Ds(3g, 3A) g(1=39)A

HBg)| Y1 gt

D1(3g,3A) 1g+2 deg(P
3NCq<gA_Z Sy g(P)
P

H(3g)l



Principal Sum

Ps(3g,34) = Xﬁg)z > ,f1|s > xo(f)

DeSF3gia1 fGMS:;A

= > 7 2w

f€M§3A D68f3g+1

since (recall that g = 1 mod 3)

xo(f) = ([,)3 - <f)3 ~ (D).



Principal Sum

Ps(3g,34) = Xﬁg)z > ,f1|s > xo(f)
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= > 7 2w

f€M§3A D68f3g+1

since (recall that g = 1 mod 3)

xo(f) = ([,)3 - (f)3 ~ (D).
We compute
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Principal Sum

Ps(3g,34) = Xﬁg)z > ,f1|s > xo(f)

DeSF3gia1 fGMS:;A

= > 7 2w

f€M§3A D68f3g+1

since (recall that g = 1 mod 3)

f'
fl=(—=
xolf) (D)3
We compute

1 L(u, xr)
2 xr(D)= 271'/'/ g wi

DeMy

Il
A~
|
~__
w
Il
=
P
S




Principal Sum

f 1
Pessa= S Y -y 4

DeSF3gia1 fGMS:;A

= > 7 2w

f€M§3A D€5f3g+1

since (recall that g = 1 mod 3)

xp(f) = <£)3

Il
A~
|
~__
w
Il
=
P
S

We compute




Principal Sum

L(u, xr) L(u, xr)
> x#(D) = Gpp u52§1 yd+T +0 /|u e Eu L

DeMy =a2




Principal Sum

L(u, x L(u, xf
o B o )

DeM, 2

Theorem (Lindelof Hypothesis)
For any Dirichlet character x /Fq(t) of modulus h, and any € > 0,

L(g 2e" x) <. |hf



Principal Sum

L(u,x L(u, x
D> Xr(D) = Sy u52§1 (ud+1f) +0 </|u_q1 (ud+1f)dU>

DeMy ?
Theorem (Lindelof Hypothesis)
For any Dirichlet character x /Fq(t) of modulus h, and any € > 0,

L(g 2e" x) <. |hf

“Replacing in the principal sum”, we get

1
WPS(dv 3A)” = qd+1 Z Resl E(”?Xm3)

‘m’3s u=q~

me./\/lg/.\

1 .. ¢

fE./V[§3A



Principal Sum for s # %

Applying Perron for the sum over m € M- 4, we get

1 Gs(v)

- W)y
270 Jjyj=q—2 VA1 — V) v
where
v VdegP
R
(=2 ) L1~ tppger=

is meromorphic for |v| < 3¢

1

with a simple pole at v = ¢35 1.



Principal Sum for s # %

Applying Perron for the sum over m € M- 4, we get

1 Gs(v)

- BV
27i 2 VAHL(1 — v) v

|ul=q

where

692 () TL(+- i s)

3s—¢ 1

is meromorphic for |v| < ¢ with a simple pole at v = ¢35 1.

This is the secondary term for s £ %
The main term comes from the pole at v = 1.



Principal Sum for s = 1

3
We compute the residue of the double pole at v =1

G1(v) v
V:els (\/A+131V)> = \!inl % I‘/CjJri = f/C(l)(A + 1) + IC’(l).

where
,deg P
= FP[ <1 BEGE 1)) — M=
/ deg P—1
This gives
77%(3g,3A)

deg P
(3e) ( “ 2 PR IP _1>



Dual Sum

Ds(3g, 3A) = q(%*5)3g Z w(XD)

DeSFsgi1

>

fEM<sg—3a—1




Dual Sum

D,(3g.34) =g 9% 3 u(p) Y xb(f)

|f‘1fs
feEM<3g 341

DeSFzgi1

where for D € SF3z41

- ok £5) e 2(0),

and for any F € M, we define

w(xp)




Cubic Gauss Sums

g(F) #0 <= F SF, and then |g(F)|
o If (Fi, F) = 1, then g(V, FiF2) = (Fl

2= |F2.
g(V, F1)g(V, F).
° If (a,F) =1, then g(aV,F) = (£), g(V, F).

5

\_/
w N

Ds(3g,34) = Z(gﬁ); > Iflis <>3g(1,D)

q feEMszg_3a—1

7(x3) 3 1
3 1 1-s
q g5+2 f€M3g73A71 ‘f’ D€5f3g_1




Dirichlet series of Cubic Gauss Sums

Gg(f,u) = Z g(f, F)u deg(F)

FeM

w(f, U) = (1 _ u3q3)—1 Z g(f, F)udeg(F)

FeMm

For i € {0,1,2},

Gi(f,uy= > g(f, F)u‘ee(F)
FeM
deg(F)=i mod 3

WO -0 T sl
Fem
deg(F)=i mod 3



Theorem (Hoffstein, 1992; Patterson, 2007)
Fori € {0,1,2}, and any f € M, we have

1
(1 644 0(£,0) = 11 055 an(a) vy, (1. )
1
+a2(U) Vdeg F+1-i]3 <f> Pu } ;

where

a1(v) = —(qu)(qu) e H1=20 (1 — g1,
ar(u) = —Wri(qu) (1 - ¢°u°)
Wri =703 %)



Cubic Gauss Sums

Theorem (Hoffstein, 1992; Patterson, 2007)

Furthermore,

WP, )1~ i)
1— q4u3

u"P,-(f7 u3)
1— q4u3

w,'(f, U) =

— Gi(f,u) =

where P;(f,x) is a polynomial in x of degree at most
[(1+4degf —1i)/3] in x.

This shows that G;(f, u) is analytic for any s € C, except for
possible poles at u®> = g~* and u® = g2,



Residue at u® = g~*

Let

pi(f) = lim (1 = ¢**)q"vi(f, q7%) = Pi(f, g %)

s—3

Lemme (D-Florea-Lalin, 2022)

Let f = f f22 f33 with fi, f, square-free and coprime. Then,
pi(f)=0iff, #1, and when f, = 1

pi(F) = S g —3l-2de(Nls (1, [ — 2deg(f)]5)

where p(1,0) =1, p(1,1) =7(x3)g, p(1,2)=0.



Residue at u® = g~*

We want

GA(Fuy =Y a(f, Fusr)

FeM
(F,f)=1

Lemme (D-Florea-Lalin, 2022)
Let £ be the product of the primes dividing f3 but not fif,. Then,

(f)(,c,u): H (1 (u 342 deg ) Z” flfz deg(a)

P|fif alfy

% H 3 2 deg(P))

P|a

12 fif7
SO () 6 (B2,4).

llaf




Summing Gauss sums

Proposition (D-Florea-Lalin, 2022)

Lletf = f f22 f33 with fi and f, square-free and coprime. We have,
for any e > 0

4d/3 -1
G(].,Zfl) q <1+ 1)
A3 Cq(2) P

S G(F.F) = 641 p(d: )

FeMy P|f
(F.f)=1
(%-i—e)d
+ 0 (8o T + g7 f[
|f1]6
where

1 d + deg(f) = 0mod 3
p(d; f) = TC§1X/33) d + deg(f) = 1mod3.
0 d + deg(f) = 2mod 3




Now we sum over f. Summing Gauss sums again!



Now we sum over f. Summing Gauss sums again!

We have to evaluate
D
/ (v) dv
lu|=ql—s—¢ V3(g_A_1)+1(1 — V3)

® For % < s < 1, we have simple poles at

S

1 . 4 )
v=g3"°% v=1uwuw? v=uwg¢g3 j=0,1,2.
® Fors= % we have simple poles at

v=1 v=1lww? v=uwqg 3 j=01,2



Magical cancellation

FOI’%<S<1—6,

Ds(3g,34) . g3
1(3g)| 91— g1

_ 1
Ifs—g, then

Di1(3g,3A) 1

) qg+2 deg(P)
—— — ~ Cog—C,A+ C, _,7+E

1H(3g) = q( 3g-1 < |PP+2|PP-1



